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PREFACE TO THE FIRST EDITION

The first study of any portion of mathematics should not be
done from s synopsis of compact results, such as thig collection.
The references, although they are far from eomplete, will be
helpful, it is hoped, in showing where the derivation of the results
is given or where further similar results may be found. A list
of numbered references is given at the end of the book. Thebe,
are referred to in the text as “Ref. 7, p. 32, etc., the pagemum=
ber being that of the publication te which referencc ig made

Letters are considered to represent real quantities unless ‘other-
wise stated. Where the square root of a quantltyks indicated,
the positive value is to be taken, unless othgtwise indicated.
Tywo vertical lines enclosing a quantity represgnt’ the absolute or
numerical value of that guantity, that is'\t'he modulus of the
quantity. The absclute value is a pmltlve quantity. Thus,
log |— 3] = log 3.

The constant of integration is, to be understood after each
integral. The integrals may usﬁa].‘[y be cheeked by differentiat~
ing,

In algehraic expressmnb\ the symbol log represents natural

or Napierian logarith _ tHat is, logarithms to the base e.  When
any olher base is nfended, it will be indicated in the usual
manner. When, dnintegral contains the logarithm of a certain
quantity, 1nteg~(a,t10n should not be carried from a negative fo a
positive valiia 'of that quantity. If the quantity is negative, the
loganthm'&of the absclute value of the quantity may be used,
since log (— 1) = (2k 4 Ui will be part of the constant of
m{'egnatlon (see 400.03). Accordingly, in many cases, the loga-
vithin of an absolute value is shown, in giving an integral, so as
to indicate that it applies to real values, both positive and
negatlive.

Inverse trigonometric functions are fo be understood as refer-
ring to the principal values.

Suggestions and criticisms as to the material of this hook and
as to errors that may be in it, will be welcomed.

v



vi PREFACH

The author desires to acknowledge valuable suggestions from
Professors P. Franklin, W. H. Timbie, L. F. Woodruff, and
F. 8. Woods, of Massachusetts Institute of Technology.

H. B. Dwignur.

CayerIDGE, Mass.
December, 1933,
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PREFACE TO THE SECOND EDITION,-\

A considerable number of items have been agld’e&, including
groups of integrals involving R7s.

~\
(a? + by + O, —L . gnde L
' a4+ bsinz AN &4 beosx’

also additional material on inverse flm}cﬁons of complex quanti-
ties and on Bessel functions. A grobability integral table (No.
1045) has been included. N

It is desired to express appreciation for valuable suggestions
from Professor Wm. R. Smawthe of California Institute of Tech-
nology and for the continued help and interest of Professor Philip
Franklin of the Del:{a,xt&ment of Mathematics, Massachusetts In-
stitute of Technol\dgy.

A\ HrereerT B. DWicsar,
CAMBRIDGE, M{Ss."

A\ PREFACE TO THE THIRD EDITION

In this cdition, items 59.1 and 59.2 on determinants have heen
added. The group (No. 512) of derivatives of inverse trigo-
nometric functions has heen made more complete, On page 271
material is given, suggested by Dr. Rose M. Ring, which extends
the tables of &= and ¢ = considerably, and is convenient when a
caleulating machine is used.

Tables 1015 and 1016 of trigonometric functions of hundredths
of degrees are given in this edition on pages 220 to 257. When
calculating machines are used, the angles of a problem are
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usually given in decimals. A great many trigonometric formulas
involve addition of angles or multiplication of them by some
quantity, and even when the angles are given in degrees, minutes,
and seconds, to change the values to decimals of a degree gives
the advantages that arve always afforded by a decimal system
compared with older and more awkward units. In such cases,
the tables in hundredths of degrees are advantageous. A
HurERT B. DwIgHT N
LExINGTON, Mass. :’X‘
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TABLES OF INTEGRALS AND OTHER
MATHEMATICAL DATA

ALGEBRAIC FUNCTIONS

I. Q+aor=1+ne 42 1)g+( ?,(”’“2%&
. R

1 N/

ety ”;ﬂ)l &t

Note that, here and elsewhere, we tako 01 = 1. If g 13\,a:\pbsxt1ve integer,
the expression consists of & finite nutmber of terms. TIf\n)is not a positive
integer, the series is convergent for 22 < 1; and # n %\), the series is con-
vergent also for 22 = 1, 'xi\\" [Ref. 23, p. 88.7

¢ \ v
2. The coefficient of z* in No. 1 ig"denoted by (:’) or (..

Values are given in the followingitable.

TABLE OF BINOMIAL COEFFICIENTS

~Crr Values of n in J6M, column ; values of r in top row

<
m\

Lol | 20®Va s 675890
1 1 1 A\
2 1 2 ) N.B. Bum of any two adja-
3 1 N oo 1 cenb aumbers in same row ia
4 1 4N 5 4 1 equal o number just halow
5 1 .g\“’ 10 10 5 1 | the right-hand one of them.
6 1 )¢ 15 20| 15 6 1
7 WNT | =1 | 3| = 7 1
sl a8 las | sl 7ot sl e8| 8| 1
g 1 9 36 24| 126 126 54 36 9 1
10 [l 10 45 120 1 210 | 252 | 210 | 120 45 10 1

For a large table see Ref. 55, v. 1, second section, p. 69,

o

3. (1—z)“=1*nx+?&2}fﬁxz_@_h_?fulxa
i 8
+(— 1)"-—-———--3"_‘_

n = )1l
[See "Table 2 and note under No. 1.]

4, (a:l:x)"za"(l:i:%)ﬂ-

1



2 ALGEBRAIC FUNCTIONS

42, (2 =112+ 2%

43, (1x£zP=1%x3z4 322225

44, (Qzay =1xdr+4 62®L4® 24,
and so forth, using coefficients from Table 2.

1i 1-3 1:3-7
e =2
S (Lo =1 dkge —gmge® & rnd A
1.3-7-11 A o
gz = dB=1]
1 1-2 1.2.5
2, | ££ I ¢
5 1+ a2 1&gz —z=a :{:3—_6_9'@?.“ \
&/
1-2-5-8 &
TFegnlFE e [=1]
w\/
1 1.1 ,.7/94-1-3
wad 1f2= — —_— e 2 W
33 (ko) =lge —gga&loyss
1235
FrgegdEy  [F=1]
3".":;3-1 3.1-1
W — 2 3-1 ,
54. (1xux) 1dgl+ 5700 F e
3148 , . 31.1-3-5
+{4" 8" Taggges Ty F=1]
5 5-3 531
5.5. &rzh
(ld:x) 1:|:2;t:+2 43:2:':2___-4-63;3
,*'.\"' _5:3.1-1 5.3.1.1-3
\‘\ 2-4-6-8:”4:':2.4.6.3.1_035“ e [BP=1]
N\
‘\ -n n(n—i—l) n(n+1)(n+2
M\Z"S" A+ =1—nz+ =1 o )x3

\3 -4 (= l)gﬂ_tr_l}% R R [x2<1:|.

v, (1_x)_n=1+m+n(ﬂ~{—1)x2+n(n{—13)l(n+2)$3

n4+r—D1
+ - +Wf+"', [z* < 17

-n . n \~"
8. ety =aq (1;{;5) , [2? < a?].
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9.01. (1:[:3;)—1:4_1:!: x_l__!_5 2:1:4185192‘53
tremagh T o <]
(lix)_ﬂs=1:F%:c+1 :F;ggxs
+; gg 4F [+ <}%
R,
+flz i Z 8"”4:': '1?\'3‘*;\"\:“[22 < 1].

0.04.

9.053,

9.00.

0.07.

o/

N

9.00,

9.10,

N\
0.8

Ax2? =1Fz+lFl+2tF ., [P<i]

¥
—3f2 _ __2 357
Qlxzy®2=1F2 a:+ ’%’3246:1:3
3\5’79
4«2468:#:!: [=2 < 1]
(1 327 =1:F~2;c+3x2:F42:3+5a:“:F
]
\\\/ [x <1].
N5 57, 579
—6/8 N\ = Pl
(ld:m:)‘,:\} 1:F2a:+ 4x :F246§
Ke
~C +30 e w ., <1l
NS
Qxa® =1 :Fi-% {23z F 3-42° + 4525
F 562+ -+, [ < 1].
Qza =17 1;3{234$=|=345x2+456:c3
F 56 Tat + -0, [2? < 17,
-t = _._._,_1 2.4,
{1+ 2x) —1?1'2.3_4{234&:{:3-4-5-6::2

+ 4-5:6-72* F 5.6.7-82* - .-}, [2? < 1]



10,

11.

ALGEBRAIC FUNCTIONS

2l = 2 101, 121 = .5

31 = 6 ' 1/3! = .166 6667

4! = 24 1/41 = 0416667

51 = 120 "1/5! =.0083333

6! = 720 1/6! = .0013889

71 = 5 040 1/7!1 = .000 198 4

81 = 40320 1/81 = .000 024 80

091 = 362880 1/91 = .000 602 756
10! = 3 628 800 1/101 = .000 006 275 6

111 = 39 516 800 /11l = .000.@00~b25 05

For 3 large table see Ref, 59, v. 1, second soetion, ppy 58468,

 { ‘:

. i ¢
ulll;t:o m = \J' (211')1”'\\.

This gives approximate values of n! for large \ralﬁes ofn. Whenn = 12
the walue given by the formula is 0007 (nl) tqiblﬁrge and when n = 20 it is
0.004(x]} too large. [Ref, 21, p. 74, Seefalso 851.4 and 850.4.7

iz,

2t = 4, 2 £564, 21 = 1024,
2= 8 20128, 21 = 2048,
2 = 18 2 = 256, 22 = 4096,
25 = 32, SN2 = 512 2 = 8192,

(@ + b + 002 + 5 - & + 2ab + 20 + e,

\‘ [ The sign = expresses an identity.]]

(a +“6"7 F=a+ b+ 2ab — e — %q.
(a:e}l’b —cF=a+ B+ & — 2ah + 2be — a,

16. J@+b+c+di=a1 1444 2+ 200

%

+ 2ad + 2bc + 26d + 2¢d.

(@4 b+ ¢ =a+ 8 + & + 6abe
+3(a?b+ab2—f—b20+bcz+cga+ca2).

8+ = (a® — /(o — 7).
L+o=(1-2%/(1 -2,
o* + oz + 2? = (¢ — #}(a — x).
a3+a2m+ax2+x3§(a“—x4)/(a—x)

= @+ )a + 2.
a4+a“z+a%2+ax3+:c4E(aﬁ—xﬁ)ﬁ(a—x).
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20.5. a4 ar + &2 + ot - axt + oF
= (a* = 29/(a = 2) = (@ + 29)(@ + 0z + 7).
21, a—z=(®— e+ 2).
21.2. a?—ar+ 2 = (@ + /(e + 2).

213. @ —oto? — 2 =" —MNae+ 1)
= (42 + 2% (a — z).

214, of - a’z + o®2? — ax® + 2 = (af - 2/ (e + x)
215, @b — glz 4 a¥x? — ar® 4 ax! — o° \

= (& — 29/(a + 2) = (& ~ P)(@ ~‘ -~z + 2.
22. ot a4 2t = (&b — 2%)/(a? — 2P) '\'{.“

= (a® + az + 29 (a2 X az + 22).
221, af — a%? 4+ 2t = (& 4 D{? —k@)‘.
23. ad -2t = (o 4 292 — 26?'32 \
= (a® + axv2 + xg}{ag — azy/2 + 2%,

25. Arithmetic Progresmon ~0f ‘I;he first order (first differences
constant), to » terms, ‘w;; “

a+(a+d)+(a+2@)+(a+3d)+ +{a+(n-1>d}
\\"' =nat3 n(n — 1}d

\,’ = (lst term 4 nth term).

26. Geometnc Progression, to n terims,

aPar+ a4+ o + o+ ot mall — M1 — )
= gq(r* — 1)/(r — 1).

NJ26.1. If #2 < 1, the limit of the sum of an infinite number of
terms is af(1 — r).

27. ‘The reciprocals of the terms of a series in arithmetic pro-

gression of the first order are in Harmonic Progressicn. Thus

1 1 1 AU S
e’ a+d a+2d’ a -+ (n — 1)d

are in Harmonic Progression.



6 ALGEBRAIC FUNCTIONS

28.1. The Arithmetic Mean of » quantities is
;ll(a1+32+aa + - +Gm)e

28.2. The Geometric Mean of n quantities is
(a1 a2 a3 -+ a,)lm

N
28.3. Let the Harmonic Mean of # quantities be H. Tlgex;
2\
I 171 i 1 1 o\
7 alata et +a):
28.4. The arithmetic mean of a number of p({éiﬁive'quantitie%
Is = their geometric mean, which in turn s their harmonic

mean.
29. Arithmetic Progression of the kth*order (kth differences
constant), N\
Series: uz, ug, ug, +- - 1, o\

First differences: dy’, dy’  dg'y 3
where dy’ = wup — 4, d;‘}’;——i %3 — Uy, ebe,
Second differences: dllNds”, dy’y -
where di"! = dgt i"'""} 1’, ete.
Sum of # terms Wﬁe series

_ n! , n! , n! "
S @ BT a Tt gy +

&Y . .
29.01, \#a numerieal table consists of values u, of a function at
egual’ intervals & of the argument, as follows,
O @D =w Jat B = fat o =, etc.,
\/ then

fa + ph) = u, + pay + 2‘—?’—2‘,;2 ay

— 1p —
+E—(.E_)____3_)I_ud1u;+ e

Where.p <1 anﬁi where dy/, d,”, ete., are given by 29. The
coefficients of d/, d,”, di’", ete., are called Gregory-Newton
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Interpolation Coefficients. For numerieal values of these co-
efficients see Ref. 44, v. 1, pp. 102-109 and Ref. 45, pp. 184-185.

201, 142 43 +---+n =g(n+1).

292, D+ 2454 ... +n“=%(n+l)(2n+1)

= %(2%2 + 3n 4+ 1).

2 O
29.3. 13+28+33+...+ns=%(n+1)2

N
NN

ﬂ2 K A
= (7 + 20 A
204, 1A 4 A4 34 e popd RN
= ;'3%(” + ]»)(}’ﬂ + 1)(8n% + 3n — 1)

= 3(6}g*~+ 1675 -+ 1002 — 1),

L ﬂp'H‘ ~ Bl
y n—,
29.9, “gu p+1+\2+ 2'pn

-
£
e

B
K™ — 3P = Dip — 224 -,

omitting terpdgin #° and those that follow.
I‘or va.laqsﬂf By, By, -+, see 45.
bove results may be used to find the sum of a series
ths\ th term is made up of n, n? 7%, ete.

30NN 43454749+ - —I—(2n-1)——-n2.
\3'0;2:' 1+84+16+24+32+4 -+ +8n—1) = (2n — 12

= _ 14
33.1. 1-{-3x+ax2+7x3+ —(—1'—-::6—)2'
332, 14ar4(a+bx2+(a+ 26)22 4 -
_ LAt (b — ez
_1+_"_(_1—“*F$-52—.
1+

33.3. 1 + 28z + 3P -+ 42y3 + rre = m'



8 ALGEBRAIC FUNCTIONS

1 6 x2
334 14w 5u LT ... 2_?1_:%-_;-)_3__.
[Contributed by W. V. Lyon. Ref, 43, p. 448.]
11 1 1 e
e A R S T+
[a, b>0]
S
1 1 1 1 T
\\ ”
1.1 1 1 i e
35.2. lﬁ&-—f-,?*m—f—ﬁ—"' g(v.3+10gé )
' ,.s\ /[See 165.01.7
11,1 1,1 _1im
35.3. §-g+§‘—'1—1+1—4'—"'-—"3;£§'3- 10g=2>.
\ [Sce 165.11.]
1,1 1,1 W
35.4. 1——5- §hﬁ+ﬁ:’n:§""
= p i 2106 (V2 4 1)), [Seo 170.]
\“\ [Ref. 34, p. 161, Ex. 1.7

38. If thore is a pQwer series for f(R), it is

) & f@Hf’(OH 50+ B ey 1
\“'\ ' [MACLAURIN’S Smrips,”

s T =10 + 1@ + G170 + By 4

3 .
Q -+ -(—?T—_l)_f Fo ) + R.,
where, for a suitable valye of g between 0 and 1,

hn
B, = mf(n) (ﬂh)r or

5 o,
B IEHD =J@) W@ + @) + L 4

[TaYLoR’s SERrEs. ]
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2
01 fla+ 1) = f@) + W@ + 2@+ -
4 = hﬂ—l)l FOD(z} + R,
where, for a suitable value of # between 0 and 1,

#ﬁ'r (1 — 8y (z + o).

{n
0. f(:v+h,y+k)=f(:c,y)+{ p Y ”)+kaﬂg}‘;f")} S

+ = {h2 ﬂf(a':, ) + 2k agf(x: y) + ‘70 agf(x“r'?:’) }

Ba = g—;f"‘)(x -+ 6h), or

+ = {kaaf(x; y)+3hgk af(myy)%g kzaéféxa g)
)

+kaa~f§%’)‘}+ e +R§"tt\

where, for suitable valies of 8, and :ﬁz:gétween 0 and 1,

1 an ,».3':.
Ry = et iz
( 1) m—2 2
+ 21 ~\ h Bx“—ga? it
\\

+ k\%l} @ + 8k, y -+ 0k). [Ref. 5, No.807.]

42,1, A number ,15' divisible by 3 if the sum of the figures is
divisible bKB

42,2, ”t}mber is divisible by @ if the sum of the figures is
divisidy By 0.

42.’3\’?;’.‘& number is divisible by 2" if the number consisting of the

“Nbst n figures iz divisible by 27.

N\



10 ALGEBRAIC FUNCTIONS

Bernoulli’s Numbers and Euler’'s Numbers

45. BrrNoULLI’S TrLER’s
NuMmBERS Loy B, NuMBERS f,0610 B,
By =é— 1.221 8487 E, = 1 0
B = 516 55228787 Ea= 5 0.608 9700
By = 4l2 23767507 Es= 61 1.785 3208
_ KON
B, = % 25228787 E,= 1,385 324174498
B = % 28794261 By =  50,52L,0 )4.703 4719
601 - )
B = 3730 14033154 B = 2702765  6.431 8083
N,
o\
By = % 1.066 9468 E; = 199,360,981 8.299 6402
B=30 08507783,
2 867 SN For large tables see Ref. 27,
- 20 3 pp. 176, 178; Ref. 34, pp. 234,
Bi= =5 1‘749%‘350 260; Ref. 44, v. 2, p. 230-242 and
174,611 2 294-302; and Ref. 59, (v. 1}, sec-
By = _BW— :,,&723 5577 ond section, pp. 83-89.

By = 851*5581 > 3.791 8396

The a}m{re\nota.tion is used in Ref. 27 and 34 and in “American Standard
Mathe;@ﬁém Symbols,” Report of 1928, Ref. 28. There are several difficr-
entwom in use and, as stated in the above report, it is desirable when
usingthe lotters B and F for the abova series of numbers, to give 47.1 and
414 85 definifions, or to state explicitly the values of the first few numbers,

(Ns By =1/6, By = 1/30, Bs = 1/42, ete., By = 1, B, = 5, E; = 61, ete.

QO @) (2m)1
ol B =G — g1z Bt ~ = g7 B

— 1t
taking 0! = 1 and By = 1, + t=D

2n (2n — 1)i 2r — 1!
46.2. B, = - F
(2% — 1) [(2n -2 2 (@n — &1317"*

+ o - (= 1)"—1].
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47.1. B,,w—-g%?—ii[1+2h+3m+£ﬁ+...]_

47.2. B“=W2(2Wn3"!1_1)[1”'21?1+§15—;‘15+”']-

473. B,I=-2T?é22“@m_i—l)[1+3,n+g}n+7lm+...].

PO = T P N |

48.1. 1-—%-{-%_%_{.... E:TG?TZE ’:\\f\
48.2, 1+§1—2+%§+%+.,_=Bm2=§ \ .
48.4. 1+§1§+51§+%+..,=311ﬂf2 ;g v

48.5. 1+§1;+314+%+...=_B%1 e

Reversi’onvéf'“Series
50. Let a known series be o \

y_a:c-]—bx?-}-cn:‘—l-@' +ex“+f:cs—1-gx7+ -, fa=0],
to find the coe?ﬁmen”ﬁ; of the series
2 = Ay + Byd O + Dy + B + Fyf + G5 +

_1 @y L2 _ L op —

= '\:“ B= — el ¢ = a."(% ac).
D —-@ (5abc — a*d — 5b%).

\"}j} =z (ﬁazbd 4 3a%c? + 14b* — ae — 21ab’c).
O

F = 5 (Ta%e -+ Taed + Btabc — o'f — 28a'h'd
— 28a%c? — 420).

G = alm (8abf + 8a'ce + 4atd? + 120070 + 18007t

4+ 1328 — Sy — 36ab%e — T2u’bed — 126°* — 330ab%).

[See Ref. 23, p. 11, Ref. 31, p. 116 and Philosophical Magazine, vol, 19
(1910), p. 366, for additional coefficients.
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Powersof S=a+bx+cx* - dx® fext + fx5---
51.1. 8 = g + 2abz + (B* + 2ac)2® + 2(ad + be)a?
+ (¢ + 20e + 2bd)x* 4 2(af + be + cd)z® - - -,

1 B2
51.2. Sm;alfz[l_!_%gx_]_(lc llb)m2

2a¢ Ba
1d 1be, 1 b
+(§a*w+m§)ﬁ N
le 1bd 1¢, 3bc 5 b
+(éa”‘m“gaﬁﬁ?‘ma):%f\”']‘
N
1b 3B 1
51.3, S V2= g2 [1 - éaiﬂ + (g E - EE) 212:\:"‘
3bc 1d 50\, LU
+(ZE§‘§E_EE)“’
g {38 8 1le I5bc | 35 b 1
+(za,z+8az EE“'\'%’?}F‘Fma@)‘”&"' "
o b MY, (% d b
L =1 =8 7oA 2 “e e _ 2
514, Sl=ga [1 a”'["qg:; a)x +\F e @)
Wi 2 e e, b T
“ﬁf.(sz?“Lai—a"?’aﬁa)x"“ '
515, 5~ = g2 [}..,4\2233 + (3-2—2 - 23) 22
@
\\ be d b
OF (’5;:2 2L 45) @
A bd & e t% b
% +(6&3+3E—23~12F+5a—,_)x4---]-
X \\ ' Roots of Quadratic Equation
;«?5.'1. The roots of ax? + bz + ¢ = 0 are
O o bV ) _ _py
% b+ v (o = dag)’
g b=V —da) _ ~2
% b — v = 4ao)

) ‘The djff!srsnce of two quantities is inconvenient to compute with pre~
cision and in such a case the alternative formuls using the numerics] sum
of two quantities should be used. [Ref. 41, p. 306.]
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55.2. If one root o hag been computed precisely, use

b B
B=—a—a or 6“@-

Square Roots of Complex Quantity

8.1, V(x4 iy) ==& [\/(”2‘50) +§\/(T - x)]
v s ) ) O

where z may be positive or negative, A}.:"'
\ &
y is positive £
2 3 o)
r=+ @+ N4
i= (=1 W\
The positive square Toots of (r 4 2)/2 &n&(r — 2)/2 are to be used.
: NV [Ref. 61, p. 260.]

58.3. An alternative methoed is Qtagi;.pﬁi'. 2 + 4y in the form

reidrEeh (see 604.05)
where r = « (2% 4- ye),,«ac’)é'"e = z/r, 8in6 =y/r, and k i3 an
integer or 0. Then .\

O
V(@ + i) = () = & Ve

L Y
LN 3

, [ .. &
P4, = :l:v?(cosi—l—zsmﬁ)-
50.1. h"é;iieterminant
O\ v l
3 a
”:sz,\ ‘aip 12 l = (1pltzg — iplig
N Gop  Gag |

\5\6)é The determinant

4

! ailp alg a1y !

! {fleg Cor tap  dop Qzp  (a2g

| 2o 123 Qur | = 21 — 1y - 1y

I ® ? i i Qag Q3r a'&p Gar aap a:!q
Az Rag o | | i

= 1p{Qasltar — Gaollzr) — G1g{Gzpar — Gapier) T C1r(@2pag — Baplizg)
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60,

61.

62.

64.

64.1.

64.2,

65.

66.

67.

ALGEBRAIC FUNCTIONS

ALGEBRAIC FUNCTIONS—DERIVATIVES

dlow) _  du where 6 is a constant,
dz d$
d(u + iL') + dv
dx dx dz"
dlwr) _ dv | du O
dr udx T va- A
2N
dluw)  dw du do o\ e
7z _uydxﬁ-ﬂwd——f—wu% i \/
!
a@)
de \:\\
e 1 >
dr 24z \‘
ditfz) 1 « S ’
de =~ g A\
gy df?
d{ufy) =1d_u_ u,@_v'&i dx
dx vdr 074z v
N\
df(w) _ df(edu

d* (1), df(u) du MO
@{2;; Tdu d T ThE (ﬁ)

$

68 \E“I‘WJ _,%u +n de d* 1u n(n = 1} d% dr—
" T e 21 T dE dp e
a4 .. n! d*y drty ud™y

a 4
2, &5.]; f=)dz = — f(p),

TemeRE st

d e
Egl f@)dz = f(g), [» constant].

{g constant).

d q
i J, 7 = [ 2 e, i 4+ 160,002 — g5, 2
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w2, If pla) = 0 anc Y(a} = 0, or if ¢fa) = e and ¢¥(a) =

then
b 22 _ e(a)
V(@) V@)
If, also, ¢'(e) =0 and ¢¥'{a) =0, or if ¢'(a) = = and
¥ (a) = =, then
olr) _ ¢'(@) N\
e = e trdeeon Oy
72.1. If a function takes the form 0 X @« or 0 - 00,’:5} Iﬂﬁy,
by an algebraic or other change, be made to take Jthe form
0/0 or o foo, D

AN
72.2. If a function takes the form 0%, »? or la’\i?t may be made
to take the form 0 X « and therefore, QE@ or w/w by first
taking logarithms, \ [Ref 8, Chap. 42.]

79. General Formula for Integratiog bY Parts.

R

fudv = uuh“fvdu,

™

or “

fu(b\ﬁ Uy —fv%dv.

7
u’ l
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15 RATIONAL ALGEBRAIC FUNCTIONS
RATIONAL ALGEBRAIC FUNCTIONS—INTEGRALS

The constant of integration is to be understood with all
integrals, :

Integrals Involving x» -

30, fdx =z 81.2, fxzd:c =z,
3 N\
81.1 d __3'32 810 ﬁdx._ xﬂ-f-l 't‘\\' .
1. fa: z =3 .0, fx “aTT [f} >~ 1]

dx . N
82.1. f == log. |z|. [See note preceding, 600. ]
AN
Integration in this eage should not he carriegl«f}m}u 8 negative to a positive
value of 2. If z is pegative, use log iz 2\'@'&:{3& log {(—1)= 2k + Dt
will be part of the constant of integrationy ) [Bee 409.03.7
: 5 " A st:

t 9 ;
&

p
)
[ 4 =
}
e

&
L~}
B

é
1]
-

-

.\ v/ F16.821. Graphsof y = Hz and y = log, |2}, where z is real.

dr _1 dz 1
x? - 2 82-4. x—-4 F— ?_,E .
dz i d
8 .3- e T . x _ 1
2 3 o) 82.5. fg - =
s20. [ % _ 1

z < D I'n s 1]
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Integrals Involving X = a + bx

Xﬂ-}-l

f(a+bx)“dx=%fX“dX=m, [n = — 1],

84.1. f:c’“(a + bz)"dz may be integrated term-by-term after

expanding (a -+ bx)* by the binomial theorem, when = is a,
positive integer.

84.2. If m < n,orif » is fractional, it may be shorter to ufé\"’\'
f Xrde = f (X ~ apxraX o\
and expand (X — «)™ by the binomial theorem‘\v\hen m is a
positive integer.

~\J
85. On integrals of rational algebraie fr%‘cﬁl‘ons, see the topic
partial fractions in text books, e.g., Cha’pt- r II, Reference 7.

80, General formula for 90 o 95

Xn bm—{—l

mf(_ a‘)sX'm—ﬂ—a—f—l
b’“"" n{m—s)TSI(m——-ﬂ—S-l-l)
except where m — n{ s + 1 = 0, in which case the corresponding term in
the square brackefe'is”
:.\,,.‘ mt (— )+t
NS CEEE SIS

the lei-.j;ers representing resl quantities. [Ref. 2, p.7.] Integration should

notbe carried from a negative to a poaitive value of X in the case of log | X1.

“I6 Y is negative, use log | X} since log (— 1) = (2% + 1)1 will be part of
\the constant of infegration.

dz —1

adr f (X — a)"‘rZX

log [X],

oQ, yﬁ = W" N [ﬂ 7= 1]
80.1. dXx log [X]. [See note on log | X'| under 89.]
o0.2. [E_-1. g03. [E.__1

X2 bX . X3 T pxE
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60.4. ;ﬁ—-—%%- 90.5. J 5_7435(_4'
91. z)?f b12 [ @ —_2)1}{“—2 T 1)X“ 1] ’

[except where any one of the exponents of X is 0, see 897,
91.1. x—Xd—x= gli[X—alog|X]]. [If X <0, use log | X{, see.89.]
01.2, 33{-—d-f = 515 [lng | X[ + %] ' \“\\"\
01.3, %‘7’52 -1 [_ }1{ + Qgﬁ] \\\‘

x dz 1 . @ \
91.4. f bz[‘ﬁ"ﬁ@]‘,\\:

xdx__ 1 _a_;:\"'
oL5. f B [—'3‘554"49{4}’

1 —1 X 3 2a a?
92, = -
X‘“ [(n DTS T - " = I)X“—l]
[except where any one of the exponents of X is 0, see 897
2z
92.1. ?de = L — 20X + a®log ]X|]
\\
An alternstive expression, which differs by a constant, is
"¢/
O 2?2 q o2
07 mTETpleletbal
N i 2
92‘2\ I“ij = -515 X — 2alog | X| "%’]'
?de 1T 2¢ o
W - 5|
2qde 1T 1 2a a?
2.4, == - F = — .
o fX4 Fl-x T 3X8]'
Mz 17 1 2 2
92.3 TGl 28 a
f X TRt ax 4X4]'
widdy 1T 2
92.6 e ] - L
f SO Sl I s < 5Xf»]‘
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dz 1 a?
92.7. T‘F[_ZXE+§{?_EX_G]'
23dx 1 -1 3a
93. X T [(n — 43X + (n — )X
_ 3a? . a?
n— 22X (n— DX
Lexcept where any one of the exponents of X is 0, see 851
Pde 1TX® 3aX QO
03.1. ~ = 3;[? - + 8a2X — a*log ]X]] '\\‘
£ az? agx
55_555’_1- = bilog|a+b:c[ -i-constant
Sdy _ 1[X® . @]
93.2. IT"F[2 34X + 3a*log | X |
2dr 1 3a“’\ @
xdx 1 3a. \. o?
93.4. f‘—}z—=5—4[1 ]X]‘{'X 2X2+3_X_3].
s o 1 * 3a: 3a® a
93.5. | 3 = EE[ xtex: Tax T 4x4]
Fdz ¢ x Sa 3a? a?
93.6. f “L et m 5X5]

¥z 2, o~ 3a  3d a®
93.7. f X0 B [ setax s T stﬂ]
k"dz 1 -1 4q
94. :" X* bs I:(n — 53 Xnb -+ (n — 4) X
A\ 6’ 44 a
\\:\ T (m— 3)X3 + (n— EZ)X"—2 (n - 1)X"—1] ’
[except where any one of the exponents of X is 0, see 89,

) .
04.1. f%:% %—iﬂg{-ﬁ+6a2p—4a3X+a*log!Xl]
p 2,2 3 4

=z_;“%%:+%—%+%ﬁlog]a+bm|+const.

sdr  1[X°  4aX?, ., . ot
94.2. T‘—-ﬁ-‘? 2 ’i’ﬁﬂX—‘i{l 10g|X1 '—""]'
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ride  1[XE 0 4q? ab

a2 1‘ 4q at
e | Fr g X el X] - +2x2_§"x‘3]'

xd:c__ de 4a® a
ous. [ =5 ‘°g'X’+f—ﬁﬁ+3xs“4—;a]'

gidr 1T 4a Go® | 4d® at T
94.. fXﬁ =% X+ 25 3X3+m_5)¢l

04.7, f@____ir_____l__ 4q @E—}_@z&‘ s\,a4]

XT BT T gy T ‘?’s
@dr 1F -1 Ba‘\
05. LA
X Bs ( ﬁ)Xﬂ—G + n W 5)Xn—o
10¢? + s 10a8
T = 4 X4 \(h — 3)Xn
:_J " Bt o
’ {(n — 2)X"% + (n — 1)Xn_l:|’
[except Whe,m; @hy one of the exponents of X ig 0, see 891
05.1. x5da: KEX“ 50X4 ‘2X3 _ 10a2X®
2
}
+ 5atX — af log ]X[]
RS 5 4p U3 T 2 U
'® b
\§, ~ 7 log [a + bx| ++ constant. -
“\,:;J; [Ref. 1, p. 11.]
N\ Fdr _ 1[X* 5aX® 1042
Q7 o5 ‘XTZFL -+ C;Xz—l{)aXa

a5
+ 5atlog | X | +X].

#dr  1[Xs SaX?

95.3. -'-}?;— = '@ [—3—- - 2 + 10a2X — 104° ll'}g IXl
5at & 1,
~xt 2722‘]
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2
95.4. % — b%[X 5aX + 10a*log | X| + m—“—
_ _52“_ @ .
9xt T 3x°
T d:t: [ 102 & 10a°
95.5. f ___X—5alog|X| < o
5at a°
3T E{] &
5 2 3 ¥ 4 3\7\.'
95.6. i%"f - 316 log | X| + 5—“ ~ ;‘jj‘i + ;gﬁ O
1
j\m T H]
zidz 1 1 5a 10t | 1863
ss7. [ 5 =5~ %+ v axe
AT s, @
QY 5X5 T 6X°
2ide 1 1 Iia 710 | 1048
®E | W [ 7%t T3 e T axs
5{;4
\\ C 4 7X7]' [Ref. 2, pp. 7-11.7]

100. General form la‘xfor 101 to 105:

)ﬂH—ﬂu—Q

f X wﬂ—lf (X (X)

O

‘2)

"\ s = am-{-ﬂ—-l

} -1 I:""Jf“‘*
\ W

(m 4 n — 2)! Xm—=-1{~ p)*
o m+n—s—2lslm —s — DaxmT

\ unlesa m — ¢ — 1 = 0, when the corresponding term in square brackets is

{m +n— 2)! (
{m — 1)!(?1—1)!
p

x

dr
101.1. X a
101.2. % = [Iog

/
J

— b)y™1log

X1,
z

X bz
HEa |



g

22

dx —3 — ———
101.3. f ==

dz
101.4. A —_

dz
101.5. fﬁfg—

RATIONAL ALGEBRAIC FUNCTIONS

10001 X] L 22 _ Be],
&8z |Tx T

1f, |X|, 8z 3% b
R R el all> ¢

1 X|, 4br _ 6% , 40 b4at)
8Ty "o tie T

Alternative solutions, which differ by a constant, are:{\

da
101.92. f =
: dr

101.93, f ==
dx

101.94. f =
dz

101.95. f =
dz

102.1. f 5% =

:..,t\

102.2. f %_—_

Z

MY 3 dz
1023, O 0%
S"\':" dx

2:1\0 -4. ;{F =

. o

1 — .1_ 10 X - £ \.\
aX " @ | O
1 11, 1XpC
SaX? T GIX T @108 Ls-J
1 1 N1 x
3aX T 3R HEx T o 8|
1 NS S D¢
ottt ax a8 G
N [Ref. 2, p. 13.]
)X x
X X P
1FX X| _ 3b b%"’] i
‘aa[; —8blog ||~ 3 tox
11X X|  6b%z
4b32? E_x_a] .
2X?  3X°

Alternative solutions, which differ by & constant, are:

dz
102.901. f S =

dr
10292, [ = =

1,8
_55+E§l°g

X,
z

2

& log

=)

1 i
-t -
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I

X
z

& ] 2 .1 3
102.93. f = = b [262}(2 e e log

where X = a + bx.

dz 1 2 3 1
102.94. fﬁ?—"b[m+m+ﬁ+m

- Zlog|2 ” . [Ref.2,p.14]
103.1. x% = - ala[éi; = % + b?log X” :.\j":‘\'
- - 2—;EQ+E§_x - glog %{’ + ccmsta,nt
103.2. -mf—;z-= —5;[%22— +352\1gP} +%]
103.3. xf—%=~%[§%—4bx+%b”g|x|
ER i)
104.1. % = "\3X: 5 — ?’gf SB:X — bilog %{”
=\€:ﬁs + Eag_xé — &%: + g]og %’ - const.
104.2. «x—%%= - 515 [% - %’2 Gb:;X
,\\:w”w — 4b*log §| %]

.u\’
) dx 1 b B2 B3 o
N R A =R SR

Infegrals Involving Linear Factors

(a + x)dr _
110. NCETN =z + (@ — c) log |[¢c + z].
(o + fr)dz fa: f
110.1, — 1
0.1 Tt "9 g og l¢ + gz}.
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dz _ 1 ¢+ x
If 4 = ¢, seo 90.2,
dr 1 c+gr| =
111-1. (a-i—fx)(c+g$) - ag - Cleg a+fx IJ‘ [a’g ;éqf]
If ag = ¢f, zee 90.2.
x dz _ 1 i N\
111.2. CFoetd  @=g {alog[a-{—xh '
- clc{'gjﬁc + 2|}
112 dz \"
(@6 +2)cFa)P ™~ (c—a)(c+a:)‘ 3
LY a+z
\%’(c a)210g ¢+ al
112.1, zdz x:%;
f(a+x)(6+¢c)2 (g :, c)(c + z)
. ’,', _ og a+t =z
:.’::’:. (z — ¢)? ¢tz
f 2 | _ ct
(& + :c)ic +‘x)2 I CEOICE: x)
\ o? -2
\\w = o8 o+ el + Ko [+ al.
dx —~ 1 1 1
113. — =
ﬁ(aﬁ—x)g(c—{—x)z (a—c)Z(a+m+c+x)
x\
"\§~ 2 a -_L-x
{\\x; + c)alog praed |

r131 f z dx 1 a c
@+ o+ =y~ (a*c)2a+x+m)

a—!—cl a—}-x_
(& — cp® 0g e+

2z — a
113.2. L rer 1 a o2
!‘(a_}'z)z(c“l‘x)z (G“C)Z(a-f—xmf_c—!-.x)
2ac a -+ z .
+ (a-—c)slog e+ z

[Ref. 1, p. 71.]




dx
120. f iTe

The principal value of tan! z is to be taken, that is,

INTEGRALS INVOLVING X = a + &° 25
Integrals Involving X = a® + x?

_r = T.
2 < tan—" x < 5

Ke

2 . ”\\.;.

e L B O
n:’s’

Fra. 120, Graphs of 1/(1 +

[y

$2)\§k{k§1 of principal values of tan—* =

‘s

120,01, f . +b2x 1\tan“‘1 z,

dr

120.1. X

120.2, 3}:

R \
N dz
623. e
N/

dx

120.4 %=
120.9

e Tiax Tes

Sz 5% 5

1

x
S =~ tan?Z.
@

a
T
tan—l

3 tan—t Z.

$
tan—1Z

< 6% T Saaix

- -

166X " 1847 a

*

(& + 0™~ Zna®(a® + b2

2n -1
T Zna® f {o® + ngg}"

[Ref. 2, p. 20.]



26 RATIONAL ALGEBRAIC FUNCTIONS

121. Integrals of the form

a2y
f {o? & 22)"

by putting 2% = z, become

1 #dz
2 ) (Bxa) N\

for which ses 89 to 105 (m positive, negative or zero'l \

x de x de 3 O
121.1. f—}—(— = fmz = ‘2—105 (Gg + x~).ﬂ<x:‘.

gdr 1 \xﬁm‘\'_ 1
121.2, %7 = ' 121.3. \[._.3_ ity cX
z dx 1 ‘\\
121.4. Ti_ = — 6—X—§0 ‘”x\
xdz 1 o\ -
121.9. IW = - W:}l‘“ [ﬂ b O_J
N ’:x,'
122.1. f‘“_X_dx = % —atan- E.
\\ a,
*dx \ x 1
1222. | 248 _ L tan-t 2.
Xg e + tan o
332&.7: 1
122.3. = aT,
X z_u(z T &= 8a2X T gt
2dx
1 2 rar _ T $ x 1 L%,
\..2 3 f o0 P oo t gy T Ies g
V2o, (P _ —z 1 &
NS N rmeaxts, | o
x3d 2 b4
123.1. _XE - % L3 s log X.
PBdr a2 1
123.2. X = 5% + §]C,g x.
1233, [ 2o 1, @

X T "oy Tip
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27

#dx 1 a?
1234, ) 57 = it
2*dx -1 a?
123.9. f T = 5 = )T T [» > 13
124.1. % = § — % + & tan™? E-
4 2
124.2. “’—XdT” =1 -t %}—xz - %‘—‘tan-lg- O
A
zdr _ o' g% A
1243. | Fv =gz o% + gy o SO
2idr _ d'r Tz x 1 \\_I:c
1264, | 35 =g " mxz T X T e (T Sl
N
4 2ol 4
1. [ZE o0 Srog X
5 2 4 ,‘..""‘
125.2. %f = -“2— - %{ - aﬁgag”X.
5 2
125.3. x;?f ; {Xg —!‘- log X.
5} 4
1254, | 5 dz ' 5\\3 2X2 - o
.- ‘:\"}
2dr —1 @ at
125.9. \[ X T I —2)X 2 | (- DXL 2k
O [n > 2]
NV n i P & \ e ®
\”Igﬁﬂ. ‘J—;—\:——g—-«—g——!-ax & tan z
Pder £ ot | a'2® &
127.1. fT =5~ 1 t3 ~plek
Bdr o o¥ | 7 Y-
128.1. f—X-——Tr-—T —3—-' x—{-atan E
dz _ dx 1 & )
131.1, fﬁ = fm = 2a210g (az )
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Integrals Involving X = a® - a? (continued)

131.2, ;L; ~ 5%(+.;?10g§.
131.3. ff}% - 4—;)-2-2+2a4x+2a610g§.
1314 a%% = Bales + 4&3){2 t Za%"X + 5&9 IOg_xXE' N
132.1. f ;ﬁxX = — E;Tc - -l—tan"lz :“\::\t“\'
132.2. f f;z - - a%x e - 2_?;3 o %\ R \"
132.3. f - &EE_I;_X_Z_% ;g%t&n'l‘g
133.1. g%—“%%—%log%
133.2. % =— 2_;_%:‘&;_}( — :}Gbg%; :
134.1. dxx \\ 3a2x3 - Esf-l‘—z + alét'&n"l E
134. 2\“ j;;z %14—-:5, + h% + Eég:—X + % t-an‘lg
“\135\1 g{—=—m+m+§%log§-
'"\;s./ \
\ 135.2. 'xf—)x{2=_§1%§h+%q+ﬁ+2aslog§{-

[See References 1 and 2 for additional
integrals of the type of Nos. 120 to 135.]

dx 1
f THm@+a -+ [9‘ log If + g2/
log (@ 4+ 2% + ftan- ﬁ:l .
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Integrals Involving X = @ — x*
: dz 1 142
140. f T—2 §10g p .

1 —
The function 1/(1 — 2% and its integral can be plotted for negative
values of z. See Tig, 140.

[Sce note under 140.1.]

I H|F ]
] I
1 ]
1 i
[] ]
] 2 1 A ¢
‘\‘ ';' ; \ \}
\\ I,’! \ \“}
4 “ ,\‘
— ,\\
-z [ 1! ___,'...x;.}
PPN,
" -1 ;'\’1\
‘.| ','}
‘ ] -2 »:’, ’:’
1 A !
] _ o ]
Ho A
\ ™G 1
I‘Id 140,
Dottc\d‘gaph 1/{1 — 2%}
I‘%ﬂl\lme graph, } log -—4—-—%
140.0 ﬁh‘\\’ da
1. 1—_"—:55 - [See 140]
Q) ¢ dx 1 a + bx
140.02. N s = 5 .
AN az — b 20b log a — bz
<}¢ ote that
1 a+br 1 bz . .
s — @ g e
and
1 bxt+a _ 1 bz 22 .
%logm—-a—bctnh E‘, [:bz >a],
dx dx 1 a+x
140.1, — = = .
X fa2—xz Zalo’ga—x
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Note: 21_a log z * z :;t nh—1 :c [2% < o],
- log 210 Lot Z, [ > o)
[Ref. 8, p. 100, () and (s).]
1402. %’- ~zext 4@3 log | 7 = = N
1403. f % -t szfx + 1§a5 log | fi ' «I}"
s [ 5= aafxs + s % T g 3241* Tog ] el
RY:

x 7
140.9. f {a® — bzxz)m—l naEaE — bzﬁ)ﬂ

\2??, -1
': 2na? f (@ — b2m2)"

141.1. x—}}ﬁ=f%m’;%log la? — 22|,
141.2. ”;f 2;“ Nata. “’"_}‘;E =IX1"§'
141.4. x)gfﬁﬁ;a- 141.9. f %%=ﬁ,, [n = 0}
142.1. :!%@“‘ — o+ Llog a+z
142?\ f‘“ﬁdx & - log|2EE|.
Phas. [5- fom gy - arn]s2]
142.4. %_é"ﬁw—ﬁf—ﬁlgafi
1429, }E{%“:W}&_E% %.
1. [T =~ 5 Lo |x].

X 2



143 .2‘

143.3.

143.9.

144.1.

144.2.

INTEGRALS INVOLVING X = @® — x* 31

#dr o

Xﬂ 2X _'10g1X1

wdr —1, a iz

x =3x tie W4 T

2dr -1 n a’

X T 3 = DX X’

3

[E

M—x-{-@_?’q ¢+ .

Xz 5% ~ 4 Bla—=

aids _ @ Br B g aﬂ.r;\‘

X*  4X? 8X ' l6a a N

-'idx 2, \

T az

T T exe 24X2 - 6G2X\+ 32a3

#dx R -
f"z_i" ~7 g e X

fde 22, d 3 2

Xg “zf\'_ﬁ—l—a’login

+8J
ol 4
wdr \‘l.{_ @ 110g]X]

-1 a?

> T

[n> 1l

a—|~x

— I

4

Pdr 1 _ a? 4
f X 2(?1 - 2} X (n — DX+ 2nXn ’

a+x_

[» > 2_].
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151.1, f fx(a2_$2) o Yo |

151.2,

151.3.

151.4.

152.1.

152.2.

152.3.

153.1.

153.2.

153.3.

155.2. f
i

RATIONAL ALGEBRAIC FUNCTIONS

— x2
dz i 1 z*
X2_2a2X+ alOg d}z'
de 22
zX° T 4a?X? T 2aix + 2@5 log x|
diB . 1 1 :C? N\
fo’* T BaX?® + 4atX? + 2a5X - 28 log X \ \
ﬂ»:—»—]-‘—_!—.._]l_ a—{—:t:- Z.\"\“
22X &x ' 2d4° a— \ o7
dr _ 1 T 3 al 2 2|
fszz =TT wx + Zc;"‘log‘][g; — |
dr 1 z T 15 a -+
fx‘ZXe’ T o + 4gi X2 +\8aBX + 1647 8\ = 2|
dz 3,2
f #X a2x2 +’2a£i0g x|
dz lj':":' %2
7 o T aeX 2a4X T los bel
o\
T LY 1 1 1 3 x?
P NS TR U T SR TR X‘l
41 L s
VPR 55 " aw T 28 % g = 7|
dz _ i 2 © 5 a4z
x‘lXZ_ Baéﬁ-ﬁ+2acx+w10g a,—:.,';'
ds _ 1 1 &
#X T i 27 + log dy
de 1 3 2
Fxr T dgiA T a*‘«2 + 557 aSX 2&8 log ;ri

[Sce References 1 and 2 for other integrals of the type of Nos. 140 to 155.7

156.

dz

1
T+ g0)(a® — a5 & = J2 [9 log |f + gl

g otz
- 21 G ....__ e
3 log 1@ — 2| g|a_ﬁ,

],



INTEGRALS INVOLVING X =ax*+bx+¢ 33
Integrals Involv:’ng X=arr+bx+c¢
20z + b
_____ - e 7 k]
160.01. f X = (4ac e tan Nk [4ac > %],
1 gz + b — (B — 4ac)

+(b? — 4ac) %8 1205 + b + y(F — 4ac) |’
[5® > dac],

! lo
alp — ¢ &

r—p 2 N\
i (¥ >:ifzcj,

L\

where p and ¢ are the roots of ar®> + bz +c =0, \} ”
2 1 2oz + b . N
=~ T =g @ 4@@
(8 > dac, (2a:c —[ P < B - 4ac],

2 22ma:+b

- T N o’
[0 > dapy (20z +b)° > b — 4ac],

\
«™y

2 &N
R ¥ = dac].
\ ) [Put 202 - b = 2.]

dz . ar + b 2a _ d_x .
160.02. F{E < SM —Hx "I -8R J) X

e 20z + b 3a(2ay + b)
160. 03\; 55 T 3ldac — X2 | (oo — 0K

A
\ a® dx ‘ .
+ e o) X e 1000L]

[See 160.01.

4 dz %z + b
160.09- f‘z; - ('??.- — 1) (4:!']}(3 _ bg)X-n_l
n (2n — 3)2a dx
{(n — 1)(dac — b°) X1
[Ref. 1, p. 833

zdr _ - dx
160.11. f 25 log 1X] =2 [See 160.01.]
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34 RATIONAL ALGEBRAIC FUNCTIONS

Integrals Involving X = ax® + bx + ¢ (continued)

x dx bx + 2e b @ .
160.12. X2 T T e — )X dac— 08 ) X
[See 160.01.]
sde br + 2¢
160.19. X5 (n — D{dac — pHX*

5(2n — 3) do,
- (n — 1)(4ac — bz) X”“1

e _x b — 20¢ (" da "
16021, [ I =% - Zlog|X]| g B 2u . f

K7, [See 160.01.]

R
z2de (B — 20c)z 1 be 2¢) dz
10022 | 37 = w-wx T m-5) X
2> [See 160.01.]

W

T an—1 Nx m—2 —1
160.27. P dr . & O e bfx dx.

X T (m—1a ” X @ X
adz '.f’; gl
10028, [ 55 = — et e
o (m — 1¥o N __ {n—mp x”"’—ldx’
(2n — g1~ Do Xn @2n —m— lla X"
L\ [m % 20 — 17

160.29. Whet'yn = 2n — 1,

K :Z:Ex“”dx _ 1 pa3dy e a3z b a0
ST ey X af X" a x*
Nl [Ref. 4, p. 143.]

= = .01,
e gy —5 | ¥ [Sec 160.01.7
dx 1 b dx 1 dx
161.19. el ey = Al _faT)F:l
de b L b —2ac (dx
161.21. @X = ~2?2 IOg — -jc% -+ —2?— X- R
[See 160.01.]
16129, | & = — 1
s X T (m— Lex1Xnt :
_@n+m -3 dz  (n+m-—2)b dz
(m — 1)e EXn {m -~ ¢ o

[m > 1]
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Integrals Involving a® & x3

dx _ 1 (e¢ + z)® 1 4% —a
165.01. f @+ 6a? log o7 -+ & + a*v3 tan av3

dx x 2 dx
165.02. f @ror @ T T §E§f Fr T

xde 1, a®—azx-ta’ =
165.11, fm—-@l@g (G+$)2 +a\;3t& —-——a_v[g

- T dx z° 1 z dr <\ :
165.12. @ + 53)2 30 + &) 3a3f PO ; O
Wz 1 o
16521 [ s = glog e+, R
2?dz 1 ) A\
165.22. f (@ + D) = 3 + 7°) \‘ .V\
2dr o __QIL» v
165.31. f m = =—( f pS ::’_,xa . [:See 165.01]
" cdr = :s"".” ) 1 dr
165.32, ' (—m = 3(&3 T x3) + 5 3 PR iR
\ [See 165.01. ]
T oatds \.‘5\3 z dz
165.41. j e 5 —a f s [See 165.11.]
d* x? 2 sde
165-42. ”wa + 3;3)2 3(_0'.3 + xg) + 'g ag __I_ :153
O [See 165.11.]
O :; zidr 5 _ at 3
1 3
165.52. f—i@—— = +3log la® + 2.

@ Lar 3@+
15

dr
166.11. fm = o log

dz . 1 1
166.12. f pr e Rl e + 5% log

a*-t-xal

_,—._xs -
a?—i—aﬁ‘
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166.21.

160.22.

106.31.

166.32.

166.41,

166.42,

168.01.

168. 02

"

”V“'16 12,
resaz

168.21.

168.31.

BRATIONAL ALGEBRAIC FUNCTIONS

dr 1 1 z dz
fﬁ(aﬁ T @ —fw’—{— ~+ [See 165.11.]
G 12
f o a3 & 3d%(d + )
4 & dz
ﬁéasf G g [Beel6Sll]
dz 1 1 dz N\
2@+ 2% fG3+a:3 A
[Seb. 165.01.7
dx __ .1 o 3
J @ = L
5 A "
- '@fm [See 165.01.7)
ANY;
7, N
% 1 +x£'_ &+
e +2%) 3a“:c3 = |
dx _ R 1 1
f 2@+ 2 3 *33%3 3a%{a® + %)
| . 2 o + o
Q R
(V1 o + azx + 2° 1 L 2+a
f “:3 Y 6 @—=27 et oy
D dx = z + 2 da
(3—x3)2_3a3(a3—x3) @fm
dx 24 ax + a2 1 9% 4+ o
16 \1 ud 1 “ta+a® 1 .
i f — 7 6!1 10g (o — z)° a3 tan av3
zdz _ p2 1 zdr
@ —ar " 3a@ —a E%fm .
2z 1
fm = gl id ~ 2
2 1
168.22. i -
8.22 f (aa — xs)z 3(0.3 .
*dz d
f{}? —_ s - r+d ‘as—_'_x—xg . {Bee 168.01.]
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Pdr _ 2 1 dr
168.32. @ — 27 3@ — 2% - gf(ﬁ — i
[See 168.01.

4.
168.41. f af_"";s + f “"fx . [See 168.11.]
xldz
168.42. @ "3 (as —— ~ 5 f
g \ s [Sce 168, 11 j
Jrer T @ 3 o 3 ¢ \
168.51. f o 5 — g log |a® — 2*]. & \
Pde 1 . N :
168,52, f (GS — anz = 3(&3 — .."".,S) "{_ glOg |G —_ x,sJ:’. 3
dx 1 x® A S
169,11, 'r m = -3_(}:5 IOg (},W N ’\\;
dz 1 "\
169.12. fx(a3 —ER T 5 = 3),‘4:‘3@ log | ——|-
dz 1 x dr
169.21. IW'—?J = assc??L S [ 55 [8ee 1681]
de A I z? z dz
169.22. f 22{(a? — x?}_{:;\»\c P + 3af(a® — 2%) + Sa“ @ — B
N [See 168.11.]

g’ 1 1 dr
169.31. IW = S + aafa3 e
\};\,I

[Bee 168.01. ]

N\ de 1 x
N e - —r
~\J 5 ¢ dx
dx 1 1 x?
16941, IW—_W +§;;10g i
. 1 1
169.42. f xw = - 3a6m3 + 3aﬁ(a3 — I3)
+ 3a9 log x"*l




38 RATIONAL ALGEBRAIC FUNCTIONS

Integrals Involving a* 4+ x4

de 1  + arf2 ot
170. fa‘* ozt 4&3{21 EE arV2 + of

5°

1 _; ary2
: + 2af+/2 tan o — g
z dz 1 ot
170.1, fm = 2?'53.]1 l‘"a—z'
N
e i 22 4+ azy2 + o
170.2. e A
fa“ + 2t dgy2 log 25— azy2 —[— a2 :\'\\
% 1 ary2

T3 2\ —
Pz N @ -z

1
170.3. m = Zlog (a‘ + 1’4) \\:\\

dz 1 a + T
171. —_— = ” \.,_ T
f R a— J'\\* 2 tan a
X d.’l: 1 a?f _i._‘:cﬂ
171.1- f m = 432 log ‘[al’—ﬁ..__2 v x?
2y 1 s c+x 1
171.2. = — tan-1%.
fa4—:c4 “ﬂioga—x — 5, tan~t
25dz N
171-3. m}x—.—. — Iog [a‘l — m{l
\dx
173. (’ » 1 il
,,£ z(a + bx™y IOg e bxm!
2
’\.
O

\
MR

AN

<>“,



180.
180.1,
180.3.
18i.

181.1,

181.5.

\o
o»\Q,

\:

186.11.

INTEGRALS INVOLVING x1 39
IRRATIONAL ALGEBRAIC FUNCTIONS

Integrals Involving x\*

2
DI Y. ) 2
f Py = oy z ,

2y = Vvrdz = 2 92,
_ 3 O
372 2 i 2 o
%y = = 252, 180.5. 22y = 2 2VE )
5 7\ 2
f dx _ 2 l“.}‘\“/
o e T Co N AN 3
x (p 2z ,\\
X dx 2
f PRI B 2217, I81.3. peT R Y
N
2 -\
xafz = T agER 181 ) f 7= 53;5;2

I:\TOTE —-Put z = 7, then de = 2u du.))
2120 231!2 N 2:’5 P brli?
f ey s A N
N\
22 _x:,? B2 9atg . 26, ba'?
> _|_ %N 3 b2 R o —
\ﬁagz&x ey 1 bat/?

'(a3+b2:5)2 T bHa? F D) o

\ My 9432 012
185. 23\'\ r (0 + b2 0%a® + bz) | b a® + bx)
_Ba b
By
s 2 tan-i b_xi’f
f (@ + B)a®  ab a

186.13.

186.21.

T 2 2b, _, balf?
f (% + biz) 2 =T g T & n :

dx P 1 _; bt
f (a® I Do)t = a’(a® + ¥r) T o B &
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de _ 2 3p2,l2
186.23. fmx)gfm - = @{a® L 525) 7178 - aa? + 5%z)
b,
&' dx 212 g a 4 bal?
i37.11, fmzz = - '?2_ -+ Eﬁ IOg mﬂh )
22y _ 225 24218 a4 b2
18713, fag—__"b—'{r = _'.‘g"'gg' ___?')4_"""56]0 __',__6(73 ‘

- 1 1 er _ m”g 2 -P bxl%
187.21. f (L’B‘ — ng)a = %2 _ 523:) a0l }.Ogl @ btz |’

188.11. ffc?_?dgw = %bg j\;ﬁ:}l;z '
188.13, f(a—:%})—xs—g ~ *—Eg%r—f-a—?;mg %;%l_ﬁ
188.21. f mﬁzx ag(aff 5y + s log ngﬁﬁ ‘
188.23. f = \i’ﬂf,;:)\m,ﬂz ?@T:—%j—“ﬂm + a—@g—z@l———;@
189.1. \j aflfiz = 2;{2 g 21 Ej gﬁ; i 22
R + 7;*2 tan-! “";(2’2
A
“\'80.2, fﬁ;m - aw g%‘%
189.4. f (@ _dﬁz)xm = E@ fog |§“—+_§“2 * a%tan-l =

[Ref. 4, pp. 149-151.]



INTEGRALS INVOLVING X2 = (g 4 bx)12 41
Integmls Involving X% = (a + bx)17
=%z (X — o)X
160. f XpE T patt f — ez’ [g > 0]

Expand the numerator by the binomial theorem, when g is a positive
integer.

dx -2 dx -~ 2
191. xoi = (p—zpxeor WM} s = s
dx 2 — 25
19101. f X'L,—é = Ele. 101 05 f Xaff! 3§X?4
z dzx 2 -1 11 \
igl.1. Xz T [(p T4 xR + (p — 2);{%«3&]\
d 2 /XY
wLIL [ T (“E" - aX”z) A
. d. 2 \\
x dx o a PN,
191.13- f 173;2 = b_ (llf.& + W) -‘. \J
wde  2/—1, &%
191.15. X TR (_uz +, ?{Em) ’
\
& dx 2/ =4 a
zidz ‘2 -1 20
191,2, X”/s \—,5— [(p — §) X + (p — H)X@07
& a’
O TG o mxevR|
.’\
Q’;'. 22de 9 /X508 9 X342 . 12)
1{”\32} me‘Eﬁ(T_ 3 +ax
2 9 /xee 5 al
o123 [ Soi=g (—3— 2aXV? — Xm)
2d 2/ 2a a’
o125, [ op = 5(){”2 +<m 3—Xﬂ)

;
efdr _ 2/—1 2 a \
wan [ 50 = (T + g~ )



de -1 3b 3b dz
<\:~§92.23. f X372 gzX12 T g2X12 T o I X2’

42 IRRATIONAL ALGEBRAIC FUNCTIONS

dz 2
192.1. fo”fz (p — 2)aX>DP2 +5 f X(p—zjm’
[p > 17 [Ref. 2, p. 92.]

LS

dz X2 . gli2
192.11. folL“. ”2 IOg m ’ I:G > 0, X > 01.
P XIL‘!
== -; tanh™! "’ [¢a>X ::\{)],
Z Xl.l’z a \
= - Eﬂ-z etnh™1 T]"i"ﬁ' ] [X > fb\> 0],
. £\
2 . lez
== —-—"~—'—(—' a)lm ta.n 1-—-—(_ G)lm, [{L 3; 0 X e 0_]
[Put X172 = ¢, See ﬁo‘s 120,1 and 140, 1 1
192.13, Xm = aX”2 +: f xXJ B [See 192.11.]
AN dx
192.15. f X5z T 3aXd;2 + QEXM + a.2 quz'.
“. \ [Bee 192.11.]

192.17. f X‘”z = X5Jr2 + azxgjz + a3X1f2 + aS f Xl.l"2
[See 192.11.]

\\
i -1 - pb dzx
102.2, f @Xm = ot~ & f o~ [Ref. 2, p.04]
O ds - X2 p d
s i - L [ i

S

[See 192.11.7]

de _ —1 5b 5b 5b dr
192.25. f 22X5 T g X3 T By &X12 T 9 f Txue’
[See 192.11.]
dx — X (2p — 8)b
192.9, = ~ 2 ) %
f X (p—-DarPl T Zp — 2a f P IX
[Ref. 2, p. 94.]
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QX (p+D/2
193. f Xody = T
193.01. f X2z _Egm- 193.03. f X0y = 2;‘: "
193.1. f s XPidy = b—z(iETT ~ “f::'zm).
193.11. f XMy = 5—22(){;2 Xm) \‘ .
"\

.I"2 B2 %
193.13. f e X2z _biz X2 _oX ) &

A
2 (chs)m 20X P12 .@2}{(»2)!2)

p+6 ptd \Np T2

2
T2 52 {32
193.21. f 22Xz = 5 (XT - ?—% _1_\%3({)

jog. /2 sz
194.1. pr de _ & +af;ﬂx 9 [Ref. 2, p. 91.]

193.2. f 22Xty =

&€
1t \
104.11. f X xd‘” 2X1=’2=1- f —m [See 192.117.
12
194,13, f X 3,%—!— 20V 4 ot [ 22,
\ See 192.11.]
ﬁk&“x _ 22X | 2uX%? 2vIE L .3 dr
104,15, kx e N YD SR f S
N [See 192.11.]
‘..\',
a\ 4 XPi2dy Xo+2y/2 pb X2
15¢2. f 22 ar +% z
Xl"ﬂdm X1J2 dr
194.21. f - — + f —Zm [See 192.11.)

Xitge  (2a + bx)X'2 B dz
194.31. f © - 4dg  8a fo:- X

[See 192.11.] [Ref. 1, p. 105.]
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Integrals Involving X2 = (q + bx)"? and U2 = (f + gx)12
Letk = ag — bf

b>0
dx — 2 — — .G"X I: :’ »
105,01, X = g — tan—1 \/(“W) 3 g <0
_ . —1 <in1 2bgx + ag + bf [b > 0:’
( bg) bf—ag 7 |g<0]’
= (b ") log |V @gX)+ oy U], [bg 3N0].
dx 2 g Xz Oy
195.02, = -1 '
lefo v (— kg) tan '\'I( 2 ) ; 4 \['?59 < 0]7
1 gXM? — N {kg) |
V) 8 | gx gD o> 03
dz 2XU2 Q'
195.03- W = - ?{;_{;YT,@ \ \
K73
Uti2dy )s.'”zU”2 o dz
195.04, f X173 = %‘ } W [SCO 195.01.]
Urdz 2 . Uz
195.00. [ (2n = 1)75 (Xf U — nk f - )
k + 2507 L2 dix
106.01. 12712 —_ .
f Xy -~ d‘” 4bg XU — 8bg f XuEgnn
’\\"" [See 195.01.])
e X _og+bof '
196.02. me U bg 2bg f Xegin
x'\" [See 195.01.7

196@1& f .

:.\~, - 1 Xz
T =Dk {‘U’H ( )bf.X”ZU’H}

\‘;

— 1 Urdx

196.04. Valinge o= . = e

04 fX Urdy TR (2?(”2{7 14 kf—ﬁz")
[See 195.00.]

Xuz o p dx
106.
o [ i (e i)
_J@dr and d
197, w
Ve ¥eD - ff(l - Emﬁ)(l "

where % = o/ (a + bz?).



INTEGRALS INVOLVING r = (x? 4 a5)'#

Integrals Involving r = (x* 4+ a®)1?

dz d:
200.01. f ? = f ;},'(?ﬁ_—a'—gi = IOg (.’E + ?').

Note that
log (5 + T) = sinh ¥
a a

The positive values of » and a are to be taken.

1

= log (:—a:)

2

45

“og {x+~;(¢£+1')} g
F1a2.200.01. Graphsof 1}y (22 + 1) and of log |z ;t&éf“ + 1}}, where z is real.

. 1 x »"
200.03 2. S E
¥ atr SN
de 1z 1 x‘i* )
200.05- f—rg = Ei _} *g\;ﬁ]
de 1 fRO2s 128
200,07, = | } 35 + 5 1‘5’]
dz) ATe 322 35 14
200.09 F’:\? l.'_l"§ _; - g ?“3 + 5 ?,5 ? ?,7
i"\,” N
“dx 1 [z 42 [ 62> 42 12°
200.11.?,:'\§q;1-1 =% [; ~aatEzE T TR
51 [dr_ ATz 52,108 1027, 52 124
0073 IT"EF?? 3P TE ST T AT 1A
dr 1z 622 1525 2027  154°
200.15. fﬁé aiil:;_:g;'3+'grsw7r7 g
6 21 1
pT e |
For 200.03-200.15 let
zt = z then dx ad:

S0 -
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20001 [ZE -, 201,05. ff-‘i‘"’ -
vdr 1 zdv 1
201.03. f‘;}_ = T 201.07, f7 =~
zdz 1
o [ 6 = - gy N
202.01. fx%*dx -5- ~10g (@ + 7). Oy
[See note gi.ﬁsu;ier 200.01.]
o*dz A\
202.03. f == Stlg st &
z*dx 13 \ '
b - T = e = % \.l
202.05 f o 2
e
Pdr 1 ]1x8  1@8)Y
202.07. f? - E’*[ﬁ?ﬁ 35,5]'
Pdr _ 1[18 22 14
202.09, f = = Eﬁ[ﬁara _ .57_5_,_7?],
Q
202.11 f@og,’\}_[l“’f_§§f+3f 1z
S LT -
:es

\ DT T gB |3 A
oy, &/
20208, [z _ 1 1.@&3& 104 _ 102
0\ e a'?|3 1S TR 9P
5t 1t
1170 1378



INTEGRALS INVOLVING r = (a2 4 a?)12 47

3 2
203.07. f“’dx=_i+i.

i 3% T Brd
2’dr 1 a?
203.9. f?.2p—|—1 = = (2p — 3)r2w8 + 2p = 1)1‘21’—1'
4d.
204.01. “’T——x = ﬁ - ga?xr + 2 atlog (x + 7).
[See note under 200.01.F ~
e _wr 0% 3, Ao
204.03. —73— = § + _?"_ - § o ]Og (23 + ?"). p \'\\”\
\v/
zidz z ~\
—_—— e — — e e e {
204.05. f = : 3 c '+ log @ + 1), S
- N
4 XN\
204.07. f Pz _ 1 &
T 5S¢ 5 \
wder 17125 12 (v
waos. [ 3= [5% 7] 2O
xide 1 [12° 2:07"::[”'3
sosat. [T = G55~ 7 g )
2idr 1[1a° ’3‘%7 32 1 28
204.13. f’ﬁ' S A ﬁﬁ]'
ne
204.15 odr _ BRI 427 62 427 120
' f i _;’Elo Byt Tyt T 9 1148 1348
RN
20 S
son. | - gertar
205.03, f Z& LT _gp @
WY T
O\ . .
e z5dzx 2q a
205005 _7"?’__?’+H—"—3r3
2°dx 1. 2% &
205.07 f_7_ R R
Py 1 2a?
205.9 f 7 S (2p — Byree—s ' (2p — 3)rivs

at

TG



43 IRRATIONAIL ALGEBRAIC FUNCTIONS

e a2 5, 5 5 .
206.01. =& ﬂaxr—i—ﬁamrmﬁalog(x—i-r),

[See note under 200.01.]

53 (= | 5o
206.03. f%=£5—~29£—1—o%§+£8§a“10g{x+r).

e N
ztdx 2355 Ta%  alx e\
206.07. e s R
7 56 3 TR +I‘(’“¢.f"f"")
ede 1 of m'\"
206-09. T = “7"6? ?‘7 \\ }
str_1[1a7 124D
ax _ 1 _ji" _ —.x_ o’:'
206.11, fﬁ' =al7% -3 2ﬁg]\

206.13,

dr _ WT1a" 345 3t 1 g
206.15. f_r? —o i s h - __].
)

O
\\y Tdz 1 gt o
\207.0 T o _ggp 90 @
{ 5 5 3 7 3a " 35
o 32 8¢t | o
207.07 ez 30 _ o@
f 7 T 3r3 ' 5%
Tdx 1 | 352
207.9, T i
fg-ﬁm—l. (239 —_ 7)?.231-7 + (Zp — 5)?.2;»-5
3qt o

- (2p — 3)re= + (2p — Dro#! )



INTEGRALS INVOLVING r = (x* + a¥)t" 19

dr 1 a-+r
221.01. f - fw(xg T = e8| |
Note that
lex
- —lo ‘ ] L 1sinh‘1 g
a a
SRR T e a).
2a 8 T — G
The positive values of a and r are to be takes. Ke
Ep :,,\"\
t '
[ A B¢
1 (NN
2 ‘g‘ ,\é\ ‘
1 F
N
O
"\:\"} Fia. 221 Ni.
\m{tﬁd glﬂ.ph, T{m .
\iw Full line graph, — log ﬁ,ﬁ%’;’f_}) |
dr 1 1 a+r|
%U? e
. dx 1 1 1 atr
221.05, e — _ = .
03 zr®  Ja¥ + atr & log
dx 1 1 1 i a-+r
221.07. — =t = = —
21.07 fzr“’ Ha®i® + 3ate® + ar log z
dx 1 1 1 a-+r
221.00. T Tan + Batr® + 3@"?‘3 + T log z




50 IRRATIONAL ALGEBRAIC FUNCTIONS

dx 7
222.01. f =

dz 1/r =z
222.03. fxz_w*‘__a_4(5+?)'

dee 1/r, 206 o2
222,05, f—x—z?—ﬁ = — ;1_6(5+ . 373)
dx 1 /v, 8 32°, & O
222.07. fﬁ‘?uhag(5+T_@+§5) \ ¢
W)
dx 1 /r | 4z 45 NV
222.09. f‘xTr-" T T e (5 + T 3?‘3 + By ,‘er
d _  r 1 a-+r m\\
223.01. = ogp + o log }
As in 221.01, we have \s\\“
log E—ﬂl = csch‘flll:?—.‘: = ginh—? E|
xz ’:,. (2 ¥
_dnrta
:;élog ( = a)
de 0 1 3 a+r
2008 [ 25 = L — g + g 8
waos. [HS_ 1 5 5 5 )
o f;@@ 2055 Ga? T 2a% T 2q 8| T
¢
e _1(r
22401,*%— = (- - )
NV ot etz 35
\w
dz I /e  2r
2403 ) s -afs(;+ z —“3;3)
der 1 2 3z, 3
224.05 fz*?_'“ 5,3( 373+r+x__3x3)
Tor 222 and 224, put
PR
ye?
then
odz

dz = 1 -z



INTEGRALS INVOLVING r = (x? 4 g%/ 51

G r_ 431 3 letr.
225.01. f #r = T iR T RaE T 8 %8|
[Ref. 1, p. 121.]
5 15 15 a+r
225.03. fxsrs s a8
. . [Ref. 1, p. 124.]
1 2r
226.01. fEﬁ?_E"*(_—"'st 5::5)'
dr 1 T 3 O\
22603, | 7o = Eé(‘ T T 555) O
. “:‘ A
2 s Pa
230.01, fr dr = %T + %log (4. .'»\\"
As in 200.01, we have PN
log (m * r) smh“g =.05ch~1=

3

230.03. f rde = - or -{-\g 2;cr +3 a‘s log (z + 7).

N\
230.05, f r5dz A %\ % axr® + a*a:r -+ % a" log (x + 7).

\I

231.01. f\x}\dz _.
3
'\\‘,z
& -
231.03% f oride =
P 5
a\d )

\ ' 2 1 ‘_}‘2?4'3

-+ =
231.9 fzr”dx 20 3
e afvr ot
232.01. fx“r dr =T - TF — Flogz+ ).

s ol dfrr @
232.03. f:r,zr"'d:r, = -5 Glog @+ 7.



52 IRRATIONAL ALGEBRAIC FUNCTIONS

a*’
3, - .,
233.01 f;z, r dx 3 3
tage = T &
233.03. f;t: ridz 5 E
2745 2,2p43
septry., _ T _ar .
2339, f 2ip2etidy %5 Zp T3 ~
Bl 2 s
] _ 2 drd | ater
234.01. f:wd:v 5 o + = BTy + T8 log (x\:&-:ﬂ
As in 200.01 we have ~\
TACN = cef :-12
log( ) = sinh a \(is?h z
1 Pl N
=3 log (\?\%-—__ a:)
o = 2 _ elQues | 3
234.03. f wirids = 53 o o1 108
\}:v N + 355 ¢ log (= + )
TN 9ghs 4
235.01. f #rdz = \7 —+ 2
235.03. xﬁ% 20k e
T a
) \ } ] - " - -
x'\;“: 24T a2y 2nit aly2e s
235.9.°C Dty = 17 Latrtte ar
O f ’ W7 5T s
J2sl.01 f’l'zf=r~a10g “i‘r
{
Q” [ Bee note under 221.01.7
*°dr 2 a-+r
rer r 3
241.03 f:v 3—!-@2? a’ log .
Pdr S 3
241.05 f—;—r—=3+-§—+a4r—a510gajr
ride 7 25
241.07 fx % 55—+“;73+aﬁr-a71og“+"




242.01.

242.03.

242.05.

243.01.

243.03.

243.05,

244.01,

244,03,

INTEGRALS INVOLVING 1 = (¢

rdz

i

?.3
;—[—%:or-{-%azlog(x%—r).
f—!—gzar'3+Ea"xr—]—-lé tlog (x4 ¢
z 71 3 g ¢ log(x T).
-—-.__T_......_;l..]rra_!_?' N\
A S I ' N,
[See note under ‘22‘1:01.]
~N
¥ 3 3 a4 r > ’
—gmtgr T geles W
5 5 -!-'r
232—[— 73+2a2r—§,@§,10g .
Q\\
L ’
T 3a%P ,;
3
-—%—u—&}ﬁg(z—f—r)
~< [See note under 200.017
sz’q@-f-y + 2 aﬂlog(a;Jrr).
O r r +_1_ a+r|
T 4z* T 8%t T R z
3 4 37 3 a-br
n_ﬁiuga%?-}_gﬁ_g&]ﬂ“ z
j_(_%_l)
5a%% \3a® 2t
-
5a*z®
o i a+r|
BT 24@%4 + lﬁa“:?:2 T6a %8 |73 !
r 1 __‘*__i).
Te*\ 2zt ' 5a%?  15a

—g—f—log(:c—E—r).

+ aZJl,fE

53

[Bee note under 200.01.7

N\



54 IRRATIONAL ALGEBRAIC FUNCTIONS

Integrals Involving s = (x? — g%)I~2

dr _ dr _ 8 27
260.01. f? = | @ = leg [z + s], [2* > o?]
Note that
z+s) 1 T+ 8\ _ 4|,
log 2 =3 log (x_— s) = eosh

The positive value of cosh=!]z/a|is to he taken for positive valies of z,
and the negative value for negative values of . The pusitive.m:Iué of 513

to be taken. N\
[RPRPEE \
hv i \Y
¥ ] ¢
AT ",
_____ : H \._____.A“
=5 -4 =3 -2 1 [0 1 2 B4 3
1 ] T
=
/ s
l AN
Fra. 260502,
Dotted graph, 1/ (z* ~ 1), Fab line graph, log [z + + (=2 — 1)].
dz 1z
260.03. — = T
3 & 29y

26007.\:“;\%?_. _31_5[9_; §§+%§:]
o® [ 1515438 19)
mon. [ &=~ 115485194



INTEGRALS INVOLVING s = (2 — a9 55

For 260.03-260.15, let

Fogig e dos @ affm
261.01 “% =5 261.05. fzs_‘f“ - - 5%3.
261.03. “’T;“ = — -i; 261.07, f‘fs—-‘fz -— %ﬁ-
261.9, ;%‘1’ =~ ﬁﬁ' &
262.01, Ezd—-x = E; + %flog lz + sl A}‘;;\, .

[See note und\éiﬁ%d.m.]

2
262.03. f“h’ = ~Zt10g )z + .

3 $
s ) A
zdx 1 \¥
262.05. f-;r - -5 5 :
2dr 1128 125
220, S =, [5;3 LS

L4
262.09. f vds _ _ 1
[15
2de 1 RS 3
262-11- f —ST 2.0'5%0 -3--;3 —_— 5—3

A/
z%dE 1 [12 425 627 42 128
262.13. f_giﬁpaﬁ[gds%_g?_'_-’f?_g?%-ﬁ-s_n ’

P L[Le 5 1027 102°
262150\ = =3¢ TE5e T T 9w
...\~,
) 5% 14"
Y% TIiw T I3



56 JRRATIONAL ALGEBRAIC FUNCTIONS
2z 1 a?
263.0, fé?p';l = — (2p < 3)str o - 2p = 1)52;:—1.
. 4
264.01, f%-—x§+ a%s-{——a“leg e + s|.
[Bee note under 260.01,"
zdr _xs a3,
264.03, f F 35" + a*log {z + s, 2\
iz v 18 )
264.05. —Eﬁ_ = — E — g pe OG' JZ + bi ‘ {;}\
z'dz 1 z* . O
> Tdr 14
26007, [ 23 = &
glde _ 1[1a% 147 Nl
0009 ) o =@ [‘“ $ T Y
wdz 1 71g° 25:7 1a%7
zoen [Ea - [ a7v s
N
w'dr _ 1 [taf 327 32 11
26 .I . —_— = — | e — T ol = .
4.13 f s at [5:15" 7§ T 9¢& 11 s“]
Q .
r N L (18 40T G20 4 g1 ] B
264.15. — - e 2o M 2T -
f _315\\*:—;, a' [5 $ 7dTgg 11 5177 13 6
S S 2
2 « . 4 = = g2 4
63.01 N7 5+3asa-i—as
x:\Q.'
26 \v stx_"ia+22 o
\59"" s 3 -
§"\“;sv .Tsdx 202 (54
v 265.05. — =g — = _ 2,
) f £ TP TS T3g
26507, [T _ _1_2 ot
) & s 38 Fg
2dz 1 202
245.9 = = m—— e
s (2p — 3)s%= ~ [2p = 3
o

T e



INTEGRALS INVOLVING s = {x* — a®)1? 57

5
266.01. f_xsﬁzxs‘3+ azzss-}--l—éa‘xs—!——aﬁlog jz -+ si.
[See note under 260,01, ]

s _ 2 Bdlad l‘3a:c 104

Pdr  z* 10a%® | Sa'r ) A
266.05. f—sT-m@—E“?+2§ + s alug[x-!-s]

')

2tz 23z [ Ta alr )
266.07. -*E.r—“:—r?g-i——g-—sg— & +10g|$+8[§ /

v 1o '\x"
266.09. f =g O

AN
catdy 1 Fla” 12 O

61 | S = g 5 a3 O

266.13.

PR

2dz 1 [12™4 ‘3“2 3 U 1 $13—|.
206.15. [7»3§\ 5 5 T 1] 3¢ 13 &% |

\.

.‘\’

O )
@ = %sﬁ+g~azs"3 + Bats — %-

_ \\
267.01. f wlde _ 1 S o + 2t + dis.
&

N 5~ 3° 35
2'dx g2 32t o
267.07 f 7 =s—'--g-*“'3—sg—5;;’
#dz 1 _ 3a?
267.9 IW = — @p — 1) @2p — b)s>t
3a’ at

T @p - s @p — Dt



58 IRRATIONAL ALGEBRAIC FUNCTICNS

dr dz _1 el _1
281.01. fa_fm_ucos

—1|®
—| = Ssee
z| a

H

[2? > a4,
The positive values of = and & are to be taken. The principal values of

eos~® |afz| are to be taken, that is, they are to be hetween 0 and #2 since
|afz| is a positive quantity.

.
3
I
Syt -1
Y
\
1
1
\
1 Z ¥
1 uz:\ udl
Fﬁg.:2§1‘.01.
Dotteq: gf&ph, VE—D
Fu.llvlmve graph, cos? %| .
281.03. —-—-’F"‘,& —!'2— - cos*l E .
xi\w a’s a z
1 1,1 a
28105, f % _ 1 ost]e
Y zs° 3as? + als + ab o8
N\ dz 1 1 1 1 a
2’ » —_—— TN e e —_ e e -1 1=,
\8{{ zsT 5alsd + 3% ofs — @ O® $|
AN dz 1 1 1,1 .1 H
A\ 281.09, —_ - e Ml el —1i—|*
\\ - xs Ta%s" + bats® 3abs? + a®s + a CoF Tz
282.01. f b _ s,
%3 gy

dr 1 (s =
282.03. f@?h-—a.‘(g.pg).

282.05. de 1(5-1-2_” "“3).



INTEGRALS INVOLVING s = (¢ — a9 59

dz 1/s 3z 32 45
282.07. { Go=— (5 TH 535)

dx 1 /s, 4z '62% 445 &
282.09. fasg—sg_aw(5+?_3_§+5_ﬁ_ﬁ),

dr 1 e
283.01. ot a”:cz + = B 08 ﬂ’l
[See note under 281.01.J
dr 1 3 3 e A
283.03. peye = S oaks T 38 €08 zl R \J
dr 5 .56 , 5 e\
283.05. P at?:r:’s3 T bals® + 5a% + Ba? °°* l*xt '
"
dr s & v
284.01. ;4; = (—]} (E - '3?3)‘ x.\\;
de  lfx 28 & \‘
284.03. f o s S (E 4 i 31:3)
dzx 1 o \) 38 $
284,05, fszﬁ = ag( 5t +5 3 ;i~— 3_,53)
For 282 and 284, put )
2 7 N\ - dz .
=50 d= gy
\ I
200.01. f sdr = %ﬁ — log |2 + s|. [See note under 260.01.)
\

200.03. \[«53};1: = —xsa - ~aﬁxs + a‘ log |z -+ s|.

ZQOQS fs“d:c— Sxs — o a:vs"'+16azs-——a°log|:c+sl

XIOI f:csdx =§—8

&
> 201.03. f xéds = -

82‘.“4'3

i, — S,
201.5, fxsp dz 33

3 4
292.01. f:c”sdx—f‘g—+axs %Iog|x+sl.

[See note under 260.01.]



60

292.03.

203.01.

2715 2.2p13
203.9. Pty = 5 a8
%9 f e B¥5 T3
B8 | dasd | a'rs
4 TR —
zo0t. f'”dx“ 5 "85 "I 16105;[“":'HI |
[Sce note under 260.01.]
Pl 2..’7,'85 a‘rs®
204,03, iy = I alest B0
9 fx S dz 4+ === o1 '\128 s
X 3
N t i5g ¢ log lz -+ s|.
7 2.5 59
205.01. 5 =8 2% b\
205 .03, By = _h20337 L a,4so
9 N\
.:," 2pH7 2&282}’*“5 a*sz?"\““
205.9, Detrtigen. S ]
f C{x‘ 2 +7 " 2 +5 " %+ 3
\‘/
$01.01. f;‘s‘?_ =8 — qcog™! -g [See note under 281.01.]
30108 "de =5 g st EI_
\i,./ . x 3 T
3 sdr & alss
+301.03 far 8 _ 0S5 1|0
AN 2~ 5~ 3 Tt~ dcos |x|
\M\‘“ s el s aZs | gis? a
30107 = T 7T 5 T3 &+ el cos™ x[
sdz 8
302.01 = =2 tlegla s,
[See note under 260.01. ]
sz & 3 3
302-03. —?—z _E+§$3“‘§Gzlog!x+s!,

TRRATIONAL ALGEBRAIC FUNCTIONS
zsb | afxd atxs of
fx"’sgdx = -6—+—2?~——1-6~+ Tg log |z + s].

B3 i 2
fﬂ:ssdx :S_—ﬁ- 25, 203.03. fz”'sgda; = %—1—95—35-




INTEGRALS INVOLVING s = (x* — a%)12 61
sde _ & 5 5 15 , 15 ,
302.05. ?—#E—I—sz gaxs-f—sa[og Iz + 5.
sde s 1 lai.
303.01. - = 5t + 5 cog 55[
[ Bee note under 281.01.}
sdx & 3z 3 e N\
303.03. = mts §a cos a:| A
D
sﬁd"r 85 é 3 __ é 2 3 —1 El.. )
303.05. - §§§+68 zas—i— a® COs ”\‘}S
s dz s \:'\f\g
304.01. = §£—3 ‘ \/
3d 3 x"\\"
$£dx s
304.03. = T EE T +Ioglz+\1
».:., [See note under 260.01.7}
fdr ¢ aﬂs 5 -
304.05. -fI}T_g.’ITa 'ir -—Eazloglrc-}—s].
d ©O g 1
8 axr . _' e 8 = | ¢
305.01. f-:r:T P }%4 + Btz + Bt O |2
‘:\",'n'
sfdey” & 38 8s 3 _le
305.03 _(z%z Sty g2 T8
O\ i
Npfsde 8 /1 2
ool £ - 5 (3 53)
Vo .
s*dx &
sdx 1le]
307.01 f '—;“‘:7— 35 + 24&-24".‘4 + 16@4232 + 16 T CO8T zl
sdz $ /1 4 _§_) )
308.01. f = Ta%? (F T 5 T s
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Integrals Involving t = (a® — x2)12
dz _ _de % 2 2
320.01. f : "'f\f(az—x?) = sin1 2, [2? < a7,

The principal values of sin=! (z/a) are to be taken, that is, values between
— /2 and «/2. The positive values of { and @ are to be taken,

na
' o
i ! A
i 2 | W
S /7“ .r’ = N
S AN * A
- :‘0‘
-sin’f8 )
o\
NJ
=i 4] N
7N
&N
' OF
N e
_wFle. 32001
dr 1 z° dz 1z 1
320.03. f—tﬁ-=—-i 320.05 f?ﬁ “&?[}.“"'3'?5]'
a1 [z 22 127
320.07. _ﬁz? > [L +27 412
Nedz 1z 34 345 14
320‘?.\"1'9 uaa[_t+§?+52§+??.
£ 3
0 dz _ 1z, 44 | 625 447 1,8
Fou [ liinein il o]
N
A\ de _ 1z  52% 1045 1027 58 1 20 .
N F[?+§F+??+??+§zﬁ+ﬁ'ﬁ]
dr _ 1z 62% , 1525 9027 1549
2015, | == |20 Low z
WIS JE o mitsEt sty O
6 =1 1 xl"']
1 13
For 320.03-320.15 let .
® adz
z!;a;-__x’, then =W.



INTEGRALS INVOLVING ¢ = (a? — x2)!2 63
zdz zdr 1
N savos. (£
zdx _1 z dx _ i
32103, ft_s = 321.07. fT? =
rdz 1
321.9. f i = G
2 A
322.01. ﬁ%"{t = %t + % m-I z. [See note under 320.01. ]
e > Y
vde _ = Y 2’z ENx*
322.03. f = s 322.05. f ' Ba” 5
2z 11z | 14°
== |=% 425 . ..,\
322.07. f m=@l35t5 ta]
2idr 1128 225 | 127 N
322.09. fT =& _'3'?5+5‘£5+7"Ek‘~~
22dr 11z  82° 3::;?: 14
szt [5 = 513G+ eI rTg zﬂ]
Pde  1[la A9 67 42 1"
322.13. f e a’o[ﬁ+3ﬁ+ TrTIAT T s“]
S2de 10 | 525 | 1027 107°
322.15. f = = J Tt 5 +2 5+
) 5 g1 1 288
\& ﬁﬁ+ﬁﬁ}
323,01 f’ﬂg—” B~
W\ O “;de a® 5 dr 1, @
323:oa~.f Z=i+S smes [HFE=—gtg
N
! 2Adx 1 @
3239, f &R T (2p - e t G- DE
324.01 ds = - 7t _3 axt - S afsint
Z 4~ 3
[See note under 320.01.]
e ol &% 3 4. %
324,03, J‘T_?Z_ T 20, sin~



64 JRRATIONAL ALGEBRAIC FUNCTIONS

ez 12 =
324,05, f = -E'{-g?—“ﬂln E'

i

de 1 2P vide 1145 | 14
324.07, f T gg e 32400 [T~ [g E+ ??]..
1

dx 128 227 14°
s2eal. 5= [gzs trets ;9]
#de 11z 347 35 1 M N\
324.13. ror _ 2% or Lz,
13 f £ a3[5 £ 71:7+9z9+11t1] A\ ¢
zide Tl 44 6z, 4 220N\ 1 zt8
32415, | T2 - |2E % b2, 42t 0T 2]
5 f 7 Telsetrrtos tuAat s zﬁ]
e £ 24
.01. B T Seiu \}
325.01 : 5+
2idx PR at AN
325-03. mr—m— T e 2 ,__'}.\
f 5 3+2at+'t’\v
ahlr 2a® "
325.05. f?“ - -G
Pdv 1 2@ g
325.07. rex _ L.
5.07 i ¢, 3 + 58
2dr AN i 9242
325.9, torLy P2
tEP-K\ ~(2p — 5)t2p-5 (2;0 — 3)6219_3
..:‘.’ + at .
A (@p — 1yt
INT 2%z 25¢ 5 5 5 T
260000 T2 = 20 2 nay 0 s A ST 1
%“ : 6 T TFt T gt + qgatsin
‘ _ .[S_ee_ note under 320.01.]
O e 2 5ot 15 :
\\“326.03. f'ﬁ—z"ﬁ*ga_r -g%:f—}séa‘sin“‘g'
iy 20 10 o%? 5 at 5
326.05. f_fr=_§?‘ §?,—--2—a—t§-§—§a’ﬂin‘lg°
xbdx 23 =5 7 s ate
326.07. R I L Y
fé* B3 "3@F T s

Py _ 1 ot dz 1[1a7 | 14°
2000, [ 5% = s26, & =[i5+35)



INTEGRALS INVYOLVING ¢ = (a® — 2?1t

65

Bfde 1712 , 2a° 1 z1
326.13. f—tﬁ- - E‘*‘[?‘?"ﬁ"{ﬁ-"r 1‘1'?1]
Hde 17127 32% 3 z8 128
s, [T =G[1e it T
Fdr 1, 325 3 s )
327.01. 5 —Ft T 5@ t —I—Eat ~— @,
.
327.03. fxt‘j” = éts %azts 4+ 3q4 +_ O\
'S\
. x?dx 1 3{14 as ,\,}‘ w 4
o\
o d 3a? 3::1‘i af
.*.\'
a'dx 1 N\ v Y| 1 It
327.9. - A\ 1 It
%@ 3 : \ )
@ — 5 @ = 3)1%4 2
A a(‘i !
R ? I
,g"\\ (2p — 1!
dz dz
341.01. = = .
1.01 fﬂ oz (a? — ) 7
AN
§\\"— - élu st?
N
M}.\\
yate that
"'élog G:f} _ __'%
Fiq, 341.01
= —lcosh*1 g Dotted h
- a T tte lgra.p .
v -2

The positive valuesof sech™ Ixfa] ,cosh™t |afz| ,
a and ¢ are to be taken.

1 log (a +

)

Full line graph,

&

e[ 22|
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66 IRRATIONAL ALGEBRAIC FUNCTIONS

341.03. fg§=cal2‘_a1_slog“j‘.
S A R A e

dx ) dx ';}}1"" _E f .
342.01. fé?r, -~ a0 fg&?_,@( x+£)

al T \
N
342.07 f‘if,—%g(—%+%~-l~\3’—;-a+%)
343,01 %fm’{:’zaixz_%fk’ l“j‘|. [See 341.01.]
343.03, f%\= —ﬁ-{-%—%log lt"”T.*_t|
<
w087 5= — o T aon + 2w — e ||
~'}3\’4\4.01-. g—j; = —alé(g 3%33)
For 342 and 384, put # = 55 then dx=#d;)m-
345.01, f% = — I:Ei_x]-‘_ga%ﬁ_‘_%mg “_:'_.tH




INTEGRALS INVOLVING £ = (a® — 2*)'# 67

e [ 1 5 15, 15, Jatt
345.03. | = T [4a2x4: t St 8 88| 2 H
de _ A
346.0L. f G- ( + 2+ axﬁ).

de 1 3
346.03. f;%_‘?'##a( 242 +3x3+5—mg)‘

350.01. f tdx = % + 92- gin~! E— [See note under 320.01.
QY
__.'.tt3 3 2 41 ¥, ‘\ ’
350.03. ftsdz =2 4 o t-}~ ot sint :
. "
350.05. f ffdx = a_:é_ + 31 alztd + % a‘*zt -{- a\mu
# b
351.01. f:ctd:t - -5 351.03. \f:cf.ada: — <.
35L.9. gy = — W\
2p 4 8 \
2 = - Et_s ~Ez_$_t a_," 1 E.
352.01. f:ctdx-— Py e
) \i"\\ [See note under 320.01.]
N
25 ol | alxt | o z
252 B oam - puailiaintel - —177
352.03. fxtdx S+ + & sint 2

“|%

2 '.f 2
35301\fz35d:c-—f-ato 353.03. fxsﬁdx_7—.‘i§-

3 2ot {2mi5 a2t
¥4 —_— e ———— s
S 53“9 fﬂ de =578 2 +3
258 o2t ozt | -3
354.01. fz"'tdz-*-—?— 3 +-176—+Tésm o

[See note under 320.01.]

o o a”xt“ atxl®
BTy = — e e g%
354.03. fx‘td T + - 5l +128a 2t

3 aZ
o} 158 a® gin =
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355.01.

361.01.
361.03.
361,05,

361.07.

~3’6’3 03.

e\

\:

363.05.

'364.01.

364.03,

IRRATIONAL ALGEBRAIC TUNCTIONS

7 25 443
fxsgdx=_.i+2“_‘_a_3_.

7 ) 2
P 20 oM
S8 Ty o e o g 2OE G
oty = — il 227048 _ —L’dtzpﬁ .
2p+7 2p+5 2p+3
N\
f t dw ={—alog e : ¢ [See note undq,r«%é:l.()l.]
¢\
e\
3 2 \/
% = f— + a% — ot log | 2T t{ (
B 2
J‘tfﬂ: % + E—t--i—a‘-‘t = aﬁlogl”a\; zl

\J/
fde ¢ o g 0>

—_— = 4 -~ 6 _ T [ 30 ol 4
z 7+5+3“1\at a’ log |- z|
td
_2_18 = -t i ‘?15, [See note under 320.01.]
£ &x ,’3; @
3 3‘:. o
tjgx = T\% -~ %xt — —qa?sin~1=
A\
£5 0.\'; 5
“‘t‘ii“x\é - t—.“ 2 8 — 1_@23;5 -2 gt
.:s‘ T
f 72 T 20 P |
: [See note under 341.01. ]
B _ i3 3t 3 a4t
T ﬁ_ghl--é-log . I
* Bdy 1 5
?-—._2_3;2—63_‘5(325“}— aalg |,
tde _ £
O 3a%P
Bdz i
T T g + + 8111—1ﬂ

[See note under 320.01.]
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dz ¥ 2% x5, . %
364.05. ?"— '3—2;;,"‘ P +§+§a RIIL E
tds & { 1 a4
365.01. 5 = T iA + Tt + 8—a§10g p |
Py £ 38 3t 3 a3
36508, [ =~ it iamtEe T 8al08|
N
*tdr £ 1 2
oot f S5 = = g (+ ) e
3 e\
366.03. f bz _ tg - A
Se’z G
Yag 4t
367.01. f 62:3 + 24a2x4 + lba‘*:c2 + 55 lba5' 17z
tdr _ 1, 4 N
308.01. f 7@2:53 (:c“ & W +§§q
Integrals of Binomial @:ﬁerentzals .
Reductwn Fo’zmulas
370. f x™{ax® -+ by de N .
K
= &\ mHlyp nbfx”‘u?‘*‘dx]—
ik np + 1 [x ur
- it
371, fx (@ oy dx = ba(p+1)[ _— _

o° +on+ntnp+l)
N

372 "\ . f x(ax + b)Pdx = m [:c”‘“u”‘”

—alm+n+ap+1)

o
. [arter b= )

— (m—n—}-l)bf

f xmtrur dr |

[ xm—ﬂ+1up+1

xrurtt dx

xmryr dx

Here u = ax» 4 b, and a, b, p, m, and n may be any numbers

for which no denominator vanishes.
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Integrals Involvmg X2 = (ax? 4 bx -+ ¢)u2

sso001. 22 - Eﬁ log |2(aX)" + 2a +b],  [a>0]
I .. . 2a2+5 a>0

= g S e gy [4ac>ée]=
1 a >0,

= —ialog |20z 4 b, 2l

—1 1 (Zaz 4 B) N
(a0 G oy Oy
a <0, ¥Sdg, ]
[!2ax + b & — dacyr

The principel values of sint, between -—m{rf? and 7/2, are to
be taken, \%

It

R T
380.003. me = oy g X

o Aaz 4 26~ 8¢\,
380.005. f X7 = §{dac < b?)xm( T b’)

dz 371 ' daz - 2b
38‘0.009¢ X(2ﬂ+l)!i" (2’1 — 1) (4&6 _ bz)X(zﬂn—l)irﬁ
o) 4 8aln—1) dr
L\ (2n — 1)(dac — b9 J Xo-0P
2
380.011. 5 %”E X; b Ydﬁ-i- [See 380.001.]

x'\

."\$~
LD zdx 2bx + 4e
3‘.3?\\"‘& XE = T e — xR

rdr 1 b dr
Xentyjz — — (2n — DeXCor — 2q¢ | Xantoiz

2z z 3b 36 — dac  dx
3g0.021. [(£0% (20 432) xom . = dac f &

[See 380.001.]



INTEGRALS INVOLVING X2 = (ax* + bx -+ ¢}2 71

dx 2eX)2 | 2¢
380,111, f&f‘m . { +;+bl, [e > 0],
L ginh™! —bx + 2 ¢>0, ]
1/2 z(dac — V)2’ |dac > %}’
__ 1 bz ++ 2¢ c >0,
Toan z |’ b = dac]’
R S br + 2¢ [c<0,'. ¢
= (_ c)ms x(bz — 4(1{:)”2 4 b2 4ac_ R
2\,
1 N\
380.119. fo(erH)m = (2n - l)cx(zn—ljfﬂ ”:}‘ \o/
dz
+3 f:cX@"—U“ .ﬁ‘xm"_Tm
dx Xz b dz
380121 | o= ="~ 5 | zxw \,S{See 380.111.]
380.201. f Xi2dz = 2“ + 20248 . 2 4ac ro J?ﬁz
','.f’: , [See 380.001.]
(202 _*_;,j)) X @nt1)f2
EnHl 2 o =
380.200, f Xentingy = s
.z"\\_I_ (dac — b7 (2'”' +1) X enDfody
N Baln +

» 4 ]
380.211. f XM = S X &i‘ﬁ;"—b). X2
\ 3a 8a
¢ —
\:\ @%T—l X”” [See 380.001.7

2143} /2
xer ifX(ﬂn—i‘l)ﬂdx.

380,@1?;" X Criditdy = T3 %

\ )
'
380.311, Xl dx = X124 o quz fﬂ'-‘Xl.fz
[See 380.001 and 380.111.]
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X(2ﬂ+1]fﬂdx X(2ﬂ+1)}'2
380.319, f =mTi- .
+_fX(Zn—l)f2dx + GIM
2 x
X2y Xz der b dx
380.321, f 2 “Tc“"'“fﬁ*ﬁfm’
_ . . ' N\
where X =azt+br+ e [See 380.001 and(380.111.]

dz _
w1 [ s vy

e dr .
383.2. f‘(ﬁax_——'xz)m = gin >

2

xdz
383‘3. J‘m
383.4. f (2az — :r:*)”gd;z?
"n:'  —
3841, f + L
384.2, K, \ x(x;;,,_,_@)_ﬂ“ ~ na
i
O
R\ 23y
¢ \‘3.84.3. '(Ea—“—_—‘m

o

2 \ ’
- = f2_ %
5 (ax® -+ bx)t &\

N

N/

+¥7)

—a . ,"\\\.

X \
(2% & 0)1,!2 +GSII]._1 (%j>

at ., x—a
— p2yife —1 —_—
(2a:c 2y 4+ 5 s —

2 1| OE (&~ + a?r
na it
1]
—1
cos™ | =

[See note under 281.01. ]

_ a . o x)a;z
= gsln (& .

dix
w. [ @rsvEes

1

o1 .2V (eg — bf}

= Th (ag — B O

1

\'rb\'r(fxz—l_ )!. Eag>bf]3
\rw(fx2+g)+x\f(bf—ag>

= oV —ag)

SOV g) —av (f — ag)
[bf > ag -



400.01.
400.02.
400.03.
400.04.
400.05.
400.06.
400.07.
400.08.
400.09.
400.10.
400.11.
400.12.
400,13,
400.14.
400.15.
400.16,
400.17,

TRIGONOMETRIC FUNCTIONS

gin? A 1 cos?4 = 1.

gin 4 = +/(1 — cog? 4}.

cos 4 = /{1 — sin? 4).

tan A = sin A/eos A.

cin 4 = cos Ad/sin A = 1/tan A.
sce A = 1/cos A.

esc A = 1/sin 4.

sin (— 4) = — sin 4.
cos (— A) = cos A. N
tan (— A) = — tan A. A\
gec? A — tan? A = 1. N4

gee A = (1 + tan? 4). NY;

tan A = +/(see® 4 — 1). R

esef d — etn?d = 1

csc A = (1 4 ctn?d). 4

ctn 4 = «/(csc? 4 — 1. O N
versd =1 —cos 4. OV

Note that for real values of A the'sizn of the shove radicals depends on
the quadrant in which the ang]{’fl lies.

401.01.
401.02,
401.03.
401,04,
401.05.
401.06.

sin (4 + B) i'\iﬁ,ﬁ Aeog B + cosAsinB.
sin (4 — B) =sin 4 cos B — cos A sin B.
cos (A4 J¢B)» = cos A cos B — sin 4 sin B.
cos (A €3B) = cos A cos B + sin 4 sin B.
2 si,n\’ﬂ.’\cosB = gin (4 + B) -+ sin (4 — B).

2@8"}1 cos B = cos (A + B} + cos (4 — B).

I

401.07. \2\sin A sin B = cos (4 — B) — cos {4 + B).

401.083
4@@9“.’
401.10.
401.11.
401,12,
401.13.
401.14,

401.15.

gin A -+ sin B = 2sin $(4 -+ B) cos 3{4 — B).
sin A — sin B = 2sin (4 — B) cos 3(4 + B).
cos A 4 cos B = 2cos 34 + B) cos (4 — B).
cos A — cos B = 2sin 3(4 + B) sin 3(B — 4).
gin® 4 — sin? B = sin (A + B) sin (4 — B).
cos® A — cos? B = sin (4 -+ B) sin (B — 4).
cos® A — gin? B = cos (4 + B) cos (4 — B)
= cos? B — sin? A.
1

2 24 — 2 2 = —————
gect A + cso? A = sec? A ese’ A S Aok A

73
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74
401.2,

where

or

where

Note that p and ¢ may be positive ar negative.

402.01.

402.02.

402.03.

402.04,

402 .05

~C
.ﬁ&:ﬁﬁ.

403.02.

403.03.
403.04.
403.05.
403.00.
403.07.

TRIGONOMETRIC FUNCTIONS
poeos A +gsin A = rsin (4 + ),

r=v(@*+¢», sinf =p/r, cos 8 = gfr
peosd 4 ¢gsin A =rcos (A — ¢),

r=(p' 4 ¢%), cos o = pfr, sine = q]\r\:\

NV

%
#7NG
L 3

sin {4 + B + 0) Y
—SmAcosBcosO-l—cosAmnBcosC
+cosAcos.Q\§mC sin A sin B sin G,
cos (A - B 4 C) G
—cosAcogsBéosO—sinAsinBcosC’
- S}nA'cos B sin ¢ — cos A sin BsinC.
4smAsmBsm.C’
—sm(A—l-B C)+sin(B+C —4)
P —}—sm(C—I—A B) —gin(4 + B+ 0).
451nAcbsBcosC
\\ " =35in(4d +B~C) —sin (B4 € — A4)
+sin (C+ A4 —B) +sin(d +B+0)
{tsmAschosO’
= —cos{Ad -+ B —C)+ cos B+ C — A}
+eos (C+ A —B) —cos{d + B+ 0
4 cos A cos B cos
=eo8 (A +B=0C)+cos(BL+C—4)
+eos(C+ A —B)+cos(d + B+ 0O
2tan 4
1+ tan?A
gin34 =3sin 4 — 4sin? A,
sin 44 = cos A{4sin A — 8 sin® 4).
sin 54 = 58in A — 20sin® A + 16 sin’ A.
8in 64 = cos A(6sin A — 32 sin® A - 32 sin® 4).
sin74 = 7sind — 56sin3 4 4 112 sin® A — 64 sin’ 4.

gin24 = 2sind cos A =



FORMULAS 75

403.10, When n is an even, positive integer,

sin nd = {(— 1)®DHlcos 4 [2"—1 sin*14d — -2 2n3gin®—3 A

1!
yo-3@ -4 3%(1”’ ) ot simn5 4
_(n—H(n — 5)(n — 6) 9nT sinh7 A 4 ‘]’
31 1
the geries terminating where a coefficient = 0, A

403.11. An alternative series, giving the same results for nume{- -
ical values of n, is

4 _ o Ve
sinnd = necos A [sinA—{n—gTE—)sinsA f‘.’\'\.
2 9 (n? — 47) '
'i-(n 2(,?% )sm*"A N
nt — 2% (n? —42)(?12 \si) . 3
= 2 .. ainfd 4 - J

[n even and ‘>- 0] [Ref. 34, p. 181.]
403.12. When # is an odd 1ntege,r > 1

gin nd = (— 1)»-Di2 [2" {sm 4 - i o gin~2 A

\ ~
oo - 3) 5 3) 2% S}IHA aln ~ Hn = 5 43),(” 5) gn7 gimn$ A

+ n(n - i)(h47 B)in = 7) 28%gin* %4 — -| ;
N\ N

the serigs\t\ermlnatmg where a coefficient = 0.
403.13. ‘A alternative series is

A
'”\",,.: ¢ _ 12
N\, sinnd =nsind — ﬂ3—Ii)sinsA
_ 2 _ 2
_l_n(n 1;)'(?3 39 i A —
[n odd and > 0]. [Ref. 34, p. 180.]
403.22, cos 24 = cos® A — sin?d = 2cos?A—1=1-25in?4
1—tan®4 _ctnd —tand
T 1 Ftan?d otnd Jtand
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76 TRIGONOMETRIC FUNCTIONS

403.23. cos34 =4 eosf A — Scos A.

403.24. cosd4d = 8cos'A —8cos? 4 4 1.

403.25. cosbd = 16 cod® A — 20cos® A + 5eos A,

403.26. cos 64 = 32cosf A ~ 48cos'd + 18¢cos?4 — 1.
403.27. cosTA = 64 cos™ 4 — 112cos® 4 + 56 cos* A — Teos 4,

403.3.  cosnd = 2¢leost 4 — % 272 o2 4

™\
4 n{n — 3) 95 00" A nin — ‘}) (n — 5) 23_"\_—1’1305““63
3 31! NS ¢
4 e = 5)(”47 88 =D guos cogs 4 &\
terminating where a coefficient = 0, "’Tn an integer > 21,

[Ref. 4, pp. 409, 416 and 417, and Ref 34, p. 177.]

4034. sin34 = {I(1 — cos A);{*\

403.5. - cosld = V{T(1 + 005:24:)’}:

404.12. sin® A = I(— cog ZA—}- 1).

404.13. sin®4 = }(— sin'®d + 3 sin A).

404.14. sin* A = §(cosdH — 4 cos 24 + §).

404.15. sin® 4 = Hn 54 ~ 5sin 34 + 10sin 4).

404.16. sin® A, =\=‘.ﬁ_(—~ co8 64 + 6 cos 44 — 15c0s 24 + 20
404.17. sin’ \» g#r(— 8in 74 4 7 sin 54 — 21 in 34

+ 35 sin 4).
404.22. (Cos* A = i(cos 24 + 1).
404.23,Ccos® A = }(cos 34 + 3 cos A).
4@4. cos' A = {(cos 44 + 4 cos 24 + §).

\.,4,&}4.25. cos® A = & (cos 54 -+ 5cos 34 + 10 cos A).
404.26. cos® A = gy(cos 64 -+ 6 cos 44 + 15 cos 24 + 3.

404.27. cos’ A = Jo(cos T4 4 7 cos 5A + 21 cos 34
+ 35 cos A)-

[No. 404 can be extended by inspection by using binomial coefficients.]

tan A 4 tan B~ cinAd 4 cin B
l1—tanAtanB  ecetnActn B — 1

405.01. tan(4 + B) =

tan 4 — tan B etn B —ctn A
405.02. — = —_ .
05.02. tan (4 — B) l+tandtanB ctnden B+ 1




FORMULAS 77
ctndetn B—1 1—tanAdtan B
.03, ct B) = = .
405.03. otn (4 + B) ¢in A - ctn B tan A + tan B
_gtndetn B+ 1 11+ tan A tan B
405.04. ctn (4 — B) = cinB —ctn 4  tand — tan B
405.05. tan A + tan B = M
cos A cos B
ot o QY
405,06, tan A — tan B = M
cos A cos B A
_sin (4 + B) \\,
408.07. ctn A -+ cin B = —mdenh ~\
40508, ctn A —ctn B = sin_(B_-.—_fQ_ “:\g
_ sin 4 gin B v
. _eos (4 — B :j\\J
40509, tand +cln B = cos A oo B \ 4
) Ceos (4 + B O
405.10. etn 4 — tan B = sim‘
2tan A o\ 2c¢tnd 2
406.02. tan24 = 1 - tan? SNeinfA —1 cnd—tand
"\
2 tan A = tan® A
406.03. tan34 = TSR A
41JanA — dtan®* A4
406,04, tan ‘M:\ﬁ — oA + a4
— - 24 c¢tnd —tan 4
406. \ _ctnzA 1=1 tan _ctnd —tand
06.12. C\ oz 2otn A 2tan A 2
AN

40\ 37 cotn 34 =

406.14, ctn 44 =
406.2. tanid =
406.3. ctn 4

etn® A — 3ctnA_
3etn?d — 1

otn* A — et A + 1

detn®A —4ctnd

(1-—00511 ]
1+cos A

1_003_/_1,_, SiﬂA -
sinda  1+cosd
_ sind _1-ecosd
T 1—cosd  snd

(1+cosA)'
1—cosd
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78 TRIGONOMETRIC FUNCTIONS
407, sin 0° =0 = cos 90°,
¢in 15° = sin 77 = 132;_21 = cos 75°,
gin 18° = sin % = {54_ 1 = ¢os 72°
. 1
§in30° = sin = =% = cos 60",
6 2 I\
\ o .T V(& — ) A\ ¢
36° = = 54°, AN
sin sin 573 cos D
L3 \“/
gin 45° = sing QI”Q = cosdHs.
3r 541 ““:\g
gin 54° = sin 10 1 w=veos 36°,
PN
. o . ¥3 d
&in 60° = sin 5 = o N = cos 80°
~ 8in 72° = sin 2511'1 x"]—(sz—j# = cog 18°,
o B 341 .
sin 75 —"3n 19 = 5Y2 = cog 15°,
RS
. '{s.} M
sin 98(\= sin g = 1 = ¢os 0.
o [Ref. 4, pp. 406-407.]
A\ X
Y, 3
m;{?ﬁﬁ“=mn-§=‘i_§.3. Bin240°=sin4j=-—j§-'
O °
'}'\\COS 120° = cos2_1r = — —]1 cos 240° = iz _ _ 1
~\‘.J:" 3 2 = co8 3 2
sin 180° = sinx = 0. sin 270° = sin 3?’” -1
o8 180° = cosr = — 1, cos 270° = 3083_71- = (.

2

. 1
408.0L. sinz = 5= (¢ — ), where { = + y(— 1).

Note that in electrical work the letter j is often used instead of £



FORMULAS 79

408.02. cosz = é (¢ + e7).

6% — e et —1

408.03. tanz = —z(m) = -—1(8—.‘;‘.,—_5_1)-
408.04. €% = cosz -+ isinz, [Evier’'s FOoRMULA ]
408.05. €% = ¢*(cos z + ¢ sin 7).
408.06. a* = g?[cos (z log @) -+ % sin (z log a)].
408.07. (cosz + % sin &)* = e™* = cos nx - ¢ sin nz,

[Dr Morver's FoRMULAY,
408.08. (cos z - Zsin 2)™™ = cos nz — t sin nr. A
408.09. (cosz + isina)?! = cosz — ¢sina. N
408.10. sin (iz) = isinhz.  408.13. ctn (iz) = —( ¢tnh z.
408.11. cos {4z) = cosh . 408.14, sec (iz) "ﬁa'ef:h T,
408.12. tan (iz) = itanh 2.  408.15. csc (ig)s — Zeschz.
408.16. sin (z = 4y) = sinz coshy == ¢ cos x 8ihh y.
408.17. cos (z &= iy) = cosz coshy F isi\:i}bsinh %

sin 27 £ 7 sinhZy
cos 2z + cosh™2y
sin 2z Fad sinh 2y .
cosh 24 — cos 2z

Q"

408.18. tan (z = ty) =

408.19, ctn (z &= 9y) =

409.01. ce® = cei*+¥n wheve k is an integer or 0,

= ¢(cos a:{ﬂ;:i sin z) = ¢fz. [Ref. 37, p. 51.]
409.02, 1 = M%< cosQ + ¢sin 0. Note that

.~§6E§2k7r = cos 2 = cos 0 = 1.
409.03. —iéw HHEADT = o5 e 4 ¢ sin 7.  Note that
A g (- 1) = @+ Dri.
409,({4’«}' A1 = e2*7#2 This has two different values, depending
”“O;rr whether % is even or odd. They are, respectively,
e = 0og 0 -}-8in0 =1, e =coswr +isinr=—1,
where r is an integer or 0.

400.05. {— 1) = ¢@r+Vi2  This square root has two different

values, depending on whether 7 is even or odd; they are,
respectively,

T, .. T 3o 3_7_r=_.
cos§+es1n§—t, cOB 2 -+ ¢ sIn 5 2.
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409.06. {1 = ¢*m3  'This has three different values:

™ = ¢cos 0+ isin 0 = 1,

. 27 . . 27 1 .3
(Eed2xiDi _ g <X L= NT oL
e (,os3+zsm3 2+22 w,
P 47 7 o 1 .3
(Zrepdnid)] = = - X2
e €08 3 -+ ¢s8in 3 571y w
400.07. 1 = &**%; thig has four different values: QM
e = cos0 4+ 48in 0 = 1, KON
R\
s N R DI W
€ €085 + isin 5 =1 PN
e®=HTIE = cog 4 fhing = — 1, ' '\{;
e/l o pag 3—2?5 ~+ 7 8in 3—273 = — A\ [See 409.04 and £05.]
A\, '
N

409.08. Vi = e®+4D7i%, from 409,08, ‘Putting r = 2s,
This has 2 values: \\/

N/

r‘:f‘t’ = EE ; i E =§‘g;‘ i
€ = cos -+ ¢sin ZiRa; + 72 (s even),
: T 1 7
Seifd il M A . B .
€ €08 + Z,sln i ( 7 + ), {s odd)

PR o ) % | .. %nr
409,09, 41 t—w’\(@‘”*“ = cos e -+ {gin —

There aref,n"diﬂ‘erent values, corresponding to different values
of k‘,\“T e equation «® = 1 has n different roots:
.\,\\ﬂ\a’:;:cuso-i-isin(): 1, w1=cos%r-+isin%7—r,

N\ 27\ .. 2r O ., .21
\"\fog = cos 2 (?&-) + 2sin 2 (?)’ cee g = eosk? -+ zsmkj;»
A 2w . 2x

@ny = c0s (n — 1) S Tisin(n — 1) o
Note that, by 408.07,

—_ 4 _
@1 = s, w3 = wxs, Wy = wlk, wp = .

409.10.  All the nth roots of 5 guantity may be obtained from
any root by multiplying this root by the n roots of unity given
in 409.09. ' [Ref. 10, pp. 21-22.]
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410. Formulas for Plane Triangles. Let g, b, and ¢ be the sides
opposite the angles 4, B, and .

(410,00, @’ =0 + £ — 2bceos A,
a_ b _ ¢,
gindA snB sinC
410.03. a = bcos C + ¢ cos B.
410.04. A + B -+ ¢ = # radians = 180°.

410.02,

410.05, sin§ \/((8 — b)(g — c)) , wheres = (g + b —}—({}‘\

A s{s — a.) :n'f"
410.06. cos 5 = \/( ) O’
o\
£10.07. tan i — \ ——(s —D)fs ~ c))- v
2 s(s — a) O
: o 79\
A— B _e— b €
.08, z. ..\
413.08, tan 5 g otn 3
410.09. To find ¢ from a, b and C{, wlien using logarithmic
trigonometric tables, let K };

S 2

. _"a+b . e 4
1.-3.113—& b&nﬁ’ the‘n~ ¢ = {(a b)coszsecﬂ.

410.10. The area of a tnan\e is
\N a sin Bein €
sin 4
410.11, If ¢ “«Q 5 et =g?+ b8 Tofindes= v’(a" + v?) when
using loganbhmlc tables, let tan @ = bfo; then ¢ = asec b,
Thig 3 13\ - u.l also in other types of work. See also Tahle 1000.

-—absmC \!{s(s—a)(s—b)(s—c)}

410,12, "i’n a plane triangle,
'"\"" e 2
log/a = log b ~ (ECDSA —I-%ECOSQA +
-[-%cosnA-{-*"),- Le < &),

+%cosm{+---), (b <l
[See 418.7
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415.01.

415.02.

415.03.

415.04.

415.05.

415.06.

{ 3
7
7
&

415.08.

416.01.

TRIGONOMETRIC FUNCTIONS

Tr:‘gonometric Series
z? z

sing = ¢ — 3!+5! 71+ cany, [z? < «],
-1 2 ozt oz - 4
cosx = _§"I+?ﬂ_6_§+“" [#? < =]

29 17 2
tanx=x+£+1gx5+é—1—5x?+-§g3—5z9+ .

22ﬂ(22ﬂ — I)B" 27;_1 ) «B. 11.2
e <)
\,u’}‘ "~ [See 48.]
1 oz # 2P 70 '
T = 3T o 472‘5‘_
vy
Q [See 45.]
— x—z —o —_— s 277 3 .
BEC T 1+2'1;"‘24$4+72037 +m$ -+

NS
e

LN 2n
K\ ....;.E&.{...., [52.(3-2]-

" (2n)! 4
{\ [See 45.]
XI 5 127 7 -
s +3 +360 +15 155° T goag00° T
.' } m-1
> .. _}_%%)I_Ugnxsn—l_l_..., [22 < 78]
[See 45.]
o
sin(&+x)=sin6+xcos€—x;]:la
Feog® | 2tsind |,
Y o T
cos(ﬂ-{—:c)=cosﬁ'-—:csin6—xggc:56
Psing | zteosf

T T

sin 3z . sin 5x | sin Tx

= ginz -+
i g t—5 +t— +- |
[0 <2<, exclusivej-




416.02.

416.03.

416.04.

416.05.

416.07.

416.08,,\
p ..\‘:;

416,10,

TRIGONOMETRIC SERIES 83

dc [ . sin 3x | sin 5z

G a constant, = — inin oA Mcthaiadd
, I (sm a4 52T T

gin 7z

7

+- TP ) , [0 < z < =, exclusive].

def . 7wz 1 , 37z 1 . Brx
C_'E(BIHE""ES‘DT']'_SIHT

5
1, . O
+7sm'h;Tx+---), [0<m<a,excluswel \
¢\
T cos 3z , cosbr cosTr O )
§T 8T - —— +-~,~,,‘;S
aT Tl .
[-— 3 <3 <.-2-»?;eicluslve:| .
de €08 3z \e05 5z
¢, a constant, = p (cosx — __g_<.]>._..5_4
cos Tz NS T .
- +---), ‘::~2‘<x<§,excluswe]-
4c Tz 1 3:55 1 5mx
=_ (cos-a— - E'cos‘;a— -+ B-cos p
-1 cos Tmz + O (_¢ <z <2, exclusive |-
7 a ¢ '\\.}’ ’ |~ 2 9 |
" sin2r . sin3zx sindx
x=2:(!§1gx— 5 + 3 T 4 + ),
”\"\“ [— 7 < 2z < =, exclusive].
'\\“ gin 2z . sin 3z | sin 4x

~,};=¢r—2(sinx+ 7 + 3 + i +"'),

[0 < x < 2=, exclusive],

4 7/, sin 3z sin5:c_sin7a:
x—;(amz— 3 + = 7 + ),

T T, .
[ -3 <z<3, mcluswe:]

T 4
T == — =
T

7
(cns .t 00;23.’0 n 00225:0 + coism T L .)’

[0 < z < =, Inclusive].

(V]
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416,11, 2* = 5 — 4 s o

cos 4z
S Y

2 ( cos 22 | cos 3x
LR E — ——

[— 7 < z < 7, inclusive]

™ 8 gos3x . cosbr cosTx
416.12. z* = T 7 (cosx -~ + B + ;«\-)-
L)\
. in 2 gin 3z A M/
416,13, 2 —nrlx = — 12 (sln T — %ﬁ + _3T'f:i,,}\
| Caih 4z
“ /
. 4 /1 cos2r cosdr)y” cosbz )
416.14. sln:c—ﬂ_(é--—l-3 {,( 5.7
8 [=in 2 20
416.15. cosg = - {2;—1_—33 +’8« n 4w + sm 6z - -
N (;.n — 1)(2 T sin 2nz +
{,’{\ [0 < z < m, exclusivel:
\ o ai i 2
416.16. sindy = 2 =Ib o { e, 2
</ ) o
8, ' 3 sin 3z .
a0 A

\%here aisnot aninteger, [0 < z,inclusive;z <, exclusive].

_2qsingr [ 1 CO8 cos 2z
416 17. cosaxr = - {29;2 + Epr I
3 : i~
+ 30208_ zg + - } ) [0 < = < , inclust vel,
where ¢ is not an integer. [Ref. 7, pp- 301-309.}

416.18. secz = 2(cosz — cos 3z + cos 5z — cos Tz + < *)-

416.19. gec®z = 22(cos 2z —~ 2cosdx + 3 cos Gz
— dcosBz + ')



416.20.

416.21.
416.22.

416.23.

417.1,

TRIGONOMETRIC SERIES 85

gectz = 23(00539:— 3

i cos o -i- cos Tz

_345

31 cos 9x -+ - )

cscz = 2(sinz + sin3z + sin 5z + sin Tz 4 -+ )

cse?z = - 2%(cos 2z + 2 cos 4w - 3 cos 6z
+ 4 cos 8x + ---):
)
csedp = — 2° (sm 3z —I— sm 5z + 2| sm 72 O
N
- 3 4 sm{:&—}- )
[Ref. 4 pp 14 and 421. ]
\
1 —1+—(as\h28+a251n39

1 —2acosd+ a*
Lo+, [@<1)
u:,:’;.” [Ref. 29, p. 87.]

o
’v

1—a°
47z, 1 2 9 4 a? cos 26
"2 1“—2acosa+q\"< + (a cas § + o cos
’\'\x.i + ateosdf+ ), [a?<1]
1 - a~éc;s’ 9 ,
417.3, & _ . voe 20
7 1“20’:9089-{-32 1+ acosd + a*cos
:"\‘;.\ + as cos 36 + pray, [Gﬂ < 1].
%..; )
W\ sin ¢ . ) .
417-4. »:; ] = Smﬁ- + o 8in 26 + o sin 38 + .
N 1 — 2acosf+a
<\ ) {a® < 1].
418.  log (1 — 2acosf + o)

a? a
= —2(acose+—2—00328+§cos38+ ),
[a® < 1],

cosf cos20 | cosdf
210g1a|-—2( + ] + == 3a +”’)!

[a?>1]  [Ref7, Art. 202.]

i

N\
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_rzsing 2% gin 260 . 323 sin 38

419.1. ¢ sin br 1t et +

where r = y(@* + ), a =rcos 8, and b = rsin e,

?‘x cos 8 | riz?cos 20

4192, ¢ cosbhr =1 4 -+ 57
r®z® cos 3¢
where r and 8 are ag in 419.1,
420.1.  sina -+ sin 20 + sin 8a - - -+ - sin na R \J)
???-4— .
"g g asin 5
{0 L
420.2, cosa + cos 2« + cos 3a + \ + cos na
\~ 1 - 1 P
NS _COS-‘T asmz.
.’ 3 Bin %
4203, sine -+ sin (a $0) + sin (o + 28) 4 ...
N . n—~—1 ., nd
2\ sin 5 8 sm-2—
+ simMe + (n — 1)8) ; :
£ \‘~' - et
Q sin 5

420.4. | G0 + cos (@ + 8) + cos (@ + 2) o -+

4 9, -_ 3
\\ cos ( n 5 ! 5) sin %
§, +eos o+ (n — 1)5] = :
~:'~"." sin 5
~O [Ref. 29, Chap. V.]

N a1 Hsing = zsin (6 + a),
0+ rr = zsin e + 32%sin 20 + 14% sin 3o + -re, [ < 1]
where r is an integer. [Ref. 29, Art, 78.]

22.1. s 8 ¢ 6
422.1. 51116:6(1-—-;2)(1-—-22—?5)(1__gi;é)...’[gﬂ< ]

462 46 462
422.2, cosf = (1 — -;)(1 — E%Tﬂ)(l - 5@) e, [P < 0]
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TRIGONOMETRIC FUNCTIONS—DERIVATIVES

427.1, d 22 T~ cosa 427.4. d ?;; L
4272, 4 3); L~ —sne 427.5. d Ze; L. see = tan 2.
427.3, d t;; g 427.6. d (;Ef T e gex etn 2.0\

" \:\’
TRIGONOMETRIC FUNCTIONS——INTEGRA;L-S}

In integrating from one point to another, a process of cu;v%”pﬁ.btting is
frequently of assislance. Seome of the curves, such as the 'thi’cm’ve, have
more than one branch. In gemeral, integration should\iiot he earried out
from a polnt on one braneh to a point on another brabehY

Vo \\~
®
= g 31 % coa ‘uhx o @& e
(i) in @ & d2 % V1 —’:w“‘ w—-—-j— sin—lu Ax
R R RV Vit
l N ) AT du
b 2 ) | -1 [ —
€3] } o0 @ —minades ||V lj ul % ” ecos~lu i
£ Ju i —1 g1
3 | tan e seet o @ ey — L tan~1a —
@ * “ Y"sv’i-i—uﬁ VT4 a® 1uf
£ ) i
PR Y e 1 VT o
a2 g e |- —— — 2 — 1 oo™t @ -
(4 il scem st.c'w’ femn d ; " - L ECC Wi
O i L
x;\ ) 2 1 gl D 2 e
i 4 o $/ L i3 -_— z —_1
@ t‘“}\“’..u’i we'gdr | g | Trw | Tow [PEY| Tiw

4”2\9"\ Substitations *
\Replace cln z, sec z, cse ¢ by 1/tan x, 1feos z, 1fsin z, respec-
tively,

Notes. (o) SF(sin z) eos x de,—use (1).
(®) S Floos z) sin z dr,—use (2).
(¢) S Fltan ) sec? z dx,—use (3).
{d) Inspection of this tahle shows desirable substifulions from trigo-
nometrie {o algebraie, and conversely. Thus, if only tan z,
sin? @, cos? x appear, use (3).

* From Macmillan Mathematical Tables.
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Integrals Involving sin x
430.10, f sinzdz = — cos z.

430.101. f gin (@ 4+ ba)dr = ~ I—I) cos (o -+ bz).

430.102. f sin Ldr = ~ acos e \
4] a .
)
'\
430.11, fxsin:cd:c=sin:c-—xcosx. A

430.12, f s?sinwds = 2zsinx — («2 \—:‘éj cOs .
PN
430.13. fxs sinx dr = (322 — 6)\8in z — (2° — 6z) cos =.

L
o/

" 430.14. fx“ sinz dr = ( — 242) gin x

™I
N
L2

\\ — (2t — 12¢% 4 24) cos 2.

430.15, fx5 gig:i’?:d:z: = (bz* ~ 60z® -+ 120) sin x
.\\\¢

Nl — (2% — 2023 -+ 120z) cos 2.
G
430.16;.{,,: Psinzde = (625 — 12027 + 720z) sin z
&
,\\iw' ) — (2% — 302* 4- 36022 — 720) cos 2.
R\
~\430.19, fm’“ sinzdr = — a™cosz -+ m f a1 eos x dr.
D)
A [Bee 440.7 [Ref. 2, p. 137.]
‘g =g_sin2ng_sinxcosx_
430.20. fsm z dz 24 3 53—
2 2% __zsin2z  cosa
430.21. fzsm zdxr = 1T T

2 2
430.22. J‘xz sint g de =& __ (:c_ _ %) sin 9 — £.008 %
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4
430.23. ffsinﬁzdx =% _ (x—a 35)51 %

8 4 8
2
- (3% - 1%) cos 2,

3

430.30. f sinfxdr = GOZ L . cosz.
430.31. . 3 _%cos3r _gsin3dz 3 3 . A

30.31 fxsm zdx 12 36 4xcosa:-l—4smx.

[Expand sin® z by 404.13\])
e\
. 3r sin2¢ | sindo \

4 S 4 = —_— £

30.40 f gin*z d 3 T —35 A

2

&
Scosx | Hcosdr Y 5x

430.50. fsin"'xdx = —

8 48 \\ ]
5z  1538in 2z 3‘sm dr sin 6z
430.60, & S —_ .
30.60 fsm x dy = 6" 64 + ) 192

N/

. 35 cos 2 &07 cos 3z
430.70, 7 = — ad
0 f sin’  da 64 ~.:C.+ )

“n.' _70035z+cos7a:.

A 320 448
[Ref, 1‘\‘p‘ 239 Integrate expressions in 404. ]

sin z da™ z? Z8 el
431.11. = = - e
1 f 20" i sgitasi—7mt

For table p\fiﬁ‘u"rherical values, see Ref. 4, pp. 201 and 205 and Ref. 55 f.
431.12. }\S‘”dx - — S‘Ex + ICOS; 9 [See 441.11.]

$2
sinzgde _ _sinz _cosz 1 sin z dz
f T 2 P 2 z

[See 431.11.]
i i i 1 f coszdr
431.14. smxdx=_smx__cosx ginz 1 ]

L1 f zt 32 6a? bz 6 z
[See 441.11.7

431.10. sinzds _ _ sin 1 cos:r-dx.

1o f xh (m — Dzmt + m— 1 a7l

[Ref. 2, p. 138.]
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sinzrdr 1 _ 1 cos 2z d(2x)
431.21, f—x—-—«—mglog 2] Ef——~——-

2x
[See 441,11.]
s3131, [Snizds 3 (sinzds 1 fsin3ed3o)
x 4 x 4 3z
[See 431.11.]
in” . o
431.9. f ‘i]nx:: dr Hxpard sin® z by 404 and integl‘&-t’(—}éach
term by 431.1 and 441.1. \\\\
dz T $ \/
432.10. f el f cse 2 de = log | {an S | N

I

Lioltesa o L4
210 I—'h—'(m--—-l\a cRe & ctnx{

/Y  (Lambda function).

[See 663.6.]
)
3
lz
$ & 7
79N /
\<& l" \“ !2 l.t \
> i e ;' ".
O7 g ! ;
‘\}‘IG 432.10. Dotted greph, e Full line graph, log | tan gl
"\”
\J x dr 27 rfod 317 N 1272
Oz fsmx_“‘)s? Y3551 TR T 3500
2(22n —1 _ 1) _—
ot gy BT
[See 45-]
e 2 73t 31a® 12727
432.12. fﬁinz~§+ d,+36,),+9577+ 568

...i_ P ( 1) ];21'+2 I P
See 45‘_



INTEGRALS INVOLVING sin x

9

432,10 g L ]
19, s xpand b by 415.06, multiply by 2™ and
integrate, [m > 0}
432.20. -—d—f— = fcsczxdx = — ctnz.
sin? z
xdx .
432.21. fsinF el etn z + log [sin z]. 2\
ardx QN
432.29. a8 RN
9 f o Expand by 416.22, [?zi“, 1.
dz cos @ i z N
432.30. - L 1og LA I \
f Fn® z 3smiy T 3108 |G ' R4S
z dx T CoR 1 1\ de
432.31. = - — .
f sin® 2gin’z 2sinc +x—\f sin
*) [See 432.11.]
dz €os T 24 d . ctn® z
432 .40, - —— - - _
0 f sint z 3 sin? ,}‘3'?@ :z: ctn 3
432.41, f pdr | _zeosals 1 Zicing
sin? z 3{1{1 ¢ Bein’z 3
\Q’ + glog [sin .
~7 cos x 3cosxr , 3 z
432, — = 2o |tan = | -
50. f ]115 ~ T Ssntc 308 |M0g ‘
432.60. dr B cosx 4 cosz 8 ot 2.
' \ L Fsinfz 15sinfz 15
43@-:9)) f o f cse” z dx
COB & + n— 2 dx
T m—Dsinnrz ' n—1]) sin"?z’
n > 1]
i
432,91, zdr T 6O T _ ‘
o f sin™ x (n— Lsin* 2z (n— 1)(n — 2)sin* 2z
n— 2 zdx
[ 2.
+n-—1fsin"'2x’ [ > 2]
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. dz o T _ T .
433.01. fm = tan (Z §)
dx a z
433.02, fl_:si_na:_tan (Z+§).

z dr T oo
433.03. fl—_m = —xta.n(zmﬁ)

+ 2 log

o (53]

‘31;(4 ;)J

433.04, fl_gwiim*x —xctn(gh—) +210g

433.08, %_&%i—i =z 4+ tan (Z - %}Q

433.06. 1—9’1_‘% = — o+ tag i+§) .

433.07, fﬁzg(l—d——-——m:% ‘t:a.n (E — g) + Iog tan%} .
433.08. fgm_a:(_l%gﬁ'}x;) tan (%r + %) + log tang .

i Tz
434.01. f(&*kﬁmm)’ - tan(z-ﬁ
z
434.02, f (.L-—-Slnx)z ctn( 5)
\
/ sinzde 1 T T 1. 4 ?_T_E).
43\”"'- ramar = 3t (F-5) + e (5-5

gin z dx 1 T x
4 0d. T = s ff __ 2.
\ 34. f(l ~ o) zctn( ) = ¢tn’ (4 2)

AN H
dx sinfx — 1
.05, TF o7 = 333 .6,
403 f 1+ sin?y ( sin’z 4 1 ) [See 436:6.]
434.06. f I *dsiuzx = f c___odsxzx = tan z, [See 442.20.]
435, _ 8in (m — n)z __sin (m + n)x,
fsmmxsm ne dr S =) Sm T 7)

Pm? # 0% If m® = n?, see 430.20]
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436.00. fa+bsmx

2 atan (z/2) b
- T T e [@> ¥
1 q,p]etan(/2) +b— v — e
VO —a) 8 atan (z/2) + 6+ 4 (& — o) |’
[ > a] ~
—2 ,atan(z/2) +b ) :
R (R G N O
(6> a?, |atan (z/2)+b] <+ (b‘ —a\)_i
—~2 atan(2/2) +b (0
T RN s R

B> a, |atan (z/2) + BRSW (B? — o).
[See 160.01, Also Ref. 7, p. 16 ae@}}{ef. 5, No. 298.]

The integration should not be carried out; f;"oni a point on one branch
of the ecurve to a point on another branch.y The function beecomes infinite

at & = gin~t (— a/b), which can oceur whe.n ] | <=
436.01, f - 'f!‘_nb“;i -=7 % f s o
436.02. fm Liog |ten ] fw‘il—?x-
436.03. (Gﬁ«ga;lr; x)z — bg F; S—: bsin )
~§ -t a? i b’fa —I—(Ii)xsin T
4@9: ' {a jinbidu:: e (B — a:; Fao S—I:fb sin x}
t E a’fa —f—%xsin x
{For 436.01 to 436.04, see 436.00. ]
436.5. f a7+ e (a’l T D e

e >0]
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436.6. Whena=15b =1,

1 —1
fl—l—sin%: 1‘than (V2 tan z).

See also the alternative solution in 434.05, which differs by &

constant.
v d.',ﬂ :..\
wor. [ o Sams
- V{a® — bzht{m.r,
av @ =1 tan
R (a® — 0% VNG

| [a9«> b, a>0)]

_ 1 \’613‘ —a)tanz+ o
: Zav (b — \ﬁb‘*‘ —a)tanz — @

'::\\.2 (82> a2, a>0]
AN H B = a2, see 434.06

4371 gin x dx 2! ., MCOSZE

T +m2sm~:0) SISy ey

gin xdm»
437.2. V{i = m" bln3 x)
W\ i Ly
) =-—Iog1mcosx+\’(1“m”3m z)}-
KT

‘[::(t.u‘n )V {1 + m?sin® 2)dz
"/ - 2 +
\:\ cos SN (1 + msin? 1) — _imﬂ. gip—1_eosT

O 2 V(I +m)
O
9437 4. f (sin 2)¥ (1 — m? sin® 2)dx

o\ 4 COs T .
\V =z V(1 — m?sin? x)

-1 2—mm2 log tmeosz + v (1 — m?sin?z)}-




NTEGRALS INVOLVIXG cos x

Integrals Involving cos x
440.10. f cos & de = sin .

440.101. f cos (e + bx}de = sm {2 + bx).

440.102. f cos = dr = asin L,
a &

i .Y
440.11. f zeosxdr = cosx + zsinz.

440.12. f 2 cos zde = 2z cos © + (22 — 2) singnn

440,13, f PBoogzde = (322 — 6) cosz + x(:E“” 6x) sin =,

440.14, f zteoszde = (d2® — 24;1:) o8 2

+ (z* — 12z* + 24) sin z.
440.15. fx“ cos z dy = (5z*° = 60:3* + 120) cos z

A

R + (2% — 202% + 120z) sin .
440.16. fx“ oS & d$\¥ (b:z:" — 1204 3 720¢) cos z
+ (% — 30zt - 3602% — 720) sin x
‘\}“
440.19. f ,\gaogxdx = 2™ ginx — mf r-1 sin x dir.
,%w [See 430.]  [Ref. 2, p. 137.]
N\ in2r =z , sinzrcosz
440. ZQN cos? x dx = g + 51114 =5+ —5—
Q-

2
2 in 2 cos 2z
440,21, fzcosgxdx=%—f—xsm < —

T T3
Lo I AN x cos 2z
440.22, fx” cosz dn = 5 + (Z — 8) sin 2o + —
440.23, fx3 cosigdy = %4-]- (_,6_3 — 383:) gin 2%
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gin® »

440.30, f cofxds = ging —

440.31. fzcesaxdx—xs;ggx+0033x+ :csmx-}- cos 2,

[Expand cos® z by 404.23 J

gin 2z sin 435

440.40, fcos"xdx 2z e — t

N\

N

\.

Ssinz  5gindr  sin 5:.3
5 —_
440.50. feos wdp < 2508 L 25A5T 50

5z | 15&in2¢ 3 sin 4::: sin 62
6 = & loBn ox : .
440.60. fcos zdz T ol +“ '\64 + o5

35 sm z , 7sin 3:c 7sin 5z | #nTz
7 - .
440.70. fcos rdx + - + 330 T ~44s

[Ref. 1, p. 240 hltegrate expressions in 404.]

€08 7 dz 22 74 20
441.11. f_T log [xl 331 4 rov Rl + -

For table of numenca.lw*alues, see Ref. 4, pp. 291 and 204 and Ref. 551

441.12. cos:cd:r;_' _cosz fsmxdx-
x

[See 431.11

x2~ T

222 2z 2 x

441.13, !‘co\xdx =087  sinz 1 feosxds
O [See 441.11.]

oS8 2 dm _ 083 _ sinx _ cos :.-: gin & dl’
4@% 1»4 —
: f 57 T g2 8z 6 f

[See 431 11.]

441.19. IM — . COSZ smxdx
z® (m — g™t~ iy — 1
cos?rdy _ 1 1 £ cos 22 d(2z)
441.21. Lrer _ 2 1 ]
21 f pe 21.‘;)g |} +2f__2x aL)

[See 441.11.]

441.31, f?o_ss_”ﬂ - %ICOSxdx+%fcos3zd(3x)_
¥

* F
[See 441.11.]
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cos™ z dx

441.9. P

Expand cos™z by 404 and integrate each term by 441.1

dz Tz
442,10, fcosx = fsec:cdx = log | tan (Z + §)

log |secz + tanz| = %logi—t%

N

rde 2 | 2 Sazf | 61z% | 13852104 ™

442.11. fcos:c =7tz T e TRe T 10-8¢ <L

Ba¥t? '

(2n -+ 2)(2n)!
a\,/

ez 2 O 57 | 6187y 1385zM

'co—sz*§+m+m+m+—‘u.sa

]‘7 12‘.2:1-{—1
(2?1 T 1)(2n - 2)I + - [See 45.]

o

442,19, f :::i . Dxpand —1~— by 415.05, multiply by «™ and

.+ + .- ».".’;.\\’[See 45.]

142,12, + -

integrate, z"‘z\ [m == 01
'\s,:
442,20, f da; ,—)csec x dx = tan z.
c0s? .\
N\

»

442.21, imbg?@x = g tan z -+ log |cos z].

O\
o\ 2y 1 :
\ R ) 1,
442:'2%' f cos? Txpand cos? by 416.19, fm > 1,
-
N\ dx sin z 1 ™ g) .
#42.30. f cosz Z2ceostz t3 log | tan (4 t3

z dx zeinz 1 1 fzxde
Hz.31. fcosax T 2oz 2c08% T3 f o8 T
[See 442.11.%

tan3

442 .40, #df—-—=ﬂn—z—+ tanz = tanz +
costz Jeosr

AMz), (Lambda Function). [See 64&}'

N\
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442.41. fxdx =Finz 1. +§xtanx

costz  Beos®r Beogtz

+ g log [cos 2.

dz 8in & 3 sin 3 LAY
—_— — — — L= .
442.50. f cosr  dcos'z | Scoitn + 8 log | tan (4 ' 2) I
N
dx sin x 4 sinx 8
#42.60. f otz Feoss 13 cosz T gz tan 2".. Oy
4 )
« N\
442.90, f—d—i— = fsec”xdx P ¥
CON™ 1 "G
_ gin z n— 2 Ly . -
(n — 1) cos™ 1 g + n— 1 Ndes—2iz’ [# > 1]

xdr z sin x x’\'

7

442,91, —— =
fcos” € {n— 1) cosnd §\ (n— 1){n — 2) cos™ ¢
422 el i S |

Q -1 cosm g
443.01. f m - “g
443,02, _{%}: — otn E‘éi
443.03. : ;\"—iiﬁsx -—-xtan%—’r2log cos% .
Koo
44{@4' 1—:_2%2:—@—3; = — g ctn -g + 2log sin—;-:
”\"\AIL;OS f—lf(_l—x_g—%?—;x = — tan g
443.06. flcc_)? iodsxx = — 1 —ctn .g_
443.07. f@sx—_(_liij_—_m = log | tan (g + %) - tan g
443.08, f m—d{"v—a—_ﬁm = log | tan (g + %) ~ otn -
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444,01, f a + sz} ;tan + ta 3;

444.02. f(l——cisﬁz - - %ctn g _ %thag,

444.03. _ﬁc—o:—:oci%)_z = %tan% - %tansg

444.04. (_1_"% —Llotn? %ctnag, ’\:\’

I +cogtz  2v2

444.06. f — f 2 tn I%ee 432.20.]

1 — cos®z

444 05, f ——df:m—-— =L sin™! (L:L_osx) [See %46 6. ]

gin {m — n)x\\“sm {m + n)z

445, fcos mz cos nr dr = Zm = ﬂ)\ il 2(m + n)
[m? # n2\ X om? = 7¥, see 440.20].
146,00, IL »f:.' X
&+ beosx N
o o — b ton 2/2) oo
Ve ww 0
1M 1 (b-a) tan (z/2) + V(# — a)|
TV TS }:ﬁ) — @ tan (2/2) =V — @)
[ba > a?],

N \

W 2 . (b — a) tan (z/2)

SRE=H T e
\\ (6> at,  [(b — a) tan (2/2)] < (B — a?)],

2 (b @) tan (2/2)

~O° TYERTa et e e

(B> a2, (b — a)tan (2/2)] > v (B — )],
[See Ref. 7, p. 15, and Ref. 5, No. 300.]

!

The integration should not be carried out from a point on
one branch of the curve to o point on apother branch. The
function becomes infinite at z = cos™ (— @/b) which ean
oceur when |z} < 7.

446,01, f.coszde T
&+ bcosx b b a+bf3052'
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446,02, j‘ do log tan ( + Z),

cosxla + boosz)
b _de
afa-l-bcosm

b sin
446.03. f(a-{—bcosx)‘_(bz—az)(a-}—bcosx)
_ a ag
b2-a2fa-tl{cosz
cos x dx agin x

446,04,

{a + b cos x)? = (@ — b)(a - bCOSw)g

'L dx )
"azﬁ-bzfa—tr-bcosx
[For 446.0\1 o 446.04, see 446.00.]
s62, | dz O
- jﬂz+b3-—2abcosx AN

e+ b T
Mzan Ha btang], [a = b].

N [Ref 38, p. 52.]  [See 446.00.]

446.5. f i L n—t__Gtane
at -+ bz c@‘:c a- (a“ -+ 62) V(a4 55’

(e > 0]

446.6. When \— b=1,

dz tan z
\ f—————-—— fan—1 ( ).
§ 1 + cos? 2 2
O\ V2 v
Ses also the alternative solution i In 444.05, which differs by
&\ nstant.

dx
<\ 4467 fa“-—bzcos”‘x
, otangz

1
= oy (a® — b?) tan V(@ =5’
[az > bz, g > 0]!
= _____1_____10 atang — ¢ (2 — a?)|
20V® — @) % |atanzs F Yy =) |’
[B*> a2, a>0]
If B = g2, gee 444.06.
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Integrals Inveolving sin x and cos x

-9 2
450.11. fs'm zcosx dz = Su; g 0032 z -+ constant
cos 22 .
=~ + constant.
%
450,12. f sin z cos? 5 dz = — cog <.
4 N\ ¢
450,13, fsin zeofzdy = — g%x" PR \)
n1 !
450.19. sin x cos® x de = - k7, I ¢
n+1 RS
-
450.21. f sin?zcogx dxr = SH; L. x’\\;
450,22, fasin2 zcoslxdr = é (:c - ﬂlgf)
2 sg.:"’:z
450.23. f sin? z cos® x dr = S]? %5963 =+ 1—25 sin® 2.
»
4350.31, f sin & cos d;m%\ﬂi z.
P sttt §
450.81. sin™ rees'r dt = Bln™T & , [m = — 1]
& m+1
::\x.: [Ifm=—1,see 453.11.7
i”\‘bo
450.9. :\j\\sin’" % cos™ x dx
~ \, ;_:_ gin®! xeog™lz n—1 sin™ 7 cos™ 2 = d
\/ m+ n m+n
L L Snm e oty -1 f sin™~2 & cos" z dr,
m+ n m 4 n
[m = — n, see 480.9]. [See also 461.]
45 d__ |
L1l ——* = log [tan z|.
8in ¥ cos z

45112, f R SIS PYS
sinzcos®x coszx

tan%l-
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451.13. f v _ 1 + log |tan z].

sinzcos®r  Zeosizx

dz 1

451.14. + + log

sin x cost g 3 cost x cO8 2

dz 1 4 1
sinzcoss  dcosa | 9 cos? x

tan2|

451.15,

+ log |tan z].
N\

',\' [n#l]

N

™

a5

dx —
sin® z cos z

451.21.

1
_sinx+10g

dx

s122. |

~ 2 ctn 2w, >
W\

singv 1

451.23. =
gin? » 0083 z 2 c032 sin ¥

dx 1
451.19, f sinzcos” T (n— 1) cos" Tz + fsm,xl'nS" 2y’

N ;; +- ; log | tan (E 14 g) :
dx N 1 Yy
as124. | - _ 8
f sin’ zeos’c ~ 3sinzcod w3 ctn 2.
451.31. X x 1
51.31 I..Siﬁa T COR T T 9en?a SinZ % =+ log [tan x|,
"¢/
Re dx 1 0 3 .
132 -~ _ _ 3 e|
\*5 fsin3x(‘,(}s2a: cosz Z2untzp + 210g t&nz’
"\
. dz 2 cos 2z
ds13s, [ |
:..\"~;5 f sin® 2 cos® hln2 9 _]" 2 }_Ug [t.d.n T ] .
A\ "4
\ / dx 3 costy — 4 .
451.41. % __3cos’zr— 4 .
fsizﬁ reos s 3 H g + log | tan (4 + 2) .
[Ref. 1, pp. 260-263.]
451.91. f L
sSin™ z cos {m — 1) sin™ 1 %

- f*-——@—,[m?‘-l]-

sin™2 z cos
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N o’ (¢.7)
#51.92. f gin" z cos" & 2 f sin® (2x) [Sce 432.]
451.93. f —ﬁﬂ;di;—
BN CO5T X
- 1 m+n— 2 dx
(n — 1) sin”™! & cos™' n—1 St cos™ 2 x
[n > 1],
- _ 1 m—+n—2 daz A
(m — 1) sin" z cos® & m—1 sin™ % z cog,’?\'a:"~
Lay>"10.
. i T d:r; ’.:'.. ‘
g5zl | I L |y - - (€
f o5 2 tan x dx log |cos xim\
= log !sce z. O [See 480.1. ]
< sin x dx 1 K7p)
432.12. f ; = = BC0 L. AV
cos? x CO8 T \®
452.13. oz v _ L. lﬁm%: -+ constant.
cost z Zeostz 2\
452,14 f sinzds 1 ~8% .
o cosz 3 cold
oK
oo, [ Snzdr L~ 1 , [n = 1]
cos” & M\ n — 1) cos™ " &
4 sinZwdé o T E)I
52,21, —_‘#”<c1&gx = — ginx + log jtan {7 +3

i

452.22. :’f\@ix_fh
W) cos’z

2\

éi”ﬁg" sin’ x dz _

) cost &
452.24 sin® z de _

cost

45229 sin® » dz

’ cog™ o
5231, [(Entmdr

. o8 &

T - et

f tan?x dr = tanz — . [See 480.2.]

11l (2)]-

T 2cos’z 210g tan(4+2
%tansx.
sin &

i dx
T a-— lfcos"‘—zx’
[ns=11

L,
ST _ Jog |eos zf-
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ind
452.32, f w = 208 z 4 8ec 2.
cos®
sin® 2 do 3 L
452.33, ooy~ | tantrdr =2 ta,n 2 + log [cos z|.
[See 480.3.]
sin® z dx 1 1
452.34. f cos'z  Zcofz  cosaz N
‘sinfads 1,
452.35. f o = Ztan T = Tooiz 20032 +\cbnstant
si v dz 1 (g
452.39. f cos" 5 (n — 1) cos L g (n/ 287 cog" g
NG [n# 1or3]
asza1, [SRrdr _ siwde N1 EJFE) '
e cosx 3 s’m.' B|teniz T g
PR3 n-—1 ,o
4527, f S =t gy [n 5 17.
cos™ x =\l
452 sin® z dw _ ’I::; gy = BDTME tan s dz
oS T N dr = a— a }
\ [n 1. See 480.9]
452.9, Mi
cos’*
<& _ sin™ ! g _m—n-+42 sin"‘:cdx’
N (n — 1) cos™ 1 no— 1 f cog" 2z
:"\‘~
AND [n# 1],
. '.\\ - _ sin™! z = 1 fein™ 2z dx’
\ (m—n)eos™ 2z " m — g f cos” %
\M\;”' ]:m 7= ﬂ']!
_ sin™! 3 _m~1 rsinm?zdy
(n — Deog™ g % — 1 f cos™ 2 g
[n =11
cos x dx
453.11. f‘EﬁTf - fctnxd:c = log [sinz|. [See 400.1.]
cos dx 1
453.12. f St = T = — esen



<
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cos z dx 1 ctn® z
453.13. f - ~ S enZz z -+ constant.
cos x de 1
8314, f sint z T Btz
cos x dr 1
453.19. f e e e [n = 1]
453.21. COFTIL _ s + log [tan 2| - Oy
sin 2 e\
2 l‘:} ]
453.22. j‘w: fctnﬂxdx— —etnz — 2. 4 3
gin? 3
\ “ESee £90.2.]
2 x dz COs T 1 \2
453.23. cosTrar _ cosT L Z
f sin® z 2 sin? 2 10% té‘n 2
2 ’:"x
453.24, f ooszdr _ Loy M
gin® 2 3 & ::a
453.29 cos*zdr »coSs‘x 1 dz ’
o sin*z (n ) sin"tz n— 1) sin" Pz
~\ [n 7= 1].
2 d I\OS z
45331, [ coszdr
f v “ + log |sin z|.
453.32. f e ‘xdx = — gin ¥ — ¢s¢ *.
\ 2
45333 q\ 3 ctnd z dzx = —ct; x—log]sinx].
‘,J sin _
\'"\; ™/ [See 490.3.]
453.34. coszde 1 1 |
sint z sinz $sin®®
cos® x dx 1 _ 1 1
453.35. f sinb x4 oty = sgEs T Tents
-+ constant.
3 deo i 1
453-3 : cos" & = — ——— 1
- T e PR T T

fn = 1or3.
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4
453.41, f cos & e _ cos ¥ cosz + log{tan=
sin % 2
n—2 1; n—I1
483.7. fcos. v _ o7z [n 5 1]
gin® & n—1
453.8. f m = f otn® & dx
gin® A
etn™ 1 g st .
=T a1 fctn xd"‘i)’\“.\,'
",\\ oA
[n = 1\ See 490.9].
453.9 f cos” x dr £
o sin™ z 7, \ I
; \V
_ cog™ g &y + 2 cos"ode
(m — 1) sin™ z N i f sin™ 2 g
D> [m = 1]
_ cos™ !z JZ\'”' —1 feos"Prds
n — m)sin™ 52" n — m sin™ x
™N* [m = n),
oy _n—1 feos"?zdy
(’mﬂ’_& 1) sin™ ! m — 1 f sin™ 2z
\ [m = 1]
s%h T dz
4 4. - —_ —
54.01 f],—I—cos'n log (1 + cos z).
P\
454, sinzde _
\Q?x f = ooss log (1 — cos ).
Ndgos [ L0szds log (1 4 i
"\; T¥sing 18+ sing).
’ €05 x dx
454.04. f TEEE «  og (1 ~ sin ).
dz 1 1 I
454.05. f SR
sin z(1 + eosz) 21 T cos a:) lt}g tan = 3
dx T
45400, | - 9% 1 1 an 2|
fsm (1 — cos z) 2(1 — cos 2) + 5 log |tan 5
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du

454.07. fcos (1 + snzy

1
2(1 4 sin z)

i
+§Iog

1

dx
454.08. fcos 2(1l — sin )

gin x dx

454.00. f vosz( F cosz)

gin x dx

454,10, — o e
fcos z(1 — cos z}

_ -——logll gg@:

¢os = dx

454,11, -
: gin {1 + sin x}

cos x dz

454.12, —_ 7 e
f sin (1 — sin z)

gin ¢ de

2(1 — sin x)

tan (E +

N)I%-!

1
P P
I210g

]I—I—cosx )

2

& \

cOs

{ &
1 —eosa] N

cCaOs x

N

i Smﬂ

454.13.
f cos z{1 4 sin a:)\"< 2(1 + sin z)

l

,\\..

x'ﬁlnxdx

x

—I—%log|tan(4+2) .

454,14,
f QO"‘S‘:?:(I — sin x)

cos z dx
sin 2(1 4 cos :c)

~C
458,15, f

45416, f . coszdr
sin {1l — eos )

#s501, 94z _
ginx -+ cosx

453.02. f dz

sin z ~ cos z

lng

log

1
2(1—s1nx)
T X
—§log tan(z+§) :
1 1 z
= tan ~{.
~ S T ez 28|03
1 1 x
— = tan =] -
5(1 — cos @) 5108 | tan g
£ b
t‘m(2+8)i

5=

107

T X
tan(z—]--é) .

N\

A
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gin z dx z 1 .
455.03. fm—é—ﬁloghmx-i—cosx].
[See 482.2 and 492.1.]
gin z dx A | .
455.04. fm = § ‘i“ §10g ISHI:C —_ COSQ’;[.

[Sce 482.2 and 492.1.]
N

455.03. f _cosxdz +

x -
Snz T oosz — 3 Taloglsine +cosz].

1
2 N
[See 482.1;‘&11(1 ‘492.2.]

cosz dx z 1 N
455.06. fm =—3 + 5 log [sm'a,::'— cos z.

~\
[Seb 482.1 and 492.2.]

_ 1 Nl
455.07. f (sin + cos x)2 § \(3" ) .

1
455.08. —_————— g == =<1
f (sinx — cos )’ ?E tan (x + 4)
i *};. 3
455.09. s =
f1+cosxisinx + log
1
456.1. ot
f @x —}- cEing r
where r = \}"(b2 + %), 80 8 = bf’r, cos @ = c/'r :
[See 401.2 and 432.10.]

x
1:1:tan§ -

x—l—ﬂ

O dx d(z + 6)
456,25 =
QZ fa+bcosx+csma: fa+rs'm(x—i—6)
Swhere r and 6 are given in 456,1, [See 436.00.]

dz 1 b
460.1. -
f320052:c+b2sin2:v abtaﬂl( tana:),
{2>0, b>0] [See4365.]

dzx i btanz + @
460.2. =5
J Fora v = ety

[6>0, b>0]. [Seec436.7.]
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461. f gin™ x cos® zdz. If either m or » is a positive odd
integer, the other not necessarily positive nor an integer, put
gintz =1 —cosfz and sinzdr = —doosz
or plib
cos?x = 1 — sin?z and ecoszdr = dsinz.
If both m and n are positive even integers, put
sin?z = 1(1 — cos 2z), cos’z = §(1 + cos 2x) L\
and ' e\
sin z cos = § sin 2z, g\

and similar expressions involving 2z instead of z. axgd 50 on,
See also 450.9. \

cos (m — n)Z\ )08 (m + n)x

465, fsinmxcosnxdx = 5 — "”k‘ “Stm -+ )
[m? 5 n* ] [Hm? = n?, see 450.11.]
470.1, f 77 1028;1112 3 %Iog;{;ﬁ"sinx + + (1 4 m*sin®a) }.

2702, cos & dzx i _1 in 2).
[T

470.3. f (cos 2)v (W + \’m’ sin? z)dz

:..\ "= sin % ¥ (1 m? sin? z)
xt\w 2
Q\ +2—1—mlog {m sinz + + (1 4 m?sin? 2)}.

,\

4704 \f (cos 2)v (1 — m? sin? Z)de
\ ' _ sinx
T2

V(1 — m?sin®x) + 5 sm‘1 (m sin 2).

475.1, f flz, sin zx)dz = — ff (% — Yy, c08 y) ay:

where
y=7/2—2%

475.2, f f(z, cos 2)dw = — ff (%- — y,sin 'y) ay,

where
Yy = 1r/2 -,
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Integrals Involving tan x

480.1. ftanxdz = — log |eos 2] = log |sec x].
[See 452.11 and 603.4. ]
480.2. f tan®z dx = tanzx — 2. [Bec 452.22,,
N
480.3. f tan’ x dz = } tan®z + log |cos z}. !;See %£52.33.]
:"\\
N/

4504, fta,n‘*:cdx = ltan®z — tanz +x ( "

i n—l1
4580.9, j tan* ¢ dr = Ean x f 1:31:?1*""2 z dx,
’x:\ [n1 See4528]
\\

’ 3

0 27 20
481.1, fxtanxdx =3 -[-1,5—[—100 +2835

62 sy . L 2~ DB, Gy
11><283'm +" + 2n+ D1 7 +

(2% < 7%/4. Sec 415.03 and 45

szila: x® 2 " 62
=12 f %; 5% T 3555 905 +9><28%ﬁ’

22)1 (22'& _— I)Bﬂ

+

’s;:’\) e ..(2?1 — Y] s SIS
) [#® < 7%/4. See 415.03 and 45..
\}\sz de z, 1 .
,"\‘?“; 1. ftaﬂxﬂ:]_: =E§+§IOg|smx:|:cosx[. :
O~ [See 455.05 and .06.]

tan ¢ dx i z 1 ;
482.2, . er oz __ 1 .
2 ftan:c:];l fliﬁtnx—2T210g[smxicom.

[See 455,03, 455.04 and 462.1.]
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Infeqrals Involving cinx

430,1, f cin ¢ dr = log |¢in 2[. [See 453.11 and 603.1. ]
480.2. f ctrn?xde = — otn e — . TSee 433.22.]
496.3, f ctnfzdz = — Letn?2 — log (sinz].  [Bee 453.33.
N ¢
(\)
A\
£03.4, f et de = — Yetnfzr d-cine + = Y \/
¢’~“’
A

etn* 1z ¢ €
490-9. 'n™® = — p— 12 .“\\\
fctn x dr P fctn z:dsg\;
[ 1. See 453.87

T 0 931 \' x?
491.1. I AP, . A
f sotnzdr = =g — 595 (9615 9 X 2725
— ::.’s:‘._ _LB__.._zZﬂ'I'l j—
N T @+ I
) [See 415.04 and 45.]
1.2, IM __lle 2 2 o
oy \\:lv 3 135 4725 T X 4725
:\\ — s .__&B."_.Q;Zn-—l _
'\'”‘“' (2n — 1)(2n}!
O~ [Sec 415.04 and 45.]
492.1. f O tanzds [See 482.2.]
\I\:I: ctnx  J tanz £ 1 -
w2 [ Smads _ f_ dv | [Sec 482.1.
\/742\’” ILectny ftanzkl e ]



INVERSE TRIGONOMETRIC FUNCTIONS

500.

The following cquations do not refer in general to the multiple values of
the inverse trigonometric functions, but to the principal values, Athat iy,
sin-! z and tan™ & lic in the range from — #/2 to =/2 and cos™! . angdetn ™z
in the range from 0 to . Care should be taken in dealing \mth inverse
functions and in integrating from one point to another. Asprocess of eurve
plotting is frequently of assistance. Some of the graphs ‘Teve more than
one branch, and in general, integration should not, bc carried out from a
point on one branch to a point on another branch.

1.3¢5 1-3':59;7

545 i o T

[a? <\1‘ —7/2 < sintx < 7/2])
[Expand 1 [\7(1 — 22) and then integrate it.]

3
501, gsntz=2x + —I-

i 1 3"" 1-3-547
o= 2 | N
502, cos ( —1; 55 T st 5167 + )
) [:z: <1 0 < costz <7}
SR 1-3 1-3-5
503. 1, oD
AN tomtotes Todew T
AN\ [22>1. —7/2 <eselzx < w/2]
N o 1,1 1-3
504‘."\:2'\3130 *=3- Gt tader
NS 155 L)
O tegear T )
22> 1 0<seclz <7l
b i
505.1. tanlz = + - “’7 4+ .-, [2% < 1}
[Expand 1/(t - 2% and then integrate it.]
_ T 1 1
505.2. t&n1$=§_5+3—xs—-§$—5+-ﬁ'—----, Eﬁ:}lj’
5053, taplg— %Ll v _ 1 . 1
tan s et TR T ’
[z < — 1)
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5054, tan™ 2 = 70 [1“5' (1—&-:1:" t33 1+ z?
+

2-4-6 2 @ :
357( —mk:.sg)+'"]’ o < =]
[Ref. 31, p. 122.]]

Tor these equations, tan™!  is between — #{2 and =2

T
506.1, ctn‘lx=7—;—x+§-—§+%—---, [z? < 1],
"\..
1 1 1 1 QO
506.2, cta]_1$=5-:3——+5'x—5“"%§+"', E?,P‘I’J-
1 1,1 1 v

506.3, 14 = Z - — —_— — == IES.

3. ctnla 7r+$ 3x3+5:-:5 7$,+ NI
N [z < -1}

507.10. sin~! (z = dy) = nr + (— 1):‘.,5;193'1 e
.":’3‘ -t i(— 1)= cosh

taking the principal value'\(;f gin—t (between — =/2 and w/2)
and the positive values ‘of cosh™? and of p and ¢. The quan-
tity ¢ = ¥~ 1, and n\is an integer or 0. The quantity z may

be positive or negatam but y is positive.
507.11, The qu;é,htity p=AvA+ 2P+ (positive value),
and §

,s

507. 12,5 =0 -z + 9 (positive value).

\Notethatlfy Oa,nd:c>1 g—w—landp+q=2$-
Ify=0and x <1, g=1—zandp+g¢=2
Alternative:

S07.132, sipt A = — 4 loge (£ V1 — A* +144) -+ 2k

or

507.13b. = ilog (& NI — Af —id) + 2ka

where A may be a complex quantity and % is an integer or 0.
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For the sruare root of a complex quantity sec 58 and for the logarithg
se¢ 604. The two solutions ¢ and & are identical. The une should b
used, in any given case, which involves the numerieal sum of two quantities
insicad of the difference, so as to obtain more convenient precise come
putation,

£07.20, cos ! (z + 7y)
2z
= =+ {cog!
(03 p—

— i cosh— B
_g+2}sn— % cosh T,

507.21. cos (z — iy) RN
2, RN A
= k= {cog? ——— | 2k, gogh—1——2*;,

( p + g + i :E_“%g 2 /’

where y Is positive, taking the principal }f@lﬁé of cog! (between
G and x) and the positive value of desh—!. See 507.1%1 and

507.12. \
. K7\
Alternative: SV

w

307.22a. cosl4d = F 4 log, (:zi?+ VAT — 1) + 2%r

N
or X
RS
N

507.22b. <= ¥ log, (4 — VAT T 4 26r
where A may ,b?é complex quantity. Ses note vnder 507.13.
507.30. tarﬁ%\{ + i)
%{ (2 + 1) — tan— L::_?/ — tan—t 1;%’}
y

N

'\ -

£
W

y z

VA

' _1’10 _(IHL_{__ )2 ‘{__’b_‘:
'_I—'4 ge(l_y)2+zgx

O
'\\..l

'.\ . N iy
4% where the principal values of tan~t ave taken (hetween — #/4

”\} > and 7/2) and where % and ¥ may be positive or negative.
Alternative:

731 tan (o + i) = Llog, _;_j:_?; = ’:ﬁ - 2m. [See604]
[Ref. 46, Chap. XL.]
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508. TFor small values of cos™! x,

posl = [2 (t —x)+

The tast term used should be practically negligible.

1 —x)t 4+ =

A

3(

b

1 . ) j]lr’z
+%( '—SG)

The numeries] value

of the square root roay be taken from a large table of square rools, as in

Refer. 65.
INVERSE TRIGONOMFETRIC FUNCTIONS— (¥
DERIVATIVES i
d . .z ] )
512.0. - sin~t— = T [1st and 4th q{a;drants].
4 . 4% _ —1
812.1. i sin DT V= [2ud and \31;d quadrants].
d x —1
5122, % cog1 ¥ o N : .
12.2 i NI [Ist’a\d 2nd quadrants]
d LT 1
512.3. oo = TE= R fsrd and 4th quadrants].
d x a N
5124, ~-tan—!Z = i
4 dxtan a a4zt
5125. —d-— ctn—! E _ _Ha iz \\
dx ¢ a? ;i<\a;3}
d T a
5126, ——mac 12 = A% | drants].
2.6 7z SoC 1 - xv’ =y [1st and 3rd quadrants]
512.7, 4 see! x:;‘.\:i_wL, [2nd and 4th quadrants].
dr \;x\ A/ {x2? — a¥)
d Jx —a
512.8. = —_ d 3rd drants).
8 dx (‘\St'. 1 PRl rop—s [tst and 3rd qua ]
812, ‘2}_ . @ d 4th guadrants].
9\ g5 o T [2nd an q )

N/

[Except in 512.4 and 512.5, ¢ > 0.]

N

)¢

Q)
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INVERSE TRIGONOMETRIC FUNCTIONS—
INTEGRALS (g > 0}

515. fsin—lgd,z = osint 2 + (o — o).
z\? .
516, f(sm ) dz =z (sin‘1 —) — 2z 4+ 24/(a? — z¥) sin 1 2-
¢ a ~ @
N Y A ) W 2, Lyl
517.1. f:c gin adx == (2 4) sin— + 1’(& 36)

\‘,l

517.2. f 2 sin—t < d:v = -3— sm‘l 3 (x2 + 2@"’)1} (a® — 7).

e 1%, _ fxt  3d Nz
517.3. fmssm adx~(4 32){111
}— 12 223 + 3zat)V(a® — ).

5174, f ot gin—t & dn: = § sin- 1 £

‘v

Q e ﬁ (824 + 4z2a? + 8af)y(a? — 2°)

&
¢ \J 5 8
12 g = (5 52 g B
517.5, fxakh adz (6 96) sin~ =
A + Sk (88 4 1027 + 15wat)V(a? — 2
NN 288
'® 7
5176, [ 2 sint Zar =% aint 2
R\ 7 @
\M\*”\ ' + 50 45 (525 + 62ta? 4 82%* 4 1608V (a® — 29
ntl at-lfr
1 0. Aot “"1E = X + . —1£ . L jer .
517.9 fx sin ad:c n—i—lsm i W

[n# — 1]  [See321-327.]

1. = T 1 2 1.3 2
5180, f 2eintZds="%
f:csm = etesset e sss
1.3.5 o

srsadgt oy <

+
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2 2
518.2. f“’zsm—l dr = —1sm*1x il og ﬂ_\’(:_f_) .
_]-'_._13 _ _]__-'_Izﬂ (az__xz).
518.3. fxssm de— 23}28111 _a._ S
1 . 4%, . 1 a% _ (gt — %)
s1as. fx,‘sm Edm_ 3x® sin a Bas®
1 e+ V(@ — 23|
—a;log p A
{ N
L gin1 % -*—__1———-'—15 O

n —1i f ﬂ—l_\‘,l(a2 NS ;”‘\ [n # 1].
Y, [See 341-346. ]

xT z ..\ o
520, f cos™! 2 dz = x cos™? e (a2,

2 PN
521, f(cosr‘ x) de =% ("03-1 -E‘)v — 2z — 2y(d* — 2) cos—lz
a

S22.1. f x cos™! % - ——) eos! = 2 - p 2 J(a? — 27).

522.2. J.xz cosLS dg; = ?_s cos—l__ -5 ( + 26V (a® — 2.
\l
2% g, L Py

522.3. gﬁms 1= (‘_i- — -3—2') cOB p

“3'\ 1 2 2 2
:.\x;' —-3—2(2:63+3m)\f(a z%).
~\ P
}224 f:z:‘co&r1 dx—5cos“1

- 7]3 @2t + 4ata? -+ 8a)V (@ — 27

¢ 5a’ L
522.5. f:c“cos“ da:-—(%—-g%)cosla

- 5% L 8z + 1044 + 15za4)+ (a* —

N\
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T
x z z
522.5. f £8 co.s—1 Zdx = = cos? .

— % 4 z (32% + Bx'a® I Szt + 1685/ (a? — 7).

5 goq1E g . T a7 1 2" x
5220. fx I s R R e ) B
[n= —1].  [See321-327
1 42, x 1 28 \i\
523.1. fgcos clo = Floglal ~Z— o
1-3 4 1.3.5 &7 R N . N
TR EdE T TaeT TS T LD Lt < 0]
\:"’3\
NS ol — g2
323.2. 1-2 cog—1 de = — 5005——1 z + = 10g a+ +{a z%) .
z @ €T Q\J €
523.3 { l cog! 2 de = — i ~—1~\\ '\"(az - 52)
)@ e T 2x3‘foﬁ‘a 267
1 x 1: 2 z | @@ — Y
529.4. — —1 = ‘n—- —1 7 —
) A%, dz R .33:3 e - 6ox?
\ 1 a + J{a® — 2% [
x‘\"\ + B logl —
\\.'
1 \_g 1 o
523.9. | ZcodstZgp = Y
f :c“:(."??': 2% (n — 1)z 008
AS
) 1 dx
Q> = 1]
:"\2\ o — 1 fxﬂ—lvr(ag — 25’ [n 1]
\\ [See 341-346.]

\,"\) v f tan—t 2 d:t: =z tan‘l = -2 Iog (a® -+ 22

z 1
525.1, tan—t = = 2 2 1% _ax,
fx an dz (z? + 0?) tan

e
525.2. f:a:2 tan"l—zdx = %tan“lg ~ 5 + Iog (a® + 9.

525.3. fa:s tan"l T = (a:"“ — af) tan-1 % a‘;g + aZx
a
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it T dp =~ tant ¥ .—éﬁ o 2 ta2?
525.4. f.r, tan™_ dz =g tan™t — o5 +0 mlog (@® + z%),
s o=t S = (8 4+ o) tant D — 8 O 22,
525.5. f 2 tan™ Ddo = g (@ bt —5r g T g
I G 34 [P
5 - E = :’B_ - oy — E —_ “ﬁx_ ﬁ — azx
525.6. f @ tan™ D dr = S tanT o = gy T gy T g

2% lom (a4 o2
1 14]0h (e +q,,\}\

.~\\

z sy z ) +ide)

525.0. rtantidy = ——tan? = — —— | s
a n+1 a n-+1f o8 H2®

[n = — 1] [sg@'\m—zzsg

z? \g
.—]_ —
526.1. f tan dx . 32{13 e o W o .
X \ [2? < a¥
T . a> GF
=§10g|x|+ 3%3—‘}— -?TZF+ .
’f:’:v Ex/ﬂ > ljr
T N'e & & a’
=_§10gi\xl+§_r%+52r’ 72x"’+ ’
) '\‘\3 [zfa < — 1]
For these cquatlons‘, an=t (zfa) is botween — =/2 and /2.
1 2NG 1 x 1 o + o
g L\ [ -1 _ .
526.2, f ?ﬁ&"{n'l p de = = tan o % log pc
\*j\.“
N/ 1 1 1 o z 1
526.3 “‘f\g fan™ ~dr = — 5 (55?" + a—g) tan Sar

11
[See 131-135.]
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528, f ctn~t E de =z ctn‘lz -+ g log (a? + z2).

aZg. -1 % otn—1Z + %,
528.1. f:cctn adx 2(9:2-}-&)(:{311 a+2

528.2, f x? etn—1 T dz = %3 etn-1Z + 5 "5 Iog (? + 2%,
O\
528.3. f:cactn‘lxd:c _1 {z* — a%) ctn % + - — 9?33.'\'
i :..\;4 -
4% £ 4 azt @’y B2
528.4, =t ctn d:c =% ctn + 3

30 ,10~
~+ Iog (a? + 59).

.‘t\’ 5 k3 5
528.5. {2ctntTdy = 1 (5 4 Maghpa T 4 0 _ &P | o
fx” % (x"'“lct“ T ® T
. \ axh 3.4 Prl
528.6. S otn1 dx*“ Ar" o _aa | ow
fx Tt T
‘lvn _fl (a? + 22
A 1298 '

\

. gv' P _ “+1dx
528.9. fx ctg{ +lctn1 n+1fa2+$2’
[ —1]  [See 121-128.]

\l

y ’1 % _ a8 food x7
529-2..} etn e 5103 Iz —= + 328 B + T T "
O [2? < &%}

I"\‘.‘;’ = e E (];3 a5 a'.;

Q” sTEE T EE TR
[z/a > 1],
= a? a’ .
FI0g |2l = § o o — g g~
[e/a < — 1]

For these equations, ctn {z/2) is between 0 and .

1 x 1 2 2
529.2. Setn? S = . 21 ¥ 1 a® 4
f n p z cto a -+ 2——a ]_(}g . .
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1 & 1 g 1 1 z
520.3. f'x_gﬂtﬂ 1& -_— 5—26'(311 Rl + — + — tan—1Z.

20z @ 2a° o
1 a% 1 ) 1 1 a? 4+ z2
529.4. f:c“ ctn - T3 etn p + e Rl log —
_ 1 a2 1 1
520.3. f etnl= = ~ — cfn~ + s~ L
N\
i; tan? -x—-
4a 0 \
o \
1 x N
2 —_— _1:'::—,__,_.— —1 ,Q‘../
529.9, f ctn = Dt otn 2 (\%

n——lfa:" T + xz)f? [ﬂ#l.l
PN [See 131-138.7

531. fsec—lzdz=wsee‘1£—a10g]&7:+ V(@® — a)i,
S0 < sec! (z/a) < r/2]}
=xsec'1 H-alog |z 4+ v — oD,

{m’\ [r/2 < sec™! (z/@) < x].

AN
53L1. T P e SN
f T seC Gri:{: 5 500 2{(% a%),

O [0 < seet (z/a) < /22

:..\:‘ 2
%' = % sec—1 245 \f'(x —a%
AN [11'/2 < sec™! (:z:/a) < 7}

331’.2. f $2 Sec—l E dz
4]

= _ng sec—lg - a_ﬁI_ (2 —a®) — %Elog [z + 42— a)l,
0 < see™ (zfa) < /2]

seet = 4 E NG - 2)+ﬁlog1z+xf(x2—az)l,
' (/2 < sec™ (z/a) < 7]



122

531.9. f 2 g0t © g,
[#4

532.1,

332.2,

532.3.

INVERSE TRIGONOMETRIC FUNCTIONS

f 1 sec L g
z @

+Q-4--ﬁ-7-7a~f

1 T
f -suec D dzp
x 2

it 0 ahde
74 1 & n+ 17 et -
[0 < sec™! (z/a) < w /2], [ = — 17
41 -7
LAY —f— a g‘ dx

n+ 17 nt 1} VG Ty’
[7/2 < geet (x, @) < 7], [n= 1]
a® 1-345
z—loglf’;[_{' +2ﬂ)3+u4: ,_)xa
. v
18 50 +-- [0 < sec! (g,\*’a‘j”( 7 1.

e 3 N\
= E P + _,_“'f(.__.__fgj:,‘.
z a az’
[0 = t‘a‘& (zfa) < 727
~ Esec—lﬁ Wt — a‘),
A N
..}t&(—f 2 < gect (zfa) < 7]

N\

I

I 5% va?— g2 N ,_1 g[
2:62,5’?33“' aT dox? 42 |Z(|
N [0 < sec™ (z/a) < w/2]

& r A — g?) 1 aJ

-w-\-— ap—L — -
'{”} 52 SeC p '———————4(1.:32 4 3 CO8™ z ¥
| a\ [7/2 < see (w/a) < 7k
Lo =z 4z, (22 a?) :
5324 fgf:sec ~dzr = "—3-—:63‘?\“0 la—i-—‘—gz@—-—\f(xg“—' ),
{\ [0 < sec! (z/a) < /2]
w4 270 B

= — qec‘—l g —_ _(.._5[:,' }h & ) _\I,’(;c2 _ {12),

For 531-532.9, 2% > ot

I

a Doy
[7/2 < sec (z/a) < 7]

- ——-—-—-—-—1 see—t & 4% dz
( ~ 1jg=1™0 4 n—1 fm"\)'(x;* — EI?‘)

[0 < geg™? {wfa) < =/2], [n#=1]

e sec 1S 0 _ gz :
(n — D™ 3~ 53 V(@ — ab)

[7/2 < sec (fa) < 1), [n 1]
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534, fcsc_lgdx=xcsc"lg+alog |z + V(22 — a¥)|,
[0 < osc! (vfa) < w/2].
=zt —alog [z + vzt — a?),

[—7/2 < esc! (zfa) < O]

2
534.1. f z ese! g dr = % cset —I— v’(xg — %, 2\
[U < ese! (zfa) < ':r/.%l.
— x_g_ % 2 2 o\
= 5 oscT —\J(x—a) O
[—#/2 < ege™t (:a[a)t < Q7.
534.2. f 22 ese— L gz '\ v
a \:\ 3

st L4 9yt — ) + Llopls + VG — @),
[‘0\*< cse? (zfa) < w/2]

csc—lg - %ﬂfy’(x? a‘*? = —log lz + v (=% — ¢,
v [ = 7/2 < ese (/o) < O]

n+1 n.da:
534.5. neset L dp =l sl D 4 2
f X" CRC \? + GRET ?’i‘; + 1 \H(xg — &2) '

\}0 < cge? (:t:fa) < /2], [n = — 1]

'Y 4 O = a o1z Tz
QY mE 17 T n+lf\f(z2—~a2)’
D7 [ w2 <ese(zfa) <0],  [n#— 1]
53 I - fa, 1 &, 13 &
H fxcscl ( ‘3t TIEE S
1-3-5 o
Q +24677x?+')’
[— w2 < esc™ (wfa) < 7/2].
2 _ g2
535.2. ,..1_ CSC_I E dx - _]; csc_l E _ ‘\IJ(.T: a ) ’
z* a z % ax
' [0 < csc (zfa) < /2]
1 & ‘\‘{(32 - ao)
= — - ese S

as
[— /2 < cse? (w/a) < a1
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1 =
535.3, f;csc de

[0 < ese ! (zfa) < /2],

i izt — g a
=—'2‘5'§‘350‘1G _(——2——)'{*4,005 =\

4qx

[—m/2 < csc—l é@(ﬁ) <0l
@%) v

e

5354, }i e8¢ d;g = — i el X z
E 38 a

ro \g‘}sc‘l (zfa) < 7/ 2].

= —-?js—scsc‘<§\+ (22 +a)\1(a;2-—a2),

t— 7/2 < cset (zfa) < 0]
535.0, f — csc“I

= T 12 a dx
{7(\‘ Dzt ose™ e n—1 f (@ — ¥’
& [0<oot @) <nf2], o 1)

..f‘:l 1 T a dx
U= — —1 =
N D% gk f TN — )’

;\\ [~ 7/2 < cse1 (x/a) < 0], [n 5= 1]
sEor 534-535.0, 2* > g,

u\’%
\¥4

N\
A
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550. e’—1+1‘+ + + +%’;+..., [2? < 7.

s e loza zloga |, (xloga)? _ \

BOL @ =g = I4Dm Tty

z log @) O

+lzlear, [#X )
2 g o v

550.2., 6_’=1_'%+%-3'_+a_“ ] \/ [$2< “-’U:l
& . X lez Bg$4 - 3.’,&'8 Bg_zs

R TR B N s ik R

[2? < 47°% (886 45]. [Ref. 34, p. 234.]
{~I"‘
vin u W W 8 3u | 56
582.1. e =1+u+“"—'*—“—'-5*!-“r6—!_+7+”"

21 ~Nq]
{,,,g\ [?ﬁ < @]
\\;’; 4uf 3Lt
552.2, geos =?.,E£‘_§+DH_W+ ]; [ < =)
2
\ 4 5
552.3. e§a§?>;1+u+ R N LN
N [u? < 7247,
§“\'v'

3

{38‘4 enm-—lu._.lv__][_u,.i_ _]_231‘: _I._ + RN [u2<lj.
[Ref. 5, p. 92-93.7

552.. an—1luw __ ,_,_118_71#4 ?E_E PR

i Itutgi—gi—mwtyrt o
[w? < 1]

The term in w” is g.u?/n!, where app1 = g» — n(n — Lasa.
[Ref. 34, p. 164, No. 19.1
125



126 EXPONENTIAL FUNCTIONS

552.6. ¢+ + e e L
- _ = __’_ ‘Vllﬂ' I: + 3_1_2]%2 + 6—22*11'21'[-7'-2 + 6“32#2'&2 + el ].
The second series may be more rapidly convergent than the first.

[Ref. 31, p. 129.]
553. Iim 2= = 0, for all values of n.

I =31

[Ref. 8, p.432.]

EXPONENTIAL FLNCTIONS—-DERIVATI\VES

553, 2w s63.0. BT L e 563.2,.¢ i = a*log .
dr dx )
. m\\'
da“” d y\" } d’lj
£63.3. —— = g~ Ao A& ¥ ==,
3.3 o, = o log a. 563.4 @ a¥(log a) I
. i
where g is a constant, ¢
du¥ " \ y
563.5. o = Y 14 I “ ot u?"(lqg uy 7
dxlf
- T = y_l
563.6. — = yut + xs(’;tog a:) de

563.7. i :zi{\k log 2),

EXPO’NENTIAL FUNCTIONS INTEGRALS
x 0\l

565.\« ’ f Fdz = o, 565.1, f iy — ée“”.
\»\)3565 2. fe“‘“’dx = — e, 565.3. fa“d’r; = a*/log a.

566, f Fe)de — é f ﬂ?ﬁ

where 2 = ¢, Note that
a® = gt log zx, &-I’Id atf = Fled lag g,

567.1. fxe““dg; — gor [E _ _1]

a gt



f r2e"dx
f x¥etrdr
f e dx

+

"~ e dx
1=

568.1.

568.11. Tor f C—ff, note that & =

568.2. ez
X
568.3, f i
2
PN 4 )
568.8. e_‘gw
i"\. ’

‘:}; ax
568,00 exf“’ =
\"‘\s.'

569. _dr
14 &

dx

@
560.1, L I
: fa—i—be“ a

INTEGRALS 127
e [P _ 28, 2
. a o &
N O . . )
e T W T
= ager _r f Lo,
a a
far omert | oa(n — Lyzn?
= [E S a® PO
‘1 :”\\.
(— 1)n—1 n! g +(— 1" “+1J Eﬂ 2/0_‘1
A
@31—’5 l\\
= log |z| +2 I AN 5 9,+ 3. 31\%?}'“
an:lrﬂ @ \,: 5 i q
* "[— W{?‘ ¥ [E <
. g.r:.ﬁ}gc
v: N
_ % + d.’f evdr [See 568.1.]
,\
4 T i _
- i\giz_ o @& [Beo 5081
4 i ‘
awda.
7
- =t o |
[n>1]
% ae™® .
(n — 1):1::“";E - {(n — 1) (n — 2)1:“_2

o2 o fﬂ?
(ﬁ_.l)fz‘ (n — 1! x

[See 568.1.

fn>1]
ez -
=a:-—10g(1+6z)=10g1_;?

—li)log la + be*|.

Wi



128 EXPONENTIAL FUNCTIONS

zetdz &
570. AFaf " T4z
570.1 ze¥idy &=

A+ ax)® &1+ az)

ea:c
0T ol = — i —_
575.1. f €™ sin z dz o {esinz — cosz).

. A
573.2. fe“z sin®x de = 23 (a sin’z — 2smxcos:c+")
+ 4 A\

>
575.3. fe“’-’sm“xdx— pey [asm3x—3sm2xcosa:

@(a sinz — cos x)
T +1 ]

ax n—1
575.9. fe“”sin" z dg = 8D x"(%’sm T — ncos x)

@+ n ..2\
O + n_____(n f & sin®2 z dr.

o\ a? - n?

X N

ooz
576.L. o T i
fe cos ah:‘::,ﬂm2 T (2 cos x + sin z).

576.2. f &%z cog;aé;\dz =
\\Q,l

2
aze: 7 (acos"’x + 2sinycos gz - a)'

.\ P
576.3. f &rcost x dx = [a eos®x + 3sinzcos?z
W @+ 9

N 4 6(a cos = -+ sin z)].

\i:\;“ arz + 1

o) & cos™ ¢
576.9, fe“"cos"mdx* PR (a cos x + n sin )
'n\~0
~\J _

\ 3 - M 2= onst2 ¢ dr.

a2 _I_ n2
[Ref. 2, p. 141.]

5771, [ e=sin =% (asinne —
f ny dz P (e sin nz - 7 COS NEL).

577.2. f €** co8 ni d = (2 cos nx + n sin nx).

[Ref. 7, p- 9.1

P
az + nz



PROBABILITY INTEGRALS

s 1 e
585, Normal probability integral = 7@ ‘£ =Fe' dt

L\
= erf 2. [see 500
V2 A\
2\i2 o - 28 Y
= "’”(}) [1 ~ 3013 " %91 T 3. 3\1" ]
N2t < e
{\S@P Table 1045.]

586. For large values of z, the followmg as}mptotlc serles may
be used:

g “‘
R Y
R

1 2 o

i /

V@D f_f‘ at
B O\ 12 g—aFi2 i 13 1-3'5 1357 ]
Nl_(?) z [1{\3:2 PO ’

where = denotes app}%ﬁlmate equality. The error is less than

the last term used{
\ J

390, Error funbtron =erfzx = 2 f efdt
\i"\;s. ‘Ur‘?!' 0
.Q\ 2z [1_1?2 374_ﬁ£3_+...:| [ < =]

N T 13 T3l 3%
t 1 1:3 135 -
Sgk Erf:cml—%[l—-ﬁg—i-%_ 938 + - ]

502, Alternative form of the same series:

- ol 4l _ 6! ]
e ~1— o [1 - THZa) T 22z} 312y N

The orror is less than the last term used. [Ref. 9, p. 390.]

Tor tables of numerical values see Ref. 55e, Vols. I and II; Ref. 5. pp-

116-120; and Ref. 45, pp. 210-213.
129



LOGARITHMIC FUNCTIONS

In these algebraic expressions, log represents natural or Napierian
logarithms, Other notations for natural logarithms are logn, In and Jog..

600, IOg‘E a = 2.3026 lOgm a. 6001, ]()gm a = (.43429 It]gf .

I A
601, ]Dg(1+$)_‘5_§+'3_"71‘ T N
[2? < 1 and 5 =M1
Feor = 1, this gives a famous serics: <
...\\ o
1,01 1 1 . \J
651.01. U L T A
Glol. log2 =1 2+3 4—|-5 . N\

601.1. log(l—x)=—[x+~—+ -{-if:‘_[}\x_}. :!

‘Eﬁ<1andx— - 1]
r 142y \"‘
5012, log 7 —x) = 2 z -+ +5 + + ]
. 21;313}35‘ [x2 < 1] [Bec 738,
x4+ 1 "1‘
601.3. = e
01.3. log (m l) \ ”+ 3;1:3 T 5 52:” T 73:7 + ] !
§\ c’(nh“l . [2®>1] [See709.]
601.4. 1| “’A‘j —af ! S
Og( % %5+ 1 30 7O
1
R st
\»\*:, [z 4+ 1 > 17 [Ref. 29, p. 6.]
60141, @
X .M 08 &+ a) = Ing+2[2,B Fo T BE o
O 5
\M}w *3 ‘Za,a-i- ap + ] > [ < (2o +a)]

6015, logz = (z — 1) __(9"_.‘2“_13_? x (x'é 1y

— 1}
_.(E.T_)_..}_..., [U<T§2}
- _x—1 (x-—_‘{‘)ﬂ — 133
6CL.S. logx——-—x——-+—-ﬂ2—.+($3x3) 4 v, (2> %)

130



SERIES 131

-1 (z — 1) {z — 1)8
6017 logz = 2 [
0g 7 itTseri oy ]

602.1. log E + \/(5;—2 + 1)]

_z 1, 138 1357
e 332 V3454 " Za6Ta T

[z >0

[
=]

% , 1a 13 a, 13
B I S A
8y T332 T3 ds T EE6 6T

. \;\"é\tx/a > 17

2:?: 1 2 gt \]. 3.5 o
= — Jo )i -
Bl 22x2+244a<‘*\24663ﬁ+ ,
O me<-1
= sinh—1 ¥ = -, ’
ginh - csch 7o ld [See 706.]

L Y
L

602.2, log _\/( -+ 1)\ ]=—- — log [E + \/(:‘: + 1)] .

TUse the series in 6Q2\I\and multiply by — 1.

602, E \ x2 X 1 (12 1-3 at

&1%“+ @*Q]“%E‘m@—fmﬁ
i

.\*' 1-3-5 df

o ~sages 0 el

N®

\J [See 260.01 and 707.]

602.4. log E _ \z( )]
E_

_ 2x 1 1-3 & 1-3-5 of
g7y T332

244$4+2406I5
[z/e > 1].

= — log l-g + \fg; - 1)-] [See 602.3 and 707.]

+ -y



132 LOGARITHMIC FUNCTIONS

2
602.5. log [g + \/ (f’; + 1)]

_a_1a 13 & 135 d

@ 4.
T 237 ' 3-4-525  2.4-6-74
|:a:g > o]
2a 1 2 1.3 z* 1-3.5 of
oyt 55 "9 i i T 2R
[afes &M
N 2¢] 12 1:3 24 1-3-5,8%
=l T mengtagaa T 2466£+
¢ Yo < *1]

= cseh*lg = ginh-1 2, . Lg;ée"ﬁﬁz.l and 711.]

502.6. 10g[\/( +1) ] log}f +\/( +1)]

Use the series in 602.5 and multlplyhy -1

2 2 . 4
602.7. log[ +\/(a 1}]“10?“ Lo 1382

222" 24744
S 1.3.5 o
o Trieeg e ber>1l
:..,\
a o\Q a_
602.8. log [E L\ p 1)]
2, 1 13 gt | 1.3.5 of
Nl Tt st a T rnes st
x:\"
i"\.“ Ea/x > 1].
AN
R\ ~tog [2+ (% - 1)]. [See 710.]
& , g g 5
) 6031, lo =] _r_E L.,
N\ g lsinz| = log o] — & — 705 — 52
22n—Ian2n 2 9-
W — ey Ex L ‘.’T].
[Integrate 415.04. See 400.1 and 45.]
603.2. log|sinz| = — log 2 — cos 2z — 0_0%4_3 _cosbz
3
[Ref. 38, p. 275.]



INTEGRALS - 133

603.3. logeosz = e £ 2 _lw
' 2 12 45 2520
22’1—1(229 —_ I)anm .
T n(2n)1 T

[2? < #%/47]. [Integrate 415.03, Sce 480.1 and 45.]

603.4. logleosz| = — log 2 + cos 2z _coszéx_{_&sa(if_ <

[Ref. 38, p. 275.] [eos z = O -
4 s AN\
603.5, logecosx = — 1 sin?z 4+ =% 4 SnZ « W
2 2 3 N

+ sir:x " ], Eff‘< 22/4].

z? 7 4 2) & aan
603.6, log {tan 2| = Iog |z| +*§+9_()x + 357 +

o2 B — 1)B.a™ |,
7 n(2n)! +

[2% < w2/4:|.,‘.j:f_;§éé 415.06, 432.10 and 45.

H

604 log (z + dy) = logr +4(8'+ 2nk), _
Where r = + (22 } 32, codf= z/r, sin § = y/r, k is an integer

or 0, r is positive, ¢ =\{‘(f— 1) [Ref. 5, p. 3.}
60405, @ -t gy = pi®rard), [6 in radians.] [See 604.]
\<&
6041, log (— AL log 1 + (2 + Lyme
\s’;\," = (2 + )i, [See 406.03.7

N\
605. lim\zlogx = 0. [See 72.]
S 2o

~\J
/ LOGARITEMIC FUNCTIONS—INTEGRALS

61, flogx dzr = zlogz — .

610.01, flog (ax)dz = zlog (ax) — =.

2 2
610.1, fmlog:sdx=%10gx—%'

N




£

3
3
4

™

i34

610.2.

616.3.

010.9.

611.1.

8l11.11,

611.2,

611.3.

611.9.

612.

612.1. ¢
73

i”\.s.
N
.‘@,z,

RN
ay *

o~ e
.n\ s 7

612.9,

613.1.

613.2.

LOGARITHMIC FUNCTIONS

g 2?
fleogxdxn—gloga:——-g—-

a2 zt
3 - -,
fxlogxda: 410g:c 16

p+
fx? log (ax)dz = + llog (az) — e x+ 1y
N
[ %=1
100, $ aon. x)z \'\\“\
f x 2 ! hd
log (az) 1 )
og lax = _ 2 /":’"
f e =g le@p (¢
flogxdw_.__]ig;%'-—li,\\./
frr & &7
: . ’...\1"
OB% gp = — BNV |
log (a2) \ NV loglar) 1
N T VN T
~ 1'
\”\ [p ## 11

f (I‘@éxﬁdx = z(log 2)* — 2z log = + 2=.

f z{log 2)%dx = (log ) - log z + 2,

2 3 2 3
f £*(log =)z = 3 (log z)? — _gx_ logz + = 57"
5 2 _ P . DpPH
f:c (log z)dx Py (log )2 — b FI? log x
S
(fog 2)2%dz _ {log 2)?
z 8
(log2)’de (logz)® 2logs 2

. zP x r z



INTEGRALS 135

£i3.3 (Gogz)dz _ (logx)® logs _1

13,3, " 2;52 2$2 42:2

£13.9 (log z)*dz - _ _(oga)y __2logx

o f (p — Lzxt (p — 1)%r2
2

- =T 13
— 1y¥gpp-i [p =

(p — 1)z .
ﬁli‘t. f (100" x)3dx = x(]og W)a —_ 3.’{7(]00’ x)z + 6&7 Iog 7 — 6{3\’\"\'

N\
\/

 {
AN

z(log )7 — ¢ f (log 2)*1dz, )

\Ifg;é—l]‘

i

615, f (log =)%dx

log 2)%dx _ (log z)9+! x'\\': .
acy [ lemtdr oo D7 g -1
g‘ g + 1 ‘“t\\. L4 ;
516.2, o fp = xp+1(log x)q{:%‘w g 2] - Lf
fxp(loa %) U PF IS s (log ) 'z,
Q) [p g —1il.
6163, (log x) e — (’“&g @7 L9 (log z)¢ 1d= )
@u— Dt T p — 1 z?
[p, —g¢#1]
9t (log x)*
el7. flog -wlogllogx[ + log z + 23]
\“' Jogz , |
+ 3.3 + .-
2
61 (2 log x)
N f]ogxﬂ]"’g [log 2| + 2logz + 5757
(2 log 2)®

e T

617, =dzx (3 log 2)?
7.2. flogx = log |log z{ + 3logz + — 51—

@loga)®
o




136 LOGARITHMIC FUNCTIONS

617.9, fx”dx = log |logz] + (p + L logz

log =
(p + 1)%(log 50)2 (p + 1)%(log )
T3 331 T

I:‘—— f & ;f?} where y = (p + 1) Iog z. See 568-1}

618.1, f El{f:nﬂ iog [log . [Put log z = y, f _\gyj
618.2. fﬁg& = log {logz| — logz + (lggle} ”
\‘gng') e
618.3, f F?:g—x log |log =] —\~ %’g:c + Q%?%!—x)g
O _ leot

s ) L
618.9. f 7logs log flogz] — {p — 1) log z

Np — Dlogz)®  (p — 1Plog @) | ..
\;\" 2.91 - 3-31 +

S5
619.1. I - —1

Fliog 717 ~ (@ ~ Dlog 571 o 711

61 2:'\ aPdr — bt 4P +1 2?dz

& (logz)? g — Dogz)*™ " ¢~ 1) Qoga)™”
D Tg =11

R\
~O de —1
N 613, f #llogz)t 71z — D(log 2)°7

_p—1i dz 17,
g—1 f z?(log )’ Lo 1]

620, f log (& + bz)dx = g _‘I; g log (a - bz) — .

b — z,
620.1. f z log (@ + bx)dz = log {a + bz) -I- % rg

262



INTEGRALS 137
G211, f log (a + br)dz j bz)dz

br b B bt
= (oga)logz + T — oafs t g — g +

[P < a"’].

_ (logba)* a a’ a® n at
2 be T 2722 3% ' 4Bt ! A

[b%? > gt} [Ref. 5, No. 439.]

\\

8212, fbg(“;*—ﬂf=glogx— (i+ )log(a—}-bx)\

N

621.0 log (& + be)dx _ log {a + bz) D '
R'S 27 = (p — l)xp_l \\
b dx

™ f (pr‘l')(a + boyzr
[z = 11 [See 101-105.7]

622. logzdz _ (logz)log (@ & ba:“) log (a + br)de
a4+ bxr RN
N\ [See 621.1.]

K N

623, f log (22 + o% c{x,%\:c log (z* + &% — 2z + 2atan™! E
)
.\\‘¢l ]
623.1, f z Iog (52+ adz = % [(z? 4 a® log (2% + a?) — 2.

623.2. f \x%g @+ e Halog 2 +a) - 32

+ 2za® — 24® tan E

o8

62}35 f #log (& + iz = 7| (& — 49 g (&% + )

4

& 2,2
— xa [
2+

m

. 2
a23.4. f a log (xz + az)da; = %I:x‘; log (x2 + a?) — 5.‘.?:5

2 1 5 ron—1 2.
+57 P — 2zat + 20° tan a]
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623.5. f 2% log (a? + a¥)dx = % [(x5 + & log (&® 4+ &
xig?

AN B A JY
3-1—2 xa]

+ §x5a2 - g-x%“ + 2za® — 247 taﬁﬁ“g] .

<\
623.7. fx7 log (2? + abdx = %[(m‘“ — &% log ( N a?)

2 xﬁa‘ :c“a“ E]
BEWAS: + e
)
624, flog ]:z:2 — aldy = xlog LQ{}— 2| - 2z
3 -i—alog +a' -

281, [ wlog la? - @ds = 3 [0 — o) Tog |22 — | —

524.2. fleOg{(b — a?ldy -—*%[m‘*log {22 — o2 —%x‘*
L
\\ —[— a
RS a
\<
624.:-}{,\“:[ 2 log |2* — a?|de =

— Zma® + o log

Wa

[(x4 — a*) log |2? — o
O _%4_32&2 :

E

Q 624.4. fﬂ:‘logIxz—a2|dx=%[a:510g|x2—a2] —%ﬂf’

2 b
— 5 Fa® — 2zat + &P log ;

3 —a

624.5, fo’log |#% — a?|dz = % [(a:‘5 — a® log |2* — o*|



INTEGRALS INVOLVING r = (x* + a1 139
624.6, fxﬁlog |2? ~ a?|de =—;-[:B710g [2? ~ o] ,__?_,87

z+a
x-—-—.

3]
624.7. f:c"log [2® — a?|dz = é [(za ~ &) log |27 — g2

B x_s :_rﬂaz it . s N\
T A
A

2 r 2
-3 2 — z Bt — 2za° + o7 log

475 T T e
. &\
W:hen integrals of the type Sz log (u? — #%)dz arc required, these &
pressions can be used. \
/‘n"

Integrals Involving r = (a? 4 a®)12 +47

\:"\\ v

625, f log (z + ¥z = zlog (x + 1) — . \['See 730.7
~

\N

The positive value of » is to be taken. ~
2 2 v
625.1, fxlog (z +r)ds = (i:- + %).log @+n -
N

2
%N [Bee 730.1.]

LY
N>

@2 [ 1 &\, e
z* log (x-i—r)dx'{% log (z + 7 9+ 5

. L\Y [See 730.2.]
623.3, fﬁalo “.H.;.., (x.; 304)
g rde = (+ — =) log{z +7)
> i~ 52
Q)" #r 3
;i§~ — "1—6 + 3—2 aZar. [SBB 730.31

6254 ¢ ’.'5' 3 P
54’\*\)}}“ log (x -+ ride = %IOg (# +r) — 58

+ 1_25 a?r® — %’ . [Bee730.4.]

i
625.9. f 2% log (x + r}dz = ﬁﬁ—l log (z +7)

P+
_;z.;_—-l}-_lfx'—?‘_x’ (p=—11

[See 201.01-207.01 and 730.9.]
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626.1. f log[ +\]( +1)]

r_. 1 £+ 1-3 Eﬁ__. 1-3-5 'ﬁ_[_..
¢ 2:3:-34° 2:4.5-5¢° 2:4-6-7:-7q ’

l {7 < o]
W Ut F S
“2\%% PR T IBE T 2460 A

Czfa> 1]
-~ Log|Z|) 4813, Lo |
2\ % P 2BHE T TLE S ’
[zfa < — 2Ty [See 731.1.]
626.2. flog (zg+ ) _ _log(z 1) sjl;};)g a+r ,
T x va z
where r = (22 + a2, e N\ [See 731.2.]
\
log (= + r) __ Top (x 41 7
626.3. f " = [Soe 731.3.]

P Y (p — Dt + p—17f a7’

626.9. f log (z + ") - log (x4 ) 1 f dz
{p . 1], [See 221.01-226.01 and 731.9.]

\Qstegrals Involving s = (x? — g?)12

627. ‘.f.flﬂg (x-fs)dz =zlog(z 4 s) — s [See 732.]

.
/The positive value of s is to he taken.

O
(871 [ elog @+ s = (5- Dog @+ - .

A
Q~ [See 732.1.]
2
627.2, fleog(x+s)dx=%-3log(x+s)—fgf-*%f-
[See 732.2.]
627.3, f *log (z + s)dz = (ij - %‘éﬁ) log (z + 9)

s 3 , 3
g~ 3p 428 [See 732.3.]



INTEGRALS INVOLVING s = (x — @%® 141

5
wa. [ 2tlop @+ o = Zlog (a4 9) — 5

2 e dls
e [See 732.4.]

15
627.9. f 2 log (z - $)dz =
B (a+9ds = T log (o + 9
1 xPtidy QO
P + i T’ [p L lj'g\t\.

[See 261.01-267.01 and 73'2:'0}’] )

a
< 3

1 x z ,
628.1. = had
1 fx log [G + \/(E - 1)] d:c ' ..,,\'\’”

_1/ 2\ 1la*, 1-3at, 1387
2(1"%;) tratisstawes T

[z/a. >1\_|\ [See 733.1.]}

log {x &
628.2, f_&(_z'i_‘i)dx _ _lopeqy (1 ,ls
z &N a a

[0< sgfzj"fi;/a | <#/2]  [See 733.2.]

A\
628.3, f log (z + ) @ logw+4) | 8
e

z8 2a? a

o> [See 733.3.]

628.9, flog (B 5) _ _lg(z+49 1 dx
gﬁ_— & ( — Dz + p—1 f z*ls?
SO [p=1]  [See 281.01-284.01 and 733.9.]
\®
~
630.1, f10gsinxdx =zlogs —z — % - 9-%%
T An—1 Dn4-L
> 7Bz cer, [0<z <7l

T8 T T T a@n+ DI
[Sce 45.]  [Integrate 603.1.]

gin 2x sind4z  sin 6z

e i ——— e % 4 A
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N x7
630.2 flogcosxdx=-—-6——66_3_ﬁ
LR el L
22680 n{2n+1)1

[2? < 7%/4]. [See 45.7] [Integrate 603.3.]
Sln2x __ sindx + sin 6z _ .

2.22 2B ’
[* < 1r2/4] [I*ltegrate 603.4.7

\ -

630.3. f10ﬂtanxdx=xlogm—-—x+ —E— .0, i

6247 g2 (92—t & 1)Bﬂ
TisE T T TEg T
[0 <z <w/2] [See4s} [Integrate 603.6.]
. 1 o g
631.1. f gin log z dz = Exm%;}?g'a: ~ 5% 008 log z.

= —zlog2 +

$2n+]. _|_ N

631.2. f cos log z dx =%«x sin log 2 + % z cos log .

N 1 [e* ,
832, feawmg 2 a5 Loiogs - 1 f # do. [Seo 508.L]

\"\ [Ref. 20, p. 48, No. 106.]

¢ \/

N\
X }ambda Function and Gudermannian

640, NP2 = log tan (7_r
I

4

+ g) = log {sec 6 + tan 6)

W

,\\x"' # = gd & = the gudermannian of r = 2 tan—t & — g

N 641, 2 - gd™ 8 = \(8), the lambda function.
\\ “ 6421, sinh # = tane. 642.2. coshs = secé.
642.3. tanhs = siné. 642.4. tanh (z/2) = tan (6/2)
7 —1
642.5. 2892 _ oop s 642.6. LB9T _ oo,
dz d

[— 72 <8 <7/2}

It 8 is tabulated for values of z, the kyperbolic functions may be obtained
irom & tablz of cirenlar flmctmns



450,01.
450.02.

650.03.
630.04.
650.07,
630.08.
650,09,
§50.10.
650.11.
651.01.
651.02,
651.03.
651.04.
651.05,

651,06,

651.07,

631,08,

651.00.

mmﬁ

63111,

651,12,

HYPERBOLIC FUNCTIONS

cosh?x — sinp?z = 1.
sinh x = +/(cosh®z — 1),

= — 4{eosh’z — 1),
cosh x = (1 3 sinh? z).
fanh ¥ = sinh z/cosh x.
fanh® z - sech?s = 1,
cinh*z — esch’z = 1.
ginh (— z) = — sinh . P
cosh (— z) = cosh =.
tanh (— 2} = — tanha. \
sinh (z 4= 3) = einh » cosh y 2= cosh :gxsin\h Y.
cosh (x 2= y) = cozshx eosh y == sinkgsinh y.
2sinh # coshy = sinh (z + v) +h (= — )
2 cosh = cogh y = cosh (z + y)dcosh (z — yh
2 sinh x sinh y = cosh (= -}~‘?f} '— cosh (z — g}

) &=y
smhx+sinhy=2§’qhx_2|_ycosh 5
L — z+y

ginh & — cinhdp = 2 sinh = 5 ¥ cosh =

\¥/
RS z + z -y,
cosh :t:{;ij:}o:sh y = 2cosh—% ¥ cosh 5

N

A

..\ B g o g
\Ct?“h & ~ coshy = 2sinh Z ¥ gnb —5

\ 2

sinh? sy — ginh®y = sinh (= - ) ginh (x — ¥)
= gosh?z — cosh®y.

sinh? £ + cosh?y = cosh (z + y) cosh (z — ¥)
= gosh? ¢ -+ sink® y.

1

[z > 0]
fz < 0]
630.05, sechz = 1l/cosh z.
650.06. csch z = 1/sih &

2 2 = ———
esch? o — soch? ¢z = cach® @ sech® ¥ = v che

651.13. * (sinh & + cosh z)" = sinh nz + eosh nz.

143

N\
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651.14.

652.12.
652.13.
652.22.

652.23,
632.3.
652.4.

652.5.

652.6.

653.1.

653.2.

653.3.

HYPERBOLIC FUNCTIONS

1

— - — = gosh z — sinh z.
ginh £ + cosh z

sinh 2z = 2 sinh z cosh =.
sinh 3xr = 3 sinh & + 4 sinh?® 2.
cosh 27 = cosh®z -+ sinh? %
= Zginh?x 4+ 1 = 2 cosh?a — i. 2\
cosh 32 = 4 cosh® x — 3 cosh 2.

sinh® z = %(cosh 2z — 1), RSN
cosh? z = %({cosh 2z + 1). O
O

sinhg = y{i(coshz — 1)}, 4 [z > 0]

= — Vi}eoshz — DL [ < 0]
coshg = 4 {L(cosh 2 4 1)",1,\. N
tanh (z & 3) = t@ﬁﬁ‘x =+ tanh y .

4 _@%t tanh z tanh y

7 g’ : sinh 2 & sinh y

tanh ( KX ) ~ coshx + coshy
A 2 tanh z
N gl ek
x:\’..:

N\

ad
S

“~

~O 653.5.
3
653.6.

653.7.

653.8.

653.4,)  tanh z + tanhy =
N

sinh (z &+ 3)
cosh z cosh g~

tanh% - cossli]ni; ! - 00:111]1313 -QI:- 1
e - ez

ctnh 2z = %_

ctnh‘_; = co;}iln:i - .coz?n; 1— L
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fawy

654.1. sinhz =3 (& —e™)

2
1/ 1
where log, ™ denotes the naturel anti-logarithm. This may be taken from

a table of natural logarithms if series 550 is slowly convergent as with
large values of x. By noting that log,lz = logi? (:4343x), a table of

gommon logarithms can be used. Q|
6542, coshz = % (¢ + e, x \)
' R YA 1 AR
~ 2 (Iog‘ ¢ gt x) o
[See note uﬁd\er 654.1.7}

ef—e”® e —1

654.3, = = e\

tanh z e Rl g | \,\\
6544, coshz + sinhz = ¢=. 654.5. :cf.)sfl z — sinhz = ¢
654.6. sinh ({z) = ssinz.  654.74) -eosh (ir) = cos 2.
G34.8. tenh (iz) = 7 tan =, N

655.1, sinh (z + 4y) = sinh a:gégé,r =+ 7 cosh z sin g
058.2, cosh (z = i) = coshg cos y = ¢sinh x siny.

AN
. . . z8inh 2z & ¢sin 2y
655.3, tanh (x - 3_1})‘ iﬁsh 55 o8 2 .

sinh 2z = ¢ sin 2y

655.4. B -
4. cinh (is'.\ﬂ; #y) cosh 2% — co8 2y

/)
6561, siph\0 = 0. 656.2. cosh0 = 1. 656.3. tanh0 =0.

*

5 4
657-1~;f>sinhx=x+§3—,+%+%+---, [2* < .
22 ozt & 2 -
657.2. coshe =14z +45+tgt f«? < ]
17 62

6 = 4550~ 557+
3. tanhz =2z — 3 + {37 ~ 3757 + 5535 %
(= )22 =D p ot L
-_— ..|_- (2”)! an + '
[af < 7%/4. See45]
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657.4. For large valucs of z,

2,2 2
tanhz =1~ 5 5 — S 4 -

L,

3 el ‘,1:7

1 r oz
5 = _ i | 4 ...
657.5. cinhz =S435 — 75 515~ 7705
— 1 n—l)%’a P
+ ( (2)}?’\! B 2n—1 s.i_\. .
[ < 74{\ See 457,
657.6.  For large valucs of x, A \ »
A 3
ctnhz = 1 4+ — 92‘ + e” + 63:\?“\
657.7. sechz =1 -2 &}G 4 2222 1385
‘Ai‘} ( 1) I
WO Tagriet s
N [z® < 7%4. See. 45].
1 aN'78 310
657.8. == Y o
g wohe =2 <%V 3 — B0
N\ ) o
O 2(— DM — 1)
¢ N/ An—1 ey,
WSS T g BT
e [22 < 7% See 45
2N/
'HYPERBOLIG FUNCTIONS—DERIVATIVES
NV
> dsinh
3 \1 qgi % = coshz. 667.3. d tz;z;h T — seck?a
,.\“Ji‘
6672 dczihx = sinh 2. €674, d at::;h:c — — csch?z.
(A0
d scch
667.5, q;z L sech  tanh =.
d ~
667.6 —CE‘-B;—Q: = — osch z ctoh 2,
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HYPERBOLIC FUNCTIONS—INTEGRALS

£70. An integral of a trigonometric furction often ean be
changed into the corresponding integral of a hyperbolic fune-
tion by ehanging x to fz and substituting

n () = 4 ginh &, cos (i) = cosh z, tan (fx) = { tanh z, ete.
[See 408.10-.15.7

This substitution is useful also with other clasges of formulas.

~
Integrals Involving sink x O
N
671.10. fsmh x dx = cosh z. '\\
671.101. f sinhZde = cosh 2. w\)
a @ \\\

671.11. f zegnhadr = zecoshz — sinh;vi.;:’

R Y
N N

L g

67112, f 2?sinh ¢ dr = («* + 2) gosh = — 2z sinh .

(g:{i"{;%x) ‘tosh z — (32? 4 6) sinh .

671,13, f Peinhadr =
\\5,'

6?1.19. f TP Slnh T (i’;g = xp C()Sh X o— p f JCp_l Gﬂsh T dx.
\ J
x,\ b [Bee 677.1.3

671.20. fg@z dz

5712{\ f x sinh? 7 d =

smh 2x

_z
5+
z ginh 2z cosh 2z _ 72

& 8 4"
671.30 _— eosh® z
. sinh® z de = 5 cosh z,
671,40, f Sinh? o de — sm3hz4x _ smi pL i i;_$

671,90, fsinhi" sdr = i[_l) sinh?? z cosh z —

1fsinh?’—2 z dx.,

p—
p

N ¢
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sinhz x5
672.11. f “Zdr =2+ 3,+5_5!

672.12. f S“;};‘x dz = — @ + f ﬂz}ﬁdx. [See 678.11.]
ginh? x 1 1 £ cosh 2z
672.21, f = de = — §log lz] + 5 f -——2—5—~d(2m).

[Ses678.11.]
A eN
tanh 5 ‘: K\

e

7-7!

SR

f

f esch z dz = log
1 ) cosh z - 1 A\

R —_— £

2198 oshz — 1 K7,

dx
673.10. f P

I

z dx 8 72 ~"‘;\\31x7 1274
673.11. fsinha: =% 5] "'3-5-51 3T e
3 — 1 5 aen
- _|_(_‘N1?‘ (2n+1)' Bpg*tt 4 -
[z2 < #% Seed5).
675.19, f L uxpaald-——-——by 657.8, multiply by #* and
integrate, S [» # 0]
673.20. —‘i’%—\ = | esch®’zdr = — etnha.
sab
673.21. fig% = — z ctnh z + log |sinh .
6(“\30 J‘m = fCSChs zdx
cosh z 1 x
T 2ginklr §!og|tanh—2-’
dz ctnh® z
673.40, f m = Ctu]lh T — 3
de cosh z p=2f_ do__
673.00. fsinh"x == (p o l) sinh?— = = p — 1 fsinhp-sx
[p > 1}
; — )
675, ginh (m + n)z _ ginh (m )
75 fmnhmzsmhm:d S T ) 50m — 1) !

[m? 5 n?  If m? = n?, see 671 20]
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Iniegrals Involving coshx

677.10. f cosh z de = sinh =.
677.101. f cosh Z dz = g sinh -
a a
677.11. f 2 cosh ¢ dr = zsinh z — cosh a.

677.12, f z2 cosh z dz = (2% + 2) sinh x — 2z cosh 2. N

« \/
\
ol
s
L 3

677.13, f 2 cosh z dz = (2® + 62) sinh z — (32° + Q);’,cosh x.

677.15. f 2 cosh c dxr = zPsinhxr — p f :c{’.“\ﬁinh T dx.
":\ 7 [See 671.1.]
smh 2z >

677.20. f cosh? x dx = + 2 R

2
677.21. f 2 cosh? 7 de = x 31151;2;% 005181 2r n i

e
677.30. f cosh® z dz =*\S-E??——x + sinh 2.

:“ ) inh 2 3z
677.40. f cosh* a:\d,v = s1nh24x + ‘Sm4 -+ B

\
677.00, L\%}Shp zdr = % ginh z cosh?* z

+ E—%i f cosh?* z dz.

b

&7 cosh x " -—$4—-+-—+'“
811 | PTdz=loglz| +agy T gl T EH

678.12. ICOShIdx - coih:c + fSinjxdx.

..\
\ W

2

[See 672.11.]

h
678,21, f&“ﬁMﬁ _ %log 2| +%I%Ed(2x).
* [See 678.11.]
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679,10, f e _ fsechx dr = tan™! (sinh z)

cosh z
= 2tan—! ¢® 4+ constant,

z dx z? 2! Br®  61x8 | 1385z0
679.11. fcosh:c B T U R TR Ty

Gl /PPN
T Tyt e

[a* < 74, (e 451

I
679.19, f ok Expand e h by 657.7, muﬁlpry by %? and

integrate, ,\ D [p=0]
679.20. f 5~ = f sech? z dz = tanhz.
cosh? x RN
; K9,
z dx A\
679,21, fm = xtanh z ——ng cosh z.
dx sinhesd® | 1 1 fes
679.30. f P X 2 Iﬁ + 3 tan~? (sinh z).
dz tanh® z
40, = _& -
679.40, f cosh‘fgr,‘_ tanh z 3
\5,'
\ }3\, _ ginh x p—2 de
679.90. _[u(;,géhp po - (p . 1) coshp,_l z + p — 1 coshp—-? T

[p > 1]
681\“ f cosh mz cosh ne dz

' ””' _ sinh (m + n)z . ginh (m — nEt}
~O° 2(m 4+ n) 2(m — n)
\»\: . [mg i ’.-‘%2]. [If mE = n2, see 6'77.20.]
dr z
682.01. f W—l = tanh §-
dx z
682.02. f oy = — otnh 2

z dx T x
682.03. f m = x tanh 3 2 log cosh 3"



INTEGRALS INVOLVING sink x AND cosh x
82.04. £4r_ _ _ petnh & 421 h
6 fcosh:r:—l— @ ctoh 5 + 2 log [sin 2|'
o205, [ BTG _ o pann L.
e coshz+1 * " g
cosh = dz e
582.06. f m‘_—i = p» — ctnh 3 .
da _ -1 fe _ z
682.07. f cosha(oosh s 1) tan~! (sinh 2} — tanh 3
dx
652.08. : = — ~1 — 2
§2.08 f coshalcosh s — 1) tan~* (sinh x} ctnh 15
dz 1 1 2. J\*'"
sa2.00, [ — 2 ot £30
09 f (eosh & = 2 tanh = 5% = tanh »
1 ' \/
682.10. . r 33.
10 f o — T = 2t ﬁnh
dx 1 3 co‘shz z — 1)
682.11. _— P N b
f cosh®z + 1 2\1’2 cos h 6 cosh’z + 1

Use the positive valuc of the 1 131v senst cosh.

682.12. f

L )

"\
4z L)
cosh®z — &\ ”

dz

sinh?®

Ickté;réls Involving sinh x and cosh x

’\‘

ginh?z cosh’z

6L )&mnh 2 cosh g dz = 20— = S5 + constant
\’”\i 1\' = M -+ constant.
685.12, f sinh z cosh? z dz = @%1}_8_3;
085.13, f sinh z cosh® z dz = 995—‘1;3
cosh?* z

685.19, f sinh z cosh? z dz =

p+1

151

Is/

= — ctnh 3. [See 673.20.7]

[p = — 1}
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ohd
685.21. f sinh? z cosh z dz = Sm.? z
inh? 2 _sinhdr =
685.22. f sinh® z cosh? z dy 22 3
685.31. f sinh® z cosh z dz = siph®z
~
. sinh?H z \
685.01, *rooshads = o % > 1
fsmh z cosh z dr P Dit;f
686,11, | " . — log tanh z|. \O
e fsinhzcoshz" g lta “t"’«
686.12 dr + logié: nh
- f sinh x cosh® z cosh z TN g
A\
dz
086.13. f sinh z cosi® & 2 cos}:@\x }_ log [tanh z|.
dr A ’m‘ 1
86.10,
086.19 f sinh  cosh? ¢ (g) — 1) cosh? 1z

\ z
j‘; - [p#=1]
o + fsinh:c cosh?2z’ 7 1]

686.21. e ! _ ian-1(sinh2)
1rb}:{\'c coshz  siahw '

W\ dx
686.22, lﬁm—- = ~— 2e¢tnh 2z,

1
686\3L f smh3 r cosh 2= ~ Tsbiy ~ log [tanh .

B/

) dz 1
:\6 .01, - = -
\'"\ ud 86 o1 f sinh? z cosh z {p — 1) sinh? !z
dz [P = 1]_

sinh?—2 z cogh 2 *

inh z d
687.11. f%lf_xf = ftanh:cdx = Jog cosh z.

[See 691.01.]

sinh rde _ 1
687.12. f oslga = " oshz = - gsech z.
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sinh z dz 1 tanh? z
687.13. f oif s Joosizr - 3 -+ constant.
sinh = dr 1
687.19. f cosh?z  (p — 1) cosh? 1z’ [p = 1].

. 2
687,21, f sinft’ z de = ginh z — tan™ (sinh ).
cosh x

I

H 2
687,22, IM dzr f tanh?z = z — tanh z. [See 691.02,] |

cosh? z e
. N\S ¢
sinb? z . sinhz .
487.20. f EE-S‘Ep—x dr = (19 — 1) coshP L 1 (“.}.

;c'—lfcoshi‘"2 ’\[ # 11

inh3 i \/
687.31. sinh’ ¢ dz = gnbz log cosh e
cosh x 2 -

S 3}
N /

1 O
687.32. f sinh® » dz = cosh z + 56C &,

cosh? z .

X
.’.

12 L 5
§37.33, f sinh® de = ftanh3 zdr = — ta,nél T + log cosh .

cosh®
AN [See 691.03. ]
. ¢ \/ 1
687.34. sinhz , &\ 1 .
87.34 f cosh‘* d & Jcosh’z  cosha
smhg;x 1 - 1
687.39, e dz = = ijcosb’ 17z (» — 3) cosh? %z *
’xw: [p=1or3]
R\ B W g
681, sinh?2g . tan ) [p# 1]
:73\ f cosh? dz p—1

\ } .
688.11. fc?s L iz = fctnha:dx = log [sinh z|.
sinh @
[See 692.01.3

1
638.12, coshz . _ _ = — cschz.
12 f sinh® z dz ginh z

tnh? z
6 coshg , 1 _ __CGBYT L constant
58.13. f s & T Zentts 2

N
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cosh z
688.10. f e
688.21. f cosh®s
sinh z
cosh?
688.22. T

cosh?

0688.29, f
5

dz

———— dx
inh? =

H]

I

HYPERBOLIC FUNCTIONS

— 1 L 1
{p — 1) ginhr-L g’ Pl
cosh z 4 log | tanh % I .
f ctoh® x dr = z — etoh 2.
N\

[s;,?:ggz.oz_]

_ cosh z 4;5\ ”
{(p — 1) sinh* = <~.},\.
1 a8y
"{_ P — 1 m\;—?x [p 7= }'J

cosh® ¢ cosh? z )
88.31. . =— gl si
688.31 f e do = 2 —IT’I,\og\,’.q*s'lnhxi.
cosh® ¢ O
8.32. | o dr = =
688.32 f o, 0% smh,.:: esch 2.
cosh?® z Y 3 3
688.33. m j‘CtT].h € o
"\ 2
\\\,\ = ctnh - Jog |sinh z|.
[See 692.03.}
p mh“ 3sinh®*z  sinhz
Q_ 5 eosh® x 1
6 - —
8\ f sinh? x (p — 1) ginh? T
1
' ~¢ — lor3d]
\\ (p — 3) sinh* 3¢ [p 1 0r 8]
h:n—2x + hp—l
683.7. cosh™™ » = _ ttnaTx .
sinh? ¢ &7 p—1" [ 1]
sinh z dx
089.01. fm = lﬂg (COSh xZ + 1).
sinh z dz
630.02, fm = IOg (COSh £ — 1\-
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dx — 1
689.03. f smhzcoshz 4+ 1)  2{coshz + 1)

+ % log | tanh 3 |
689.04. f ginh. x(cf:h:c - 1) - 2(003}113 - 1)
— %log ta-nhg’-
689.05. f cosh fciz]a:hd; T " s (ﬁg—l} . O
- O '
689.06. f cosh i:la}cl;:hdxx- 1)~ tog (%) . .m(‘:}‘:w
9

689.07. f sinh, ma cosh ne dz

_ cosh (m + n)z, \§03h {m — ﬂ)x
2(m + n}, \s (m — n)
[m? . b = u?, see 685.117.

Integrals Involving tamh x and cinh x
691.01. f tanh z dz = log coah S [See 687.11.]

691,02, f tanh® dx:»\ix\— tanh z. [See 687.22.]
N

2
_ E&I%l—f + log cosh z. [See 687.33.]

|

601.03. f tanh? zd&:

PRE s 1
£91.09. kt»;’nh?’ ods = — _’@EE”___ n f tanh?—2 z dz,

p —

»\’. :' [p 7 1}
‘5{3@'15 f ctnh z dr = log |sinh z|. [Bee 688.11.7]
693.02. f ctnh? z dz = = — otnh . [See 688.22. ]

2
693.03. f ctnh®zde = — ctnél T 4 log |sinhz].
[See 688.33.]
693,00, f ctnh? x dx = — EPM + f ctuh?? x dz,
p —

[p =~ 1]
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INVERSE HYPERBOLIC FUONCTIONS
700.  sinh'x = cosh~t y/(z? + 1).

Use the positive value of cosh? when # is positive and the negative value
when  is negative.

700.1. sinh'z = tanh? —v’_(a-:éi—!:T) = csch‘1 K& \

= —sinh™ (—2) =log {2 + \f(xg x{-'1)}
[See 602 1 and 706, ]

701, coshlz = £ sinh~l y(2? — 1) = K fanh—l v(@* z— 1

= sech S = & log fF (* ~ 1],
[:c‘> 1]. [See 602.3 and 707.]

1 b 143
-1 = o et D3 -
702.  tanh—'z = ¢tnh Ny log 1=’
N [#? < 1]. [See 708.]
. N1l 1 x4
1o = teph—12 - 1
703. cotnhlz '.\:t?\nh z =3 log e
\\ ' [z? > 1], [See 709.]
1 1
1 —'I. - 1
704, seCir = =+ log { 4 »\/( pe 1)} )
”\x\“ [0 <z < 1] [See710.]
1 1
'\ 1y = = 711.
705§ escht Iog{ + \/( el 1)} [See 711.]
\ 706 sinh~t x
A 1-3_ 1-3-5
TPt T et
[x* < 1]
- 18 135
log 22) + 552 2x2 244t T 2664 ’
[z > 1]
= —-logizxf —_ 1. 3 1.3-5 +__.}

5 2x2 T T T 566
[# < ~ 1], [See 602.1.]
156
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%07. coshlz = [log (2z) — %23;2 2%‘%1:4

1.3 -
T 246685 ] [z > 1]

[See 602.3 and 602.4.]

08, tanhiz=z4 4D 454 [z < 1] &
TBee 601.2:70)
P
1 1 1 1 A
-1 = = —_—— — —_— L Ny
0. otnhz = tast s taat o (2311

s .Eée% 601.3.]

T 2.4-6+6

ig_"?_ e — ;::’.’]’, [0<z<1]
0% [See 6027 and 602.8.]

<

al

711, eschlz D
_1 1 1\8 1.3-5 ,

Tz 2 33;5+2,4 b 2.4.6.737']" , [#>1]
= 2 1-3 1-3-5
_IOgEf"z“"-'z'“’?"zai e

\ [0<z<1]

A\

OY 121 _ 1 18, 185

'*\_l"g!E[_sz-“zWrm 25660 T
[—1<s<0] [Seeﬁﬂz.s.j

"‘\ ‘,l
7200/ ginh—! (& z + 4y) = = (= 1) cosh™ —— g +t

+ i(— D s ‘l—ﬂ + inx,
where the principal value of sin™! (between — r/2 and =/2)
and the positive value of cosh™ are taken,

» is an integer or 0,
z is positive, _
y is positive or negative,
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and where
720.1. s = V({1 + y)? + (positive value),
720.2. =l — y)* + 22 (positive value).

Notethatifx=0andy>1,t=y-—1a-nds+t=2y.
Hr=0andy<l,t=1-~yands-4+§=2

Alternative: N\
720.3a. sinh? A = log. (= VI + A% 4 4) + z2kﬂ‘\ :}
or P
720.3b, = ~ log. (= T 42 - {ti‘;{— 2k

where 4 may be a complex quantity and % is an integer or 0.

For the square root of a eomplex quant.it}'écc 58 and for the logarithm
see 604. The two solutions 4 and b areddentical. In any given case, the
one should be used which involves the ‘numerical sum of two quantities

instead of the difference, so ag to‘obtain more convenient precise com-
putation. RS

72L1. cosh™ (z 4 4y) ‘a::'ﬁ

N

=":i:\ eosh-1 2.1 ¢ + ¢ cost 2% + z'Qkﬂ')'
RA 2 +4q
721.2. cosh— {xdy)
R = (cosh“‘m ~ cost —2% 4 Okr
\,’ 5 2 COS P 1

whegg{tﬁe positive value of cosh~? and the principal value of
Qs*,{’ (between 0 and =) are taken,
O\ "

R\ x i3 positive or negative,
N ~S ¥ is positive,
N 7213, P = N1+ zp (positive value),

7214, g = {1 =2 4 (pasitive value).
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Alternative:
721.5a, cosh ' 4 = xlog, (4 + VA2 — 1) + i2%krx
or
721.5b, = F log. (4 — ~A? — 1) + 22k
See note following 720.3.
_ A+ 2+ N\
1 I e s T8 \
722.1. tanh—! (x + 4y) = > log, O—ar t 4 R
i itz L1— D
+ —{(% + D — tan= 2T tan 33}

where the principal values of tan—' (between — 7r/2 a‘.nd /2)
are taken and where z and y may be positive, m;‘negatwc

[See formula for tanh! (x 4 i) m\Ref 24, p- 115.7

Alternative: \ @

7 vl L _ E ,_,_\.—
22.2. tanh™! {z 4 4y) 10 (1 ) r

2y .
‘?':.;‘w}- E tan mg"—;—yz + ‘1.11'k

where & is 0 or an integeri “T'he proper quadrant for tan™ is
to be taken according t(the signs of the numerical values of the
numerator and the déneminator.

7223. tanh (2 4y) = 10;,,1 **ii'—:;’ [See 604.]
2 (Ref. 46, Chap. XL]
\‘,/
..\ :v
~O

N
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INVERSE HYPERBOLIC FUNCTIONS—DERIVATIVES

d . ..T 1
728.1. e sinh PP e )
d % _ 1 % z
728.2, e cosh a m s [COS}I E > 0, E > 1].
4 12 —1 -1 z
728.3. o cosh s V@ =&’ [cosh - <0, = >‘1:|
d z )
= a )
728.4, e tanh IE = B2 \ \“ng < (12]
N
d e @ l.:‘."
7285. o otnh= = s, ~A\° [+ > &*]
a @ -a AN,
728.6. -+ Al s —— \
6 o sech S NE =D
{sech:‘l (zfa) >0, 0<z/a<l]
d z ao ”‘“
728.7. - 127 = —_—
dz b g V(P o)
" [seeht(zfa) <0, 0<zfa<1]
Q
2\ —
728.8. d csch‘lw 4

Koz o)
{Except in .72:8 4 and 728.5, ¢ > 0.]

x INTEGRALS—(a > 0)
73()»\*:\;“ sinh—1 E de =z sinh“g — V(2 4+ a?.

. 2 A
\»\ o, f zsinht 2 dp = (—2- + %) sinh—ig ~EVE + )

]
730.2. f o sinht 2 dp = 7 sinht 2 4 2“ — 2 2+ ).

730.3, 2 5inh—* 2 dg = __$4 3at inh-1 %
f ! a (4 32/ a
3[123 2273

=5 V@@ 4 ).

-+
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730.4. f 2t sinh-t S dg = 2 ginh—1 %
o b a
Rat — 4% £
SR et ),
[Seo 625-625.4.
1
730v N 2 '_1 = —1 E
9 f.’c sinh dz + 1 sinb -

2Ptz ;
“5i1) TEre * O
[See 201.01-207.01 and'625.9.]
g

1. .
7311 f Zginh™! = de \::\\\.
e 1 B, 18 B N85 F
2T 7334 245 535_.\&?- 6T
NS [2? < a*]
_1 22\ lg?, 143  1-3-54
~ 3 (1°g E) THEANRES TR e
\\ ) [zja > 1]
o 1o l2E 1 e 1-3¢ , 1-3:5¢°
=73 Og\—’:,’ R A e R IR ‘
A\ [zre < — 1]
12, (L9475 o — LgnpZ
fx%?{*‘h adx xsm.h a
E"\;‘. 2 2
Q _%]Oga+\f'(f;+a) .

{.\’J;'
/ f{yp2 2
L3, f%sinh'l Zdo = - %Esmh-lf - 1@%;%@_)

[See 626.1 to 3.

1o, L= Zde = — ——t inht
fxpsmh ada: (p—l)zp-lsmh i

1 dz ,
t5o [ e T
[p=1]  [See221.01-226.01 and 626.9.]
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732. fcosh‘lgdx =z cosh—lg — V(@® — a%),
Leosh™ (z/a) > 07,
=z cosh"lg + V(2? — a%),

[eosh™ (xfa) < 0],

!
],

) cosh~' 2 — —\;(zﬁ - r:r?),
[cosh l(swa) > 0],

= (§ - —) cosh_1 “{*\ ’\f’(x2 - a?)

¢ "‘:Ecosh 1 {z/a) < 0]

da| &

732.2. fx*cosh‘lxda: —-x—scosh— x%’ i —}-x V{z* — a¥),

oo
P\ [cosh—I (zfa) > 0],

- Dot 2 L e
ﬁ}:’ " [cosh" (zf@) < 0]

732.3. f 2* cosh7k i\dx

\\ 4 !
(:c 3a) cosh“ig - 3_____“a2x3-2}- 27 V{o? — JH

:..,).": z 732
A X
AO [eosh—! {z/a) > 0],
;"\:’ frr 3t
{\ N = (Z _— .3%) cosh—ig + M ‘V{(xg — a2)
A\ ]:msslr1 (zfa) < 0]

Q 732.4. f z* eogh™! E dr

v'(x2 — o,

[cosht (x/a) > 0D,

2 osh-L & 8a* + 4a%2% + 32t . , 2,
= g coshl= 4 - V(z* — a’)
Ceosh (zfa) < 0. [See 627-627.4.]

- gcosh—*l z _ 8at + do2? + 354
a 75

"L
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732.9. f 27 cosht 2 do

e 1 22
=i e T 1) VE—A
[cosh‘l (zfa) >0, p= — 11
s . 1 PHde !
LR el
[eosh™? (z/a) < 0, p s — 1] [See 261.01-267.01 and 627.9.]
J\
733.1. f%cosh*‘— dx :’\

1 1 3¢ , 1-3:5
(102} + 5 ol i “-‘F

2.4 63
[cos QD Hzla) > 0],
_ 1 or\*  1a?, 1-3a*, 354
-~—[—(10g——) +_“#2+2_74_Ta“\+246" st ]
[cosh‘I (zfa) < O]
1 4%, 1 N
733.2. f;z-cosh adx— ——cpsht + gec! a

[cc:sh—1 (x}’a& >0, 0 < sec—1|x/a] < 7{2],

é\-*- 1 ccnsh—1 - l gec™

t}a}sh—l (:c[a) <0, 0<sec|z/a] < /2]

2
733.3. J‘xscosfr1 da:=——1—— sh‘1x+ﬂ£271§:‘;il

2z?
cosh™ (z/a) > 0],
1 z @G — e}

':\ B LT
\ — g2 © cosh™ a 20

AN [oosh {z/a) < 0]. [See 628.1-3.]

‘783‘.9. f L cosh—1 2 dx
TP a de
1 % 1 [
=_Wcoshla+p_1fzp—1\;(x2 a5y’
[cosh‘l (g/a) > 0, ‘p = 1],
1 4% __________-
=~ GO cosh™ = — 1f P — a)’
[cosh=! (z/a) < 0, p=1]. [See 2610126401 upd 628.9.]
For 732 to 733.9, g = 1.

H

3
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734, f tanh— g dr =g tanh—lg +2 Iog (0 ~ a%).

1:&::1h—I z + 5

734.1. f 2 tanh—t % Zdy =%

2
734.2, f z? tanh—? —E dr = %stanh*lg + E + c%slog (a® — 2,

O\
atx
4 \

L% B o E _ 2Pl
734-9- f.’.v” ta‘ﬂh dx + 1 ta-nh a p \"i" (1 f a2 — x?’
[p# ~ 1] {See 141.1-148.1.]

tsmh*I = —I— - +

4
734.3, f % tanh— f dy =&

735.1. f tanhhlxdxﬂ—‘f“yaa""?“‘-p?'f‘

N 2 _ 2
735.2. f—tan.h‘lzdx=—--t nh“l——zllog(a x)-

zﬂ
i -1:"; El_._l_ L
735.3, f tanh 7;2 " :(;2) tanh 2" %
B | sz 1
735.4, f gt 2 =~ bt 2 L
\ 1 a? — x?
A T 518 (—;2“) '
N w111 Lz 1 1
'?35.5.'&‘5&11]1 de_z(g )t S
o - .1. 1% - 1 a®
??:5}9- fxp ta\nh a dx - Wch
~O a de 1]
W oot =y e

[See 151.1-155.1.]
For 734-738.9, 2t « o1, :

736, f etnhZ gz = 4 ctnh— % + g log (22 - @2,

2 _
736.1. f z ctnh— T Zdz =2 . ctnh*‘x 4.4 i
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736.2. f ot otaht 2 dy = %zctnh-l 2 +% iy —log (z* — a?).
736.3. fxactnh—lxdx =”'Z_ ctoh~ 15+‘1—:’:3—I-T-
» etnh—1 w2 _o Vs
736.9. fa:ctnh +1 tnh+ 2 p+1fa2—x2’ ’
[p## —1]  [See141.1-148.1.} |
1 a9z, _ a @ a @ \\' -
#rL. f Z O = s T T T
L
737.2. 'lz ctaht 2 dz = — } ctnb-? % — 2— log: (&xz a) '
)
afg 1/1 1 I,
7373, f . ctah 2( ) ctn h\ - 5
1 z :c
737.4. ~1 = _ ¥
4 f SetnhZdp = — - f vtnh
,“’. R | 1 (m"’ - az) .
& 6ot~ 6 P\ &
L ’1 1 a% 1 -— .‘_1_.
7375, f = otnh~? d§>\¥ (_ - 5’) tnh 1w o = e
x 1 aZ
?37-9. f — thh_l de = — Wl ctnh 1 a
o%”’ £ dx ’ 1 R
N\ + p—1 f a*a* — 27) [p > 1]
~O° [See 151.1-155.1.3

\for 736-737.9, 2* > &%

738. f secht % gz = 7 sech z + g sin™! z,
a a a
[sech (z/a) > 0,

z "
= :csech“la — agsin=

[sech? (z/a) < 03
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738.L. f 2 sech % dz = ’ sech-1 % 2 2@ -,
[sech™ (zfa) > 07,

2
= % seah‘lg + %v’(az — %),
[sech~! (z/a) < 0],

a® £ . r ax
738.2. fa;zsech 1Edcc=§sech 1E—F«J(a2—-x2) O

@ . )
+ 3 gin—? E: [sech—li(@:/\a) > 0]

%3 sech™! z aﬁ + (qﬁt -:"x’)
a? A\
~ 5 sin I\ [sech—1 {(zfa) < 0]
9.\
738.9. f a? sech~t Z &z ¢
P+ sec'h—‘ x a zPdz

praet o T i) ve -y

8V [sech! (z/a) >0, p = —1],

‘.=‘:§ép+1 sech1Z — _2 arde )
<\P+1 a p+1]) v{a®— 19
O [sech (z/a) < 0, p % — 1]
N N [See 320.01-327.u1.]
1...’....‘ P 1 4 1 22 1.3
739.1- N -1z = —_ = rrg a__,f__...___i
:£"-$Séch p dz 3 (Iob :r:) log T T EAT R
e\ 1-3-5 28 .
N —gem B e, [sech (g/a) > 0]
RN _ 1 a dg 122 1-32*
~O =g (leg) 106 + 35+ 150
1-3-5 28
+ oS B e, secht (afa) < 0]
739.2, f —sech Zdy = — i sech— £ + \"(ﬁﬂax— z%) ,
[sech™ (z/a) > 0
2 _
= — —geehtZ . Via® — ) ,
az

[sech™ (z/a) < 0F
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730.9, f —1—<s,e{:h—1E dz
zF a
1 T
_— o — -1
(p — L)a?t sech e p—-1 f TPy (a2 - z%)’
[sech! (z/a) > 0, p = 1],

=—_.1_._ —1 7 G d-'lf
@ — 1)z p__lt‘SGCh +10—1f$”\f'(a2—x2),

[sech (zfa) <0, p = 1Ja .
[See 342.01-346.06.0%

For 738-739.9, 0 < zfa < L. \.J

740, f esch—1Zde = = e::sch‘IE + g sinh™! .
a a a M'\ &

\
W

aT g o 2T, 2 .
740.1. fx esch adx =3 esch—? - + 2\}‘(%'.‘3'“2)-
P+ -
p+1
< '.:* aPdx
o) e e
N [See 200.01-207.01.]

csch

740.9, f zP esch? E dr =

1 z Y a 1.3 &
741.1. - af g e - B =
fxCSCh P AN % T B R W N
O 1-3.8 4
oy tereraw o ErAl
.x:\“ —_1]05104_(1 lf._.l_g_f
%‘\ =g\ % T TEE 244
R\ 1-3-5 af
AN +maé—'”* [0 < afe <1]
~\J
1 4a 1a?, 1-3 2!
v =glog|zilog| | ~F g T H &
1-3- 5 ¢ _
246325+ [-1<zfe<0]

- — 1 bt & — a dr i
==t e T 1) ANE D
[p=1]  [See 222.01-226.01.]

N



ELLIPTIC FUNCTIONS

i 2
750.  Letu f T 2 sz 5 [k < 1],
&N
f '\"1(1 — x2)v’(1 p kgxg) [5 :—'\'Slll 50]:
= F(g, k) = elliptic integral of the ﬁrst kind,
" [See 770.]
751.1. ¢ is the amplitude, and & the modudus(?
7512, o= amu, N
751.3. sine¢ =snu = g \
7514, cos¢ =cnu = V(1 — 29, 0,"\\"
7515, Agpor Alg, k) = y(1 — K sin?e) = dnu = (1 — ¥42?).
z ” v
7516, tane =tnu VI
751.7. The complementqri;' modulus = k' = V(T — k).
752,  u = am™! (;p,jk) =sn? (2, k) = en ! {y(1 — &%), k)]
= 1 . 2.3 = {n—1 .
dn\w?l Bat), k) =t [\,(1 =]
753.1. am (Au) = — am u. 754.2. sn0 = 0.
7532, sa(*="u) = —snu, 754.3. ¢en0=1.
783.3. 0@(-— ) = cnu. 754.4, dn0 =1,
753.4¢ \~dn (— %) = dnw, 755.1. sn’y 4+ enu = 1.
TSR3 tn (— u) = — tnu. 755.2. dn’u + k*snfu =1
,754 L am0 = (. 755.3. dn’u — kK en?u =k
o

) 6.1

756.2,
756.3.

756.4,

Sh % en v dnv:l:r'nusnvdnu
s (u & 0) = 1 —ksn®usnyp

cnuenv?snusnvdnudnv

o (uv) = 1 —FEanfusn’y

dnudnvq:kgcnusnvcnucnﬂ
dn (u & v) = 1 —k2an?yen?y

tmudno 4 tnydny
lFtnutnednudos
168

th(utev) =
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2snuenudnu

757.1. sn2u = T iy
enfyu —spludnu 2cn?u
757.2. on2u = TPk =T i
dn?u — k2sn?fuen®uy 2dntu
757.3. dn2u = Pt a =1—kssn‘u_1'
2tnudn u )
7574, tn2u = T wdi s \\
1—cnu (\_'}‘ 3
758.1. (1 — u) S
o\
o X eny 4+ dnu \;
7582, ok = ( et ) R
7583, dn 2 — M) NO
B3, dug \[( 1+ cnw
759.1. sn (du, k) = < tn (», &), A:,};':‘“
) 1 \\
7392, on (iu, k) = — (u - Q\
7 : )
03, du (k) = & (u o
'\ f
760.1, snu ~\w— 1+ kﬁ) 51 P+ MR k‘)m
o%”’ 7
N\ —(1+135k2+135k4+k6)7—1+~-.
i"\.’z' .
N 4 u
76??-:2} cnu =1 —%‘-f+ (1 +4k2);i[ - (1 -k 44k* 4 16K*)

760.3,

]
+ (1 + 408k? +912k4+64k6);i!-
+ b
dnw=1— KL 4 @ B Y — (6 + 48 +I0F G

3
+ (64 +912k2+408k4+k5)k21§-! .
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o\

3
2
/
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7
760.4. amu =u— K 5 w A k?)kz — (16 - 44k +- Ic“)kz%

9
+ (64 + 9122 - 408%* 4 E5)k? ;"_T -
[Ref. 21, p. 156,]

ELLIPTIC FUNCTIONS—DERIVATIVES, A

763.1, isnu = ¢n % dn %, Oy
du o\
d A\
7682, —enw = —snudnu N
da
LV
d 2 NS
763.3, T dnu = — I?snucnu, v [Ref. 86, p. 25.]
K7
o\

ELLIPTIC FUNQ’I’I@B S—INTEGRALS
770, Eliptic Integral of ﬂle First Kmd

? < 1],
Fle, k) f T & LA
dx o
, T —a =y P
j; [See 750.]
771 g\a;;'ﬁtfc Integral of the Second Kind. |
i"\’.:’ L
N Ble, k) = [T~ Kesin® )iy
N\
N 2 (1 — k) L
\ Yo TPE) g, [z = sin ¢
- [
772. Blliptic Integral of the Third Kind.

Mg, m k) = [ de
* by (14 nsin? @}(1 — ¥ 5in® ¢)

dz
- J:(l + n2®)y (1 — 2 (1 — w7
[z = gin ‘Pj’
The letter » is called the parameter.
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Complete Elliptic Integrals (See Tables 1040-1041)

_ w2 d({)
L K= ) i e o)
12.32 12.32. 52
— 2 4 -
= (1+ Ty —1—22_42}5 +22'4"‘-62kﬁ+ ),
(k% < 1]

2 2,92
773.2. K=12'(1+m) [1+%§m2+1 3"

12.32. 5 N
taEe™ ‘f]

where m = (1 — k)/(1 + ¥'). [Ref. 31, B 135.]
This series is more rapidly convergent than 773.1 sjn{:e‘mz < B2
4,180 4 2N\, N
7133. K= IOgF + i (log 7 1—2-) k \\
1230/ 4 2 NN .
+ogp (l %% T13 :,‘ETZ) b
123250/ 4 82 2 2N\.e, ...
t e (l"gw SRR 5—5) LA
where &' = /(1 — k%), and 10g denotes natural logarithm.

\ [Ref. 33, pp. 46 and 54.7
a1, E = f \1’(1\&- “%2 sin? e)do
o1 12.3 12325 3

ﬁi(’“ Gk —gmEh —gmgmet )
O k< 17
774.2. E} 17 TR 1*-3? mﬁ+---]
R\ 2(1+m)[1+22+22 2™t EEe |
"f"hme m= (1 — k)1 + &) T Ref. 31, p. 136.}

\T\hls series is more rapidly convergent than 774.1 since mt < k.
7743, E =1 + 2 (Iog}? _ 1_12_) v

+ 5 (o~ £ 59) ¥

+;—2{%;}—g(zo g2 2 )k"+ o
[Ref. 33, pp. 46 and 54.]

22‘42 N o

N
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de
775. Fle k) = —_———————
) L, V(1 — k%sin? o)

=2—"°K—s'mtpcos¢< A + 13 At
T 24

1:3-5
+ oS A )

where
1 3 1.,
= . = — = O\
Ay 3 A, 2_4+43111 @,
- 385 5 o L "‘".\'
4o =536 T rgointe +gsinte, O

_ 88T 57,7 0N
4= zies Trea et i T e
and K is found by 773 or from tables. X [Ref. 5, No. 526.7

1.3
+3 4\413* + Js‘

716, Flo k) = o + %vﬂ?
where

ban = f sin® ¢ do) " [See 430.] [Ref. 36, p. 26.]

e
N

I Ble, k) — ff’ Y — R sin? p)do

\f &E-i—sm (pCOS(p( gk2+—A4k‘*

13, . )
:‘l‘“’ g Ak T

where }12, Ay, + -« are given in 775, and where & may be ob-
,Qmed by 774 or from tables. [Ref. 5, No. 527.]

= dx
" ’780-1. = —1 = -1 y k H
~ > jo‘ VA F VA T tnt (z, k) = F(tan™'z, &}
N [0 <z <1]. [Ref. 36, p. 42, eq. (4.1

1 _,{z b
780.2. f“.”(ag—"xz)'\"'(bz-—-x?) sn 1(5,5),
[a>b>2>0]  [Ref. 5 No. 536.]

780.3. f V@ T xﬁ)\f(bu-xz) g i [i\}(—;—bz)]

[¢* >, z>0]  [Ref. 5, No. 541.]




785.1.

785.2. fcn udy =
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f snudy = — 1cos,h 1 (dn u)_ [ Ref. 36, p. 58.]

k

1
2

‘]'cf

cos! (dn u).

785.3. f dn #dyu = sin~? (sn ) = am «.

786.1, f A
30 3 A

786.2,

786.3.

787.1.

dn'u

I

du

du

sn? u du ——?:—2

{u

—1 80 % .
= fog (cn # -4 dn u) & ’xt\,'
'S\
_:llog(k’snu-!—dnu\' A
4 On B / ',2( ™3
r £ ’\’
= -1~ tan (M) [R5, No. 563.]

Esnu-+cnu

w

K7,
— E(am u, J}R

787.2. f “en?udy = )?:5 {E(am u,ﬁ)— K*u}.
1] ™

787.3.
787.4.

788.1.

@\3 f dnlzder ==z dn‘lx — gin~* [ P

780.1,

789.2,

f " dn® udu = E{am k).
N\

\
f tn? u du $ {duutnu —~ Efam u, k)}.

V@ - k%?)]

sn‘lmﬁx-*xsn‘lx—f-* OSh[ 7
\

788.2. J:%n—l zde =zenla — % cos~t Y& + k).

v — -"32)]

[Ref. 36, Chap. 1.3



BESSEL FUNCTIONS

B0O.  Bessel’s differcntial equation is

du | 1du n?
Eﬁ;a*“(l )“““ A

TRef. 12,p 'Z\eq (7).]

Bessel Function of the First Kind, J (‘x)r

N
\::\'\(."
80LY. aJ. = nJ, — 2foy. 801.:‘3.\;2an = &Jna + 2Sni1
0L2. 2. = — -+ 2. 80(4? 2Ty == Jpg = g

8018, 4J.) = J. 5 — 2Jﬂ -!— Jm

Denote :;—x Ju(z) by J., ete.

8016. L (o)) =2 JrM ol & @l = =5

2J1

801.82. Jp = Ju

N\ 7
801.83. Jis (S - 1) g, = Y,
g ‘

O 924 8/6
301@ J*!-'(l'"—mi)JO'l-E(g—-l)J;.

{
a\\\ ] 3% T2
oL, Jo= (1 - —) Jo+ ( = 1) T
\»\" 801.90, Jo = — J,
80191, Jy'= J, — L.
£
80192, Jif = 20 (1 —%)Jl
x 0

80103, Jf = (1—22 - 1) o+ (5 _ —) Iz,

L Pricd x
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80194, JS = o (1—2 - 1) Jo — ({_SE 42 + l)Ji

4
280195, Jy = (9%3 - ii; I 1) Jo — (1954—0 4228 + 13) S,

For tables of Jolz) and Ji(x) sce Ref. 50; Ref. 12, p. 267, Ref. 13, p. 666,
and Ref, 17,

N

Bessel Function of the Second Kind, N,(x) O\

N.(2) 23 in Ref. 17 and Ref. 62, pp. 357-858, and same as Y,.(a,' xh ”
Ref. 13 (not bofdface ¥..) and Ref. 50,

B02.1. N, = aN, — zN.,. ,'f\
802.2. =N, = — aN, 34 aN.-. X ‘\
802.3. 2uN, = 2N, + N1 7 \d
%024, 2N, = Ny — Nup. \

802.5. 4N, = Npg — 2N, + Nogaod

*

802.6. % (@ N,) = 2°Nos. ?;i‘?"

Q
802,7. d—d— (#7°N,) = — 2" fbvn-f-l-
b \\“
802.82. N, =201 ..
N

8
802.83. Nﬁ(? - 1)N1 — 2,

AN
802,84, = (1 - _) Ny 43 (— - 1) Ne
3
4 2
802.85, N, = 12 (1 - _) No + (384 2y 1) »,
802.90, N = — N,

802.01. Ny = Ny — =2

802.92. Ny = ?g—“ + ( 1~ %) Ni.
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802.93. Ny = (—22- ) (5 ~ -252) &,

, 812 199 _ 40
802.04. Ny x(x )Nc. (:c‘* S+ 1) N
802.95. N{ = (?549 -2+ 1) Ny - (1230 208, 13) M,

Tor tables of No(z) and Ni(r) sce Ref. 50, Ref. 13, p. 666, andRek: 17,

Modified Bessel Function of the First Kind, I {x))
803.1. gzl = nl, +«lpy  803.3. 9onl, = xI,,Qm el pir.

803.2, zI.)= —nl,+xl,1. 803.4. 21 = ] f,_.j_ + I
8035, 417 = I, 5+ 20, + I.sa. ,~}\’

d
803.6. — (wnl,) = zo1,_,. 803, 7.\\& (=1, = eI epse

803.82. I, = I, — 2% \Y

803.83. I, = (_ + 1) AN Jecl

803.84, I, = (Eﬁ.fl) I, — e (g -+ 1) I

803.85. Iy = (T + 21 1) L - %(%62 + 1) I
803.90, Mg I,.
x’\n'

80392, I = I (— + 1) 2k,
\/ z P

Q

803.93. Iy = (Q + 1) I~ (% + 5) L.
803,04, I, = (192 +30 1) I, — g(%ﬁ + 1) 1.

803.95. 17 = (gf? 18 1) I — (1920 L8 13)

i

For tables of Io(#) and Ii(x) sec Ref, 50, p. 214, Ref. 12, p. 303, and
Ref. 17. Tables of e =Iy(z) and ¢—=1 {2}, Ref. 13,
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Modified Bessel Function of the Second Xind, K,(x)
s0d.l. zK,' = nK, — 2K,
8042, 2K, = — nK, — 2K,
804.3. 2nK, = 2K, 1 — 2K, 3.
8044, 2K, = — K, — Kopr.
804,53, 4K, = K, ¢+ 2K, + K.

d ¢\
804.6. d'_'m (x“Kﬂ) = z"Kn—l- . {'\;
d N
804.7. d— (.Tr_"Kﬂ) = — ﬂ;'_ﬂK,H.l. ,’t'v
- .\
804.82. .Kz == KD ,_I_g{(_l. O .
x N
4K, , (8 O
804,83, K3=-—-+(~—2+1)K1- O\Y
&£ Z D
24 8 (B
804.84, K4 = (? + 1) Ko +~§‘(~§2" + 1) K;.

L ‘ 9
804.85, K = -15 (lx—f: + })\Xo + (% + 7? + 1) K.
\'\s,l

804.90. Ky = — K

i 5
80401, K — ONK, — K.
Kl "\::\,.o a T
80492, Ky = — 2o _ (iz L 1) -
~N z z

O 12 2% \K

w4 1
30%\93. Kf = — (?2 + 1) Ky — (? + 5)_3:_.

804 2’ 192 , 40

.04, K4f=_g(£x§+1) KO"('xT“E"‘:;g'l"l)-KI-

' 4 1920 , 408 K.
804,95, K = __(9%0_!_8 +1) Ky (?+~+13)_$_1.

Tor tables of Ko(z) and Ki(z) see Ref. 50, p. 266, and Ref. 12, p. 313
’ﬁzblea of ¢ Ky(z) and evKy(z), Ref. 18. Tables of (2/7)Ko(z) and (2/x)K1{z),
f, 17.
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e lx)ﬁ
807.1, Jo(z) = 1 — (3a)? + gﬁ i _15_22—2_32.;.
L) 1.5
807.21. Ji(x) = — Jo'(z) = iz — 1;‘?)2 12( ;‘3 -

xt zt x®
a1~ wimi v~ mE T
807.3. When n is a positive integer,

zrc) (32)° (3x) )
Tulz) = [1“1(n+1)+1 2(n+1)(n+2)‘ ]

807.4. When n iz an infeger, { «:

Joale) = (= (), L0
807.5. When n iz not a positive integd¥\place n! in 807.3 by

807.22. Ju(z) =

N

N ¢

II(n). [Sce 853.1. ] 5[ Ref. 12, p. 14, eq. (16).]
1 32 L
BO7.6L J{ (%) = 5 — 5rror +iyeetet — Srarii
2 7 Izl TN T 273!
o % 4N 6 @
807.62. Ji(2) =3 PSR T ol T 36 +_ ’
K (n + Dz

807.69. J.(z) =

& — 1)1 T a1+ 1)1
SR L I R 7
A 2n4—42f(n + 2)[ 2u+631(n + 3)[
[ an integer > 0]

r

\ ’\“.. N/
o Asymptotic Series for Large Values of x
~G
4

— ulx) sin (:‘c - g)] '

x

where
12.32 12.32.52.7¢
808.11. Pu(s) = 1 — gygss + —F1may

12.32. 52.72.92. 112

61(8z)°
. N 12 12.82.52  12.32.50.78.00
808.12. (=) ~ — yigz T yEy ~ T BiEaF
12
8082. Ji(z) = (;25) [Pl(x) cos (a? - %)

— () sin (x - %E)] : |
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where

12.3.5  12.32.5%.7.9
808.21. Pu(z) = 1+ 2Bz~ 4Bzt

12-32.52.72.02.11 .13

T 618z
The signe are alternately 4 and — after the first term. y
1.3 12357 | 12-30.5.72.9-11 AL
808.22. Qul2) ~ {55 ~ “FTRap 51(8z)° -~

172 i\':'
083, Ju(a) = (Z)" | Pate) cos (z—%’~§) SO

— @Q.{2) sin | B 4— - :'—;)] ,

where \\'

\
{dn? — 15 {4n* — 3?),.

80831, Pu(z) ~ 1 —

21(82) |
| (4t —1)(amt — 50t — 5)(4nt = T)
RRLCOR
808.32. Qu(z) ~ “Tsél_'i\
Clint — 1) (42 — 3) (402 — 5
X. - 318z

Py
N

A\

nr
\\ + @0 (x) cos (3 -5~ 1)
‘XQE?};;from 801.4,
} (4n? — 12)(4n? + 3 X 5)
808.41. P,W(z) ~ 1 — 21(82)®
(4?12 — 12)(4n? — 3% (4n? — 5)(4n’ + 7TX9)
41(8z)4
808.42, Q,0(z) ~ M

1!8%
_ (? - 19(4n* - 3 nt + 5 X 7) o
31(8z)




180 BESSEL FUNCTIONS

Extension of these series can be made by inspection. The
gign =~ denotes approximate equality. Note that the various
series for large values of = are asymptotic expansions and there
is a limit to the amount of precision which they will give.

9\12
800.01. Jy(z) = (W—z) sin 2.

~
112 T \
809.03. J3(z) = (E) (Sm—x — cog a:) . A
e x 2 N
12 C ’
809.05. Jy(z) = (;2?5) { (;3; — 1) gin ¥ — %ccrg; x} .
12 \‘
809.21. J—3(z) = ( ) cos T
a\/
12 Ry
809.23. J—3(z) = (r%) ( - sin.m\—"\c%x-)-
2\12[3%.7 | /3
809.25. J-3(&) = (w—x .{j{: sin x 4 (F — 1) cos a:} .

[For higher orders sce Ref. 12, p. 17.]

81L1. Nolx) -_—hg(,}, + log, ) Jolz) + = 2 (32)°

x (11)?
2 (o) 2 (3z)"
T T (21)2(1+%)+ 3,)2(1+ P8 -
wh.ese -+ is Euler’s constant 0.577 2157. [Sec 851.1.]
\~ [See note preceding 802.1.]
. \.‘811.2. Ni(z) = 2 (7 + log. ) o2
\M\. 0 ( I)P )2 ( s N E) __1._. .
FZ o) 2 )l

8113, N(z) == (-, + log. g) J (%)

1
X(1+§+§+ b +5+1+§+' ' "f“m)’
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where n is a positive integer. The last quantity in paren-
. 1 1
theses is (1 + §+ +ﬁ) when p = 0.
[Ref. 49, p. 161, eq. {61)
and Ref. 50, p. 174.7]

Asympiotic Series for Large Values of x

9\ 142 . - <
8121, Ne(z) = (E) [Po(x) sin (z - Z) A

a5

522 Nio) = (&) [Pute) sin (=~ %) "w:\'?}
+ Ql('x‘lsos.(:c — %’r)] .

&

8123. N,(x) = (%)” [P.,(:c) sin (w S %} - E)

#0cos (== 7 - 7]
{:l}‘br the P and @ series sce 808.]

8124. N/(z) = ’\2 EP B(a) cos (x _nm_ 1)

— G (x) sin ( n; _ Z)] .

‘EI’or P.®(z) and @.%(z) see 808.41 and 808.42. ]

2 VEoN
8131 I®—J3(3I)~1+(2)+§-2f‘32+122232+-00

WhF\rét = (— 1)

o ()8 )
. L) = i) = () = o+ 4 B

813.3. When n is a positive integer,
In(x) = g (T::E)

(3o) G2 ...
(? [1+1<§in PICE S ]

® (1 )n+2p
Ea Pl £ o)t
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813.4. When »n is an integer,

I_a(2) = I.(z).

813.5. When = is not & positive intoger, replace n! in 813.3 by

II(n). [See 853.1.] [Ref. 12, p. 20,3
Asymptotic Series for Large Values of x o
e - 12 12, 32 \
BUL L@ = roms| 1Y 1 Famy T ]\\\
A\
e* dn? — 12 A\
814-2- I,‘(ﬁ;) = ?(‘zﬁj [1 -_ —11“8?—' ":'.(‘ S
4 (4 — B — 39 ]
23(82x)?
8143, I/(z) ~ 7
aidy _v, (2 x) ‘..:\V
% '1_4n2+1><3 {’4’n3-122(4n2+3'><5}
lTSx 21(8z)?
(4n’~r*12) {(4n® — 3D (Un2 4+ 5 X 7 P ]
N\ 31(8z)8

The terms of the sex{é In 814.3 are similar to those in 808.41 and 808.42.
8151 Ko, \ ( 1 log. ) ()

.«w‘é) (32}t G 1
::\;,, (27)2(1"'_ )_{_ (d])z(1+2+%)+ ’

“%ere v is Euler’s constant, 0.577 2157.

f"\,als 2 K.a) = (— 1)n+1(7 +log. ) T.(2)
i Z_: {(— l)P(np-—l— p~ 1)! (g)zp_“

(=1 2 1 z\ 2wt
g !(n+p):(§)

1.1 1 1, #L)
X(1+§+§++5+1+§+ +n+}q ’
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where » i3 a positive integer. The last quantity in paren-
theses is (1 —I—%%— -l—?—la) when p = 0.
[Ref, 13, p. 80, and Ref. 50, p. 264.]

Note that the letter K is sometimes, particularly in earlier
writings, uscd to denote other expressions in connection with
Bessel funetions.

815.3, When = Is an integer, A\

Kon(z) = Kulz). O

£154. When # is not an integer,

K.(z) = 25111—?%- fIn(x) = 1 (x)}
x\\«’
Asymptotic Series for Large Vchies of x
816.1. NV

) -\ 102 B 12 12 32 _ 12.42.52 .
Klx) = (%) € [1 11 8z Sx 'J" 2.} T8z 8! (8x)? + ]

where = denotes apprommate equahty

nt — 1°
8162, Ka(z) ~ )\@T +

N Wnt =37 L ]
2! (8z)?
,}; [Ref. 12, p. 55, eq. (50).]

X in?+1X3 dn? — 19(4n24-3 X 5)
”\\ x [1 + —-_ll-T—-Sx'—' + ( 2N(Ex)?
37(8:(:)3
[from 804.4.]

The series can be extended by inspection.

817.1.  H,®(z) = Jol2) + iNo(2).

817.2.  Kfz) = % Ho®(i2).



N

N\

A
v 1 Ly7 1
8205, ber's = - D0 G @

Y
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8173,  H,0(2) = J.(2) 4 iN.(2).
817.4.  H.9(z) = Ju(z) — iN.(2). [Ref. 13, p. 73.]

8175. K.(z) = -"'2'3’ I 00 (i2), [Ref. 13, p. 78.]

For 2ll values of  and ¢,

818.1.  cos (xsin @) = Jo(x) + 2J2(x) cos 24 N\

+ 2J4(z) 608'4\1;5\,-{-
818.2.  sin (x sin ¢) = 2/;(2) sin o + 2J5(x) sin 3¢ K

-+ 2J5§q;}‘sm So 4+ -,
818.3.  cos (xcos ¢) = Jo(z) — 2J:(z) cos 20"

—}{2}&(@ cosde — -,

8184. sin (zcos ¢) = 2J:(z) cos = 2/3(z} cos 3
\\ + 2J5(x) cos B — -,
S [Ref. 12, p. 52.]

Bessel Functions of A.tgitnient xivi, of the First Kind
(For numerieal values se&Table 1050.)

820.1. berz + £ bel g = Jylaiyi) = Leyd)
M\»‘ = beru T+ ) bEIu I.

820.2. ber’ x‘=\\d% ber z, ete,

.Q\:'x 1 . i 1.8
820.3. Jerc = 1 — E;i:’))z + __Ei-;‘))g _
O\

S beig o 30 _ (0 (oo
??9\'4‘ belm=W—W Gz —

1120 5 3141 5161

v, G2 (Za)
820.6. bei'x = 1z ﬁ+m"'o'
821.1. For large values of z,

s ;’%fhx_) [Lu(xf‘ cos (;% - g) — Mo(2) sin (72- - -g)] '

ber x
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821.2. beix =~ {(2 ! [Mo(x) cOos8 ({2 g)
+ Ly{z) sin (
where

1% 1%.32 2ar
821.3. Lg(‘.t) =1 + m cos r ‘I‘ a7 (8x)2 COR —4—'

185

= 9)

._12‘3__..2.52 3_‘“. .{.- valo
31(87) 4 ‘,,i\\’;\
N D 5 N
8214. My(z) = — T8z 50 1 ~ 2T 82 sin 7\ 3
1t 3"'5%%% T _
EETNCT (A
Y,
, etiv2 é\)"
821.5. ber' z == 16 [So( z) cos (N‘Fj |
s'»; - Tu(x) sin ( 2 + %)J !
T
821.6. bei'z = xf(? x) Lﬂ{x} cOo8 ( 5 -+ 8>
\J . jer
X \\ -+ Splz) sin 3 + g)]

where \,'
2.3.5 2
LT S"Q»“l L2 sl - S T
N 12.8%.5.7 8z 1932579
,s"\.*" T L M S CE
"\w
Y 12-3-5

&2 1-3 smg—“—'
1.8, Ty(z) = T8z e sin - + 215y

12-3257. 3r  12-3%.5%.7-9
T 3T @ sin 7 + T &)

822.1. When « is a positive integer,
ber, z 4 ¢ bela & = Ja{ziVe) = L (zvi).

v'
COR — = ** %

4

4

T
gin — & ¢+,

4
[Ref. 14.}
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R e e DI R R N
822.2. ber,z E:o ST €0 i

where

r =OJ 1’2:3’ e
. “m (_ 1)n+p+l(%x)n4—2p . (,n + 2?)')?

22.3. W= EALN
822.3. bei, x Eﬂ P G o)1 sin 1
822.4, ber,z ) A\

(— 1)t (E + p) (_. x)ﬂ+2p : A o
2 2 o 2p)m
Pl F p)l NI
822.5. beis O
(= e (3.4 ) L5
-3 g W24 2p)T
=0 plin+ p)L N 4
XO\ 4
823.1.  For large values of z, When\'{alis a positive integer,

o
£hge

g2

¥ mr\
bernanV,(z - [L () 0s{ys T3 2)

's

\) .z
oo — M.(z) sin (f —
5

N\
Ny

i o 64{2 k4 bl -

823.2. beiz - [Mﬂ@ cos (25 - T4 1
N .z r ar ]

+ L.(z) sin (W ~3 + E—) ;

where M \,
::\“' 2 __ 12
823,35\ 1n(a) = 47;, I cos ~
D\ 8z 4
R\ 5w — Pt — 37 oo 27
ot 21 (8z3% 4
4n? — i .o
8232.4, Mﬂ(:t) = 1187 EiTY Z
_ 40t — 19 (4n? — 3% 2T ...
21 (822 sim - +

Lk n z T mr
V@D [S«\:c- oS (;@ + 24 —)

(2) sin (42 + I )J

823.5. ber,’ x =
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T2
g% o

bei, ~ @ [T (x) cos (\;2 + 3 5

e
_ 4n? +1XxX3 T
Snle) =1 — gy cosg
L - D £3%5) o
21 (3277 51
_ (4n® = 1H(4n® — 3 ([dn® + 5 X 7)
31 (Bz)® 4
4n? 4+ 1 X 3 sin T
118z 4
@ -1 +3 X o)
al(8x)? 4
(4n — 15{4n? — 39 (4n® + B X 7) séa_r
31 (8x)°

LN S

T.(z) =

L ¥
),'

essel Functions of Argument xivi, og the Second Kind
r numerieal values see Table 1050)

ker z + tkeix = Ko{av1).
ker' 2 = g— ker z, ete. \\

kerz = (10g— - w}bera: + T beiz

15 g
'"\"..\ N _(1"{—'1}:+§—I-3-—|—% ((36332 .
re )
v = 0.577 2157
Kot = (Iogg B 'r) bei ¢ — 5 ber &
z (23)8
+ Elj'?2 — A+ 3+ 3 gy
(1x)w

A+ F 43D e Gor

4 .m:\'\.’
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2 ; 1 L
824.5. Lker'z = [log -~ -y) bher' z — " ber z + = bei’ 2

—0rpEhraririp 8

B24.6. kei’'z = (Iogg — 7) bei’ & — & beiz — I ber’
X < 2\
5
te- A+ 90
o\

SRR R 14’*,“”5)1

B25.1. For large values of z, \J

1/2
1 ~ () gatve _ N T
o= () |- ‘"‘??(«f‘ 3 +3)

R V2 ' B
825.2, kei T\ 5’}{-}; M (— =) LA E)
PPNz ) A | M= g)eos{ Gt
Q .
':\..,’\ —*Lo("‘ x)sin(,i_}_.g)JD
N\ 42

See 821.3 &nd 821.4, changing z to — 7.

‘,!"\.}’ U2 s T
825.3. ‘lfgnox = o— (-2_x) o—ziv [So(—— z) cos (#2 g)

S M
Nos -
?.3'5\ + To{~ z) sin (‘(2 3 )}
AN
@ i vz
) . 'z — (T —rly2 - T
N/ 825.4. kei'z (Zx) € [To( x) cos (\},2 8)

~ So(— ) sin ({2 %)]

Hee 821.7 and 821.8, changing x to -~ .
826.1. When = is a positive integer,
ker, -+ i kei, = i (27,
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8262, ker.z = (log—i- — ‘r) ber, z -+ E bei, x

172 (= D 2(n — p — Dz (n + 2p)=x
+2p§| p! (E) CO8 — 4

1¢ 1 1,1 1
'2'5 (1+§+§+"' +5+1+§+§+ +n+p)
(— D)rP(Gz)t?r o8 (n + 2p)=_

! (n + p)! 4

8263, Keinz = (logg - 7) beia z — 7 ber, z O

lnil (— )™e(n — p — 1! (x)?:ﬂ—-ﬁ dn (n + 2p)x '.(‘.:‘;:
pl 2 4 s
5 (14542 14iad+ Q- )
"E’_O( +—2'+-3'+ + + + P
("' 1)”“’(193)“*2”\ ot 2p)r
pI(n t)h 4

bern

8264, ker)’ z = (lngg - 7) ber,’ z =\ + = belﬂ

L1 ﬂil — Dre(2p _.p»?) (n— 'p :_.‘ 1’)1 (2 )219—»—1 cos (n +42'P)7r
\ 1
+Z,§,(1 + + - r} +1+35 + L n+p>
et + )t w—l J(nt 2,
4

~.\~3“' T(ﬂ-}-—p)f
826.5. kei) z R (Iog == 7) bei,’ 2 — belnz _ Ebern’ x
154 (A\nw@p —mn—p =D 2\P G (k2007
Pl 2 4
1
\IM(1+%+%+---+ f14s +3+ +n+p)
(= Dme(n + 2p) Gyt . (7 + 2p)r
pl(n + p}!

827.1. TFor large values of z, when n is 2 positive integer,
12 ¢ 7T, nT
ker, 2 =~ (~2T—x) ¢? [Lm(_ z) cos (ﬁ +3 + —2-)
. T T nr .
M- gysn (G+ET ?)]
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8272 keiyz ~ ()" =% [ Mo(— ) cos (‘x‘ R
- "T A\ " v2 ' 8 2

. €T o T
— Ln(— z) &in (;’5+§+'Q_):|
[See 823.3 and 823.4.]

827.3.. ker,’ z & — (2—2)1!2@4!\*2 [S (— ) eos ({2 T %?i)
(= ) s (\12 ~ 3 \%ﬂ

827.4. kel x = (21) g2 [T {(— x) cos (”2‘:—"8‘ + %I)
— 8a(— 2) sin (\i 33 T+ E;)] . 'ES}39823.7and 823.8.]

Note that the series for large values of msy rptotic oxpa,nsmns end
there ig a limit to the amount of preclmonwhmh they wiil give,

Recurrence FOrmrxlas

828.1, berlx =7 (ber z +"be1 z).

™

828.2. beiyz = 78 (Qer z + hel’” z).

828.3. Dber; a:;\% -

o N/

A</ !
8284, x elgs = — @%r_x — bei z.
\\
gzg':s. bery # = — ber' z — 2—%2—3
:"\.’;' . |
\”\:“ 828.6. beix’ 2z = —~ bei' s — 2—]:%"'—“1
2
829.1. bernaz = ~ n\; (bers & — bei, 2) — ber, 2.
820.2. beipuz = — F—;‘E (ber, x -+ bei, ) — bein_1 2.

8293, bers/z = — 73 (bern_l % + beln ) ~ n ber, z
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7 bel,

§20.4. bei # = —= (betu & — beipa 2} — .

\!2

930. The formulas of 828-829 are applicable to Bessel functions
of the second kind by changing ber to ker and bet to kei.
[Ref. 14, eq. (1)—(60).]

BESSEL FUNCTIONS—INTEGRALS

835.1. f e T A(D)ds = 2T, Ke
'S
835.2, f T ap(2)de = — 27 u(2). '“.<":‘s
\::‘:\i.
835.3. fx”fn_l(a:)d:c = &, (2). )
AN
835.4. f gl pu(@)dr = £"I{2). \
835.5. f PR o(z)ds = — ﬂ&(@&“"
235.6. f K u(@)ds = <% Kn(x)
L
836.1. fa: bera:dx = xbel x.
¢ \ )
836.2. f b@%&x = — z ber' z.
\u,
836.3. .J‘\xkermdz = z kei’ z.
SSGX f x keizds = — & ker' 2. [Ref. 12, p. 27.]

837.1. f z(ber2z -+ beis z)dz = x(ber,.:cbei,.' 5 — bei, zber,’ 2)-

837.2. f x(berﬂ’zm-{—belﬂ'%)da,-— x (ber,zbers t ¢+ bl wbels )
[Eq. 191 and 193, p- 170, Ref. 49.]

Sec also similar equations in ker, 3 and kel 2, ed- 236 and 238, p. 172,

Ref. 49.



SURFACE ZONAL HARMONICS

840. Pylu) = 1.
Py(p) = u, N\
i A
Pyl) = 3 (Bu? — 1). 2\
NN
1, . A
Py(u) = 5 (54" — 3u). WON
:\§
Pa(#)——~(5 Tut — 2-3.5u° +133
\\J
Py(u) = 57— (7 9’ — 2-5- 7#*\1-3 +5u).
Polu) = (7-9 llp’f‘ 3 5-7.9p?
2:4:6 4 6
+ 3:3:5.Tu? — 1-3:5).
Piu) = 574 ({(9 Il 137 — 3-7-9- 114
+ 35 7-9#8 - 3-5-7;:)-
. \\ . .. - .o
Note that! @e parentheses contain binomial coefficients as well as other
{actors. \ 3 [Ref, 25, p. 956.]
x:\w'
x“\s.
N\ - _@n—=12m—3...1 m . mm =1
AL Pos) m! 2@m— 1"
O mm — Dm — 2)(m — 3) ,,,_4__._,].
QO t I - Dem =y ¢

The series terminates with the term involving 4 if m is odd and with the
term independent of z if m is even, [Ref. 22, p. 145.]

842. (m 4 1)Pmia() = @m + DuPolu) — mPrs(u).
[Ref. 22, p. 151.]

843, (l-‘2 - 1)Pm!(ﬁ) = mﬂpm(}l) - um——l(l'-‘).

[Ref. 21, p. 187.]
192
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844,  For large values of m,

193

Puleos 8) =~ (mrim 8)msin {(m + %)3 + %}

[Ref. 21,

1
Pul@) = o d:cm

844,2, P,(1) = 1.

844.1,

844.3. Pon(— ) = Pon{2). OV
\ o
844.4. Popgs(— ) = — Pomp(2). O
[Ref. 22, p. 150, eq &-7]
845, TFirst Derivatives, P.'(s) = - Palu). \:\\
.
P{u) = 0. ,\\
P/{p) = 1. P ’\‘
Py(u) = 3p. OF
Pyw) =3 @5 —1-3). o\
1 SN
Pi(p) = 5 (87 — 3'51%\
PG = 5 (579 ‘4\\ 2:3.5-Tu? + 1:3-5).
1 ‘t\) .
Po(p) = 599 114° — 2:5-7T-9¢° + 3:5-Tp).
240
£ Y
P () a\\—l—— (7-9-11-13p% — 3:5-7-9-11*
wv2-4-6
AN _;_3.3.5.7-9#2— 1-3-5-7).
,..\~ » . ' . ) ) . ] .
al cocfficients 28 well as other
fact,No:;e that tho pareatheses contain hinomial co¢ cien El.:R o 25, b, 057 ]

Tor tablos of numerical values see Ref. 22, pp. 278-281, Ref. 45
197, and Ref. 52, 53, and 54.

p- 137.7

(x2 — 1)».  [Ref. 22, p. 160, eq. 1.]]

, pp. 1858~
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=] 1 n—1
850.1. f e dy = f (Iog 1) dz = T'(n).
a 0 v

[See Tablc.1018.]

T{n) is the Gamma function. The integral is finite whean > 0.
'S\

850.2. T{n -+ 1) = al{(n). Dl

N

850.3. T(mI(l — ) =

sin mr' \,.:\"’

8504, T(n) = (n~— 1), whennisan mteger >0

850.5. T(I) = I'(2) = 1. ssoe\ ‘1(2 =

850.7. I'(n+ %) =1-3-5. (2n < 3)(2n — 1)%/2%

[% an m»t,eger > 0], [Ref. 10, p. 301.1

4
851.1, logT(1 +2) = —*35' " Sat S2“' Sff + S—f— — s,
- [2? < 1],
where € is Euler &bonstant
¢ = hm[ f}p+1+ et +§J] — 0.577 2157
and \}
u\is = 1+_1_+i+
£ ,,P 2p 3r
Ssﬂ:s 8535_

85.].'\2 og (1 + 2) = }log-—m‘— — Or —
e 2 gin o

L 3
N/

Q
851.3. log (1 +42) == log

3 5
1 wl—f—x

— = lo
gihzr 2 =1 — g

+ (1 ".C)x—(Sa—l)%a—(35_1)%5;...

Use 850.2 and 850.3 with these sories for values of x greater thsn 12,
[Ref. 7, par, 260-270 and Ref. 10, p. 303.]

194
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P 1
8514, T(z + 1) ~ 2% (2m2) [1+ S,
139 M1 4.
51,8402% 24883202 ' |’

where =~ denotes approximate equality. This gives an asymp-
totic expression for 2! when z is a large integer.
[Ref. 44, v. 1, p. 180.] [Bee 11.] &N\

8515, logT(e+ 1) =Llog@m) ~a2+{z+Dlogx t:\t\'
B1 Bg Bs \“\, o
Ti2: 347 5 A

{See 45 Aand 47.1.]

This is an agymptotic series. ‘The absolute value of the error
15 less than the absolute value of the first terth neglected.
[Ref 42, pp. 153-154.]
Note that By = 1/6, By = 1/30, By = 1/42,:,«;{%;., 28 in 45.

’Q

852,1, f e*"loga;dx#—ff ~~‘
4]

.2

. 2

where (' = 0.577 2157, asin 851 1.
Q

852.2. f Tog (hgx;@p -~
852.3, f ( 2y 1 )d:n = (.
o :ng,:u 1—=

Ub»}“ 1
& N T g = {,,
524;9&&:(14—% e )d:.-: C

INY e
8\5'8‘;5‘; ju‘ (ef%l - %) dxr = C.
83.1. 1I(n) = I(n + 1), [See 850 and Table 1018.]
II{n) is Gauss's Funetion.
8533.2. If n is a positive integer, I(n) =
853.3. T1I(0) =
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xf2 rf2
854.1. f sin™z dx = f cos™ x dx
a 0

_24:6--- (m — 1)
135 m
{m an odd integer > 1],
1:3:5 -+ (m— Dx
2:4-6---m 2 O
[m an even il&teger],
m -
!

\
=3————-—~«-—Z, N\
2 r( +1) N
N T(m)T{n

55.1. B " gmt Ja‘{%
855.1. B(m,n) = f {1 — x) T F ) +n)
B(m, n) ia ealled the Beta funcflo’n [mand » > 0.]

1

g
+

b

wof 3

Ef;/”any value > — 1]

—1

855.2. f (l+x)wdx'=3(m, n).

12 \
855.3. f' sin™ g Snsde__B(m-l-I,n"l-l),
0 \\" 2 2 2
O [mandn > — 1] [Ref. 7, p. 269.]

il
855.4. J Yon(l — atyo-brigs = 1 1 (m +1 n+ 1)
N\

2 2

Q -t [mandn > —1].  [Ref. 7, p. 259.]
R 1 gl + gn—1

d }8’55.5. (1 T z)m-m

4

dr = B(m, n), [m and n > 0]
[Ref. 6, Art. 122.]

8556, [ a™ia — 2y = @ =iB(m, m),
Q
[mandn > 07  [Ref. 8, p. 133.]

L mm—ldz _ B(m, ﬂ)

855.7. =
5 7 (ax + b)‘m-f-ﬂ ambﬂ H

[m and n > 0]
[Ref. 6, Art. 122.]

[
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“ dx 1
856.1. .[ AT a1’ [m > 1]
[Ref. 20, p. 46, No. 107.]
© gPldy x
856.2. j{: TFz sn pvg [0<p <]
[Ref. 7, p. 246.]
N\
© dx
856.3. f —_— T O\
, 1+ 2V .~~§\
b dr
= < 1
856.4. j(: i < 1]
LRgf\iﬁ p. 447
= dx
— = = - ) < 1]
856.5. j; a= oz r ctn pr, ’x:’\\" Tp ]
N [Ref. 18, p. 44.]
856.6. * mm_ld‘i =" ’,j.f}, [0 <m < nl
o 17 nsinm?roz.‘;‘
N\ [Ref. 7, p. 246.]
sse.  [C_adr _ 0 [a > 0],
” a2 + $2 \K\/
; 9, [d- = 0]1
, "\.)ﬂ - r fa < 0]
x'\s. = 2 )
\w [Ref. 5, No. 480. ]

T
856 R ]‘. (a® + xz)(bz T 29 2abla+b)
[Ref. 7, p. 78, No. 4.]

857.1, f (1 ) _ pyal(p) [Ref. 6, p. 168, No. 5.]
v (1 — gtr

T t+H

dx 4
872, fl—i—2xcosqo+$2 2sne
[Ref. 16, Table 6, No. 3.]

“ dx I
857.3, jo‘ T TS T sy

[Ref. 40, p. 80. No. 10.]
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858.1.

858.2,

858.3.

858.4.

858.5.

859.1.

DEFINITEE INTEGRALS

r sin mz sin nz dr = 0, [m 5% n; m, n = integers).

i

e
f cos mz ¢os nx dzx = 0, (m 5 n;m, n = integers],
0

[Ref. 20, p. 46, No, 111.]

T
jwsiﬁxda:':f cosgxdx=12r- O\

Oy
f sin? nx dzr = f cos? nx dr = 3 [ ifiteger’.
0 G\
[Ref. 20,916, No. 112.]

fao sin ?:z az _ %! \::}\\. i > 0],
u $
=0, N fm = 0],
=._32£, .';:\ [m < 0].
A [Ref. 5, No. 484.]
f €08 0T — cogbe . Iogg-
0 R a
g\ [Ref. 7, p. 289, No. 8.]

[Ref. 7, Art. 302.]

M/‘..
é‘hé
s
@
&
]
Hig
H
&
8

f SHL ¥ 008 M de = 0, [t > 1],
b x
-_—E, [mzlor—mlj,
= g: I:m2 <1l
/2 dz sosa
= < 1 o
ju‘ 1+acosz (1 —4a%° [a :

[Ref. 7, p. 22, No. 42.]
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2 dx B 2r
859.2. j; T asns = TO=a [a* < 17
[Ref. 21, p. 111.]

" da T
839.21.
fa—cow: ¥ (e — 1)’ fa > 1]
[Ref. 39, p. 181, No. 60.]

/2 dx
850.22. . ex
j,; {(sin = + cos x)? L [Ref. 40, Art. 88. J\
..\r\\..“,
850.3. * co8 M - T - \ \/
J, TR Sy 0
= %e”‘ s \::}\\'[m < 0]
@ef. 7, par, 200.]
[ R, :o\
859.4. BIR"x , T, L
‘f(‘: xz dx 2 ‘:;:\

859.5. fw sin (z%)dr = f cOs (51223‘33% = JV(/2).
0 N
° &V [Ref. 13, p. 156, Bx. 6.]

=/2 i o~ ' k
859.61.  sineds o _ 1, 14k ]
V- ) 2k Tk e <1]
: w2 iz 1
839.62, L .
| V@ OBk sin , [k < 1]
K ; - [Ref. 16, Table 57, Nos. 2 and 3.]
520 gin? 2 do 1
859.63, N — = T = —_
\ﬁ rTEy Frer R
N [modulus %; 42 < 1]

S
N/ xf2 a2
59.54. _ cosfzdr K
= j.: VA - Esn'n) B i B ~ (1~ K,
[modulus %; &* < 1]
[Ref. 16, Table 57, Nos. 5 and 7.]

860.1. f" cosmedy _ mI"
[H]

1—2acosz+a* 1-—a°
[m an integer = 0; a® < 17
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(@ —~ ¢ cos z)dz

T .
860.2. , 62— 2accos® + ¢t a’ [a > c),
=0, [e <]
[Ref. 7, Art. 46.]
*/2 sin® x de x
860.3, j‘: 1—2acos2z + o 41+ a)

[Ref. 16, Table 50, NgMl.]

ol cos? r dz B - O
800.4. J; 1 —2acos2x +at  4(L — a)’ :\.;}'\fa < 17,

™

,«f;' [a® > 1.

“ 4 — Do
[Ref. LG)‘TabIe 50, No. 2.]
dz
860.5. \i (1 £ 220608z + a¥) } ro
= ' — 2
2f V(l'—azsm?«p) 2K. [ <1]

~:~:Z” [See 773.1 and Table 1040.]
[Ref. 16, Table 67, No. 5.]

™
.“

861.1. f e dx HE

861.11. f w.eqa&t T gz = log 2 : [Ref. 7, par. 288.]
&~
Sﬁlg\j‘m wre~dr = %ﬂ, [n > — 1,6 > 0],
N }
~.::~,\ = aﬁ, [n = positive integer, & > 0%
\
\ 8613, f T ey = % [a> 0.] [Ref. 7, Art. 272.]
0

b 1
261.4, f e e = =-
0 2

N,

861.5. f P =
A 7}

861.6. f " perids = %3
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= 1:3:5--- (26— 1) Jr
ﬁag—m’ = .
861.79 .£ x 2a+1pa J,p

861.8, f” e dy = % r (%) v > O]
a
®  d 1
862.1, fu T - Jlog.2.  [Rel. 16, Table 27, No. 1] A
© rde r* ° pdr =1r_2._r”~..
862.2. fu =—1=%" 862.3. Fr1 1’2\"\;
N
863.1, fm e sinmz ds = 7 s ~ {Ofa> 0]
0
o 4 \.;
863.2. f €% qos mx dx = ag?aj”?s \\\ [e > 0]
° O [Ref. 7, Art. 201.]
863.3. f " 6% cos 2p do = 12%3—1?*#“’, [a > 0].
1] I
[Ref. 7, Art:283 and Ref. 20, p. 47, No. 118.]
8 0T of " | 1
863.4. f f,%f{x\g‘;}\cha = m—ia’ [a > 0]
? ‘ [Ref. 11, p. 154, Ex. 3.]
1 \
864.1, f Jogm S . T
o Y 5w 6
O [See 48.2 and Ref. 7, Art. 299.]

]

ol

A Tog o
864.2, f’ 2 de = —
) 14

fods, [ Jonz gy T

1 — z?
: 2
865.1. fl !‘&%"‘_@dx - TIL_
1]

S

865.2. fllc'g__{l_?i)dx — =T
o £

1 2log 2 L Gl O
865.3. f s log (1 + 0 =5 1 T3 1S
1]

(g = integer].
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865.4.

865.5.

865.6.

866.1.

866.2.

866.3.

®66.31.

866.4,
867.1,

867 2

A
867,
o)

N g7,

867.5.
867.6.

867.7,

DEFINITE INTEGRALS

1 ‘g i
f x%"l]og (1+x)da;=_l_zz(_“_.1_)._1,
o 2a

f=1 n

[e = integer],

1
fol 2 log (1 — z)dz = — E,,ZIH [e& = integer].
[Ref. 16, p. 152.]
Tlog (1 4+ 2)
j'; -—1T52—-dx = gloge 2, [Ref. 7, Ar{61.]
1 1\2 _\;ﬂ_ g’\t\'
j(: (log $> de = —/—- ; O
al 1 —1;2 “(\:ﬂ
j (log .,) dr = +x. 5>
0 % o\

1 1\» v
f; (10g 5) d2=TE+1), > [~1<p<=]
~~\{‘Ref. 16, Table 30, No. 2.}

! i+ 1)
jo‘ :z”‘(log )Pdfc—»»w—m(m_i_ 7 o
Em+.1 >0, p-+1>0] [Ref 40, Art.97.]
f (log x)*’d{\r {— 1)7pl. [Ref. 20, p. 47, No. 121.]

w2

f Iog:c\Iog (1 + z)dz ~2—210g2—ﬁ-

2
f Iog:clog(l — ) =2 — =

6"
1
fxlog(l-—l—:c)dx-:._.
A 3
1 3
f:clog (1-$)d2‘:= _
A 4
fxlog:clo 1 +2)de = % — 1
, g+ a)de = 57 — 5

T
f zlogzlog (1 — x)de = 1 _,
o 12

f(l—}-x)logxlog(l-{-x)dx 3 — 2log 2 ~ ;r;
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2
267.8. f {1 —z)logzlog (1 —oyde =1-— ﬁ

w2 /2
868.1. f logsinz de = f logeosads = — -Elog Z.
L 0
[Bef. 7, Art. 51.7

2 o
182 IRet. 5, No. 522.]

868.2, f zlogsinz de = —
o 2

2 . 2\
868.3. f sin z log sin r dz= log 2 — L. R \)
H

[Ref. 7, p. 74, N@ 13]

T 7 __ B2
868.4, f log (& &= b cos x)de = = log [mu]
] < N

: [a = 0] [\Ref 5 No. 523.]
/2
868.5. f log tan z dz = 0. [qu 7, p. 74, No. 12.]
U ¢

w4 1 4
868.6. f log (1 + tan s)dz = Flag 9. [Ref.7, Art. 51.]
a o LS

N

Q.

a3
N

868.7. fr log (a® — 2ab cqs{:c\-i“- b2)dz = 2w loga, [a = b > OJ,
0 AN =2rlogh [b=a>0]

K (Ref. 7, par. 292.]
869.1. f - d}f‘ 1;’% [Ref. 20, p. 47, No. 120.]
f cOs M

S .&é"”"r )i =

875, 2~\ f e (b)ds = o "1+ . {\f(az +bbz) - a}».
\ [Ref. 12, p. 64, eq. (1) and (2).]

876. f' cos (e — T sin ¢)dp = mla(T).
L3

where n is zero or any positive integer.
[Bessel's Integral. Ref. 12, p. 32, eq. (9).]

For very complete tables of definite integrals see References 15 and 16,
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880. Simpson’s Rule. When there are a number of values
of y = f(z} for values of # at equal intervals, &, apart, an
approximate numerical integration is given by

b
jz) dit““g[yo+4y1+2yz T Ays+ 2+ ...

=a +4y2n-—1 +y2ﬂ]

N\

where & = 2, — xo = the constant interval of z, .80 'that
2nh = b — a. The coefficients are alternately 4 5;11\6\2\33 in-
dicated. The approximation is in general more agcurate as
n i3 larger. In this way, a numerical result “can often he
obtained when the algebraic expression canhdb be integrated
in suitable form. This computation can™ba performed as one
continuous operation on a8 manual ca]ﬁulating machine, using

a table of f(x). A7)
¢ x\ e
881. Anestimate of the errorin the 'ﬂ.bove approximate formula
is " -
7k SN (b — a) Bifin(x)
90 v 180

where the lar esi‘,':@}mry found in the fourth column of differ-
ences in the tagﬁe of f(z), in the range between a and b, may be
used for tHe)numerieal value of A¥#(x). See also pages
184-5 of X Methods of Advanced Caleulus,” by Philip Franklin

(Refer39).
O\Y
\..

883:- The following alternative formula ig more accurate, with
m:'\'j many funetions, than No. 880. It also ean be computed in
\ ) one continuous operation on a manual calculating machine.

b
h _
S d~gg [1-4% + 6.4y + 249 + 6.4y + 284
+64ys+ 24y, + 6.4y +28ys

.......................

+ 6.4 Z;‘-:n-—a.-i- 2.4 Yin—2a -I— 6.4 Yan—1 + 1.4 y.m]

where dnh = b —g.
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800.1. Separation of the variables. If the equation can be put
in the form fi(x)dz = f2{y)dy, each term may be integrated,

890.2, Separation of the variables by a substitution—Homo~ * <>
geneous equations. If the oquation is of the form O\
filz, y)dz + folz, y)dy = 0, O
where the functions are homogeneous in z and % and algehf the
same degree, let ¥y = wx. Then D
dx £u(1, wdu 'S

T A, u) + @ w O
If more convenient let # = uy. \‘\ ’
800.3. Separation of the variables by a,.sﬁbsﬁmﬁon, for equa-
tions of the form A
Al dx + fH{xdrdy = 0,
where f1 and f; are any functiqré’s:' Lety = u/xz. Then
dr  ANRwdu .
AR ORIEO)Y
890.4. An equation qf\th\e form
(ax + by o)dx + (fr + gy + hydy = 0
can be madei:homogeneous by puiting & = 2"+ m and
¥ = y' 4 #\“The quantities » and n can be found by solving

the tqu&iuitaneous equations in m and n required to make
the afigihal equation homogeneous. This method does not

apply if
\ ' %—i% = g constant,

but we ean then solve by substituting az + by = w and elim-
inating y or a.

890.5. Exact differential equations. If Mdx + Ndy =10 is an
equation in which

oM _ oN
ay ax

it is an exact differential equation.
205
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Integrate f° M dz, regarding ¥ as a constant and adding an
unknown funetion of y, say f(y); differentiate the result with
respect to y and equate the new result to N; from the resulting
equation determine the unknown funetion of ¥. The solution
is then

| fMdz +/@) +ec=0.
N\

If more convenient, interchange M and & and alsoz arid y in
the above rule. N\

[Hee Ref. 32, A Course in Mathematics, by F. 8. Woods :md F. H. Bailey,
vol. 2, ed. of 1909, p. 270.] N

891.1. Linear equations of the first order. ; A)differential equa-
tion is linear when it has only the first{Power of the function
and of its derivatives. The linear eguition of the fizst order
is of the form N\ |
DHPy=Q o i Pyaz=Qds,

where P and ¢ are mdependont of ¥ but may involve .

Insert ¢/ 7% g an mtegratmg factor. The solution is
y = e~j'}.=a:zl:f IPMQd$+CJ
\
§91.2, Bemc%s equation. If the equation is of the form

d
“ y-[-P?J‘“Q?J:

Whm;e\P and € do not involve y, it can be made linear by
subsﬁitutlng, Ly = u. Divide the equation by y* before
king the substitution.

892 Equations of the first order but not of the first degree.
Let
dy _
I =
If possible, solve the resulting equation for p. The cquations
given by putting p equal to the values so found may often be
Integrated, thus furnishing solutions of the given equation.

803.1. Equations of the second order, not containing y directly-
Let dyfdz = p. The equation will become one of the firsh
order in p and 2. Tt may be possible to solve this by one of
the methods of the preceding paragraphs,
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893.2. Equations of the second order, not containing x directly.
dy _
dr

dy _dpdy _ dp,

de? dydx *dy

Then

The resulting equation is of the first order in p and y and it "< \

may be possible to solve it by one of the methods of the pre<” \
ceding paragraphs, N

394. To solve . :"}‘:
—I- A -I— By =0, \\

where A and B are constants, find the roots}of the auxiliary
equation p? - Ap 4 B = 0. If the rootshré real and unequal
quantities ¢ and b, the solution is U = ~he” + ke, where A
and & are constants. \

If the roots are complex quantafnes m + in and m — in,

y = ¢™(h cos w2+ k sin nz).
It the roots are equa.l and are a, d,
\y\—- e=(ha + k).
895, Equations oi'the nth order of the form

¥ N Y Ky =0,
+ A d n—1 + d‘xﬂ —8 + y
where 4 \B, - ++, K are constants. Thisisa Tlinear differentiai

equai;xon
“Tor each distinet real root a of the auxiliary equation

A
p* 4+ Ap '+ Bpr e £ K =0,

there is a term he™ in the zolution. The terms of the solution
are {o be added together.
When a4 oceurs twice among the n roots of the auxiliary
equation, the corresponding term is e**(hz + k).
When @ oceurs three times, the corresponding term is
e (ha? + kz + 1),
and so forth,
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When there is a pair of imaginary roots m + in and m —
there is a term in the sclution
™ (h cos nz + k sin nx).
When the same pair oceurs twice, the corresponding term
in the solution is
e™*{ (hx + k) cos nz 4 {sz + ¢) sin nz}

and so forth.
896. Linear differential equations with constant coeﬂiments

d*y
EE:+Ad$n—1+Bdn—2+ +Ky X

where X may involve z.

Tirst; solve the equation obtained By puttmg X =10, a5 in
894 or 895. Add to this solution a‘particular integral which
satisfies the original equation sH@d “which need not contain
constants of integration sincey\such constants have already
been put in the solution.

897. The homogeneous }iiiéar equation * of the second order,

Q"

d -{—Am —I—By—f(x)

becomes a hneaa\equatlon w1th constant coefficients
\d2
N RNV

by suhsﬁltuthg T = ¢,

% [See Bloments of the Infinitesimal Caloulus, by Gn H. Chandler;
O Ref. 8 Chaps. 4445, or other texthooks.]

89§ Linear partial differential equatlon of the first order,
\'"\3 ™ Eﬂ-: + Q @ = I.
To solve this, first solve the equations
i _dy _
P Q R’
and place the solution in the form u = ¢, v = ¢. Then
o, v) = 0,

where ¢ is an arbitrary function, is the solution required.
[Ref. 11, p. 2021



)

>
((,/;\“55
APPENDIX .\Qﬁ
>
A. Tables of Numeric es
B. Referen@*
&\@@
\
s<\0
Q}é
O
2
@&0



_\mwﬁ.ﬂ R8OG| 0PI 856, | 21171 Q6% | 960'T BFF | B20°1 BA6E" | 600°1 B8PS | EF0D'L S8 | PIOE LiTAY
FOL'T 265" | GET'1 SR OTT'1 26%" | Y601 9% | 9L0°1 968" | 890°1 OFE" | TROT 062" | F10°1L cor
£OT°1T ¥69° | BELT ST | ST FoF | FOO'T ¥ | GL0°T F6E° | 8U0°T PEE | 0F0'1 S8 | BIO'T 091"
SOT'T BOST | LETT R GH% | G50 ZFY | PLOT €68 | 250°T CFE | 8801 08¢ | E10°1 oo
TST°1T 065" | 91T OFe | 1R 067" | €601 OFF | ££0°T a6e” 1 99071 0F5" | 280°T 847 | TT0'T 0s1”
061'T BEGT | 9571 BLY” F BITY °R8% | 80T SEF | €L0°1 8RE" | 99071 866" | 980T 02z | 0T0°1 SFT”
8911 0597 | SET'0 QeS| ETIL 77 98% | 160°1T 9EF | GL0T 98e” | 9501 0EE" | 9E0'1 LOZ7 i 0101 0F1"
Bei'l FEGT | VET'L koL TIE'T (wmw 060°T FOF | TLO'T PEET | FEOT yeR" | ge0'L 09 007§ CEr
ISTT oRe | BETX GEST | OTT'T 3% | 680°'T 8P | 0401 88 | ¥e0'L TEE | e0'T CUE | B00T 08T
0811 082" | ERLT 85" | 601'T Qm.#\m ~880°T 05F | 0401 088" | 850°T 088" 1 180T 082 | 8001 ger
STl sig | ISIL 8767 | SOT'L &1y M8SeT  Sev | 690 wue | meor  swer | osor @b | 200t 0o
POLT 98" | QUT'T 95L" | 801°T QLF Al 92F | 8901 L8 | E20°T 9EE" | 8g0'L OFs" | 20071 I
28171 FLE | 6ETX FEe | 0171 FLF 08 Foir | RO0'T FLET T 1G0T FGE™ | 280°1 98z | 9001 9%
1T 6Le | HET'T Go8T | WOT°T ZLF | 980° B L EE% | 2u0'T eL8 | 1901 ZERT | 980T 088" | SO0'tT S01°
911 0L | 4811 078" | 201°T OLF | 980 \ 0VgT | 99071 028" | 090°T 0ee" | 980'1 $E8" | a0t ooT
0sT'Y 898" | 98T'L SIS | #0T°T RAF | ¥80'T w‘:“.” 290°1 898" | 67071 |1 | ¥2O'E 0Ga" | ¥O0°L 060"
6FT°T 009 | GZT'T 918" | BOT'L 9% 1 L80'1 O 1.990°T 908" 1 6%0'L 918" | EEO'1 SIE" | 200'T 0w’
BFTT FOS° | FETT FI9° | 0TI FOV | o80°1 YIF) BO0°T FOE | SFO'L FIE ¢ G201 01T 1 G00°T G0
L2311 298 | S2T°T &1g | 20T°T ToF | #2801 IV | FO0'T ZOE | BFO'T cLE | 120°1 0% | 400'T 0v0”
id) 088" | 8011 018" | 10T°1 9% | 18O 01%F | 2901 PR 0L A L 018" | 0301 Q05" | 100'T Gs0”
S¥1'T 8OO | €ET°T g02" | 00T S9%° | 08D'T 0% | 290147 8927 [ 0F0'L 08" | 6T0'T 80" | T00°T 030"
FFTT aggt 1 IET'T oo | GED'T 95% | 60T 0% | TOOL ¢ Q28" | 9301 SOE" | BT0°T 06T | 000t OE
8FI°1 FU¢T | 0611 F0g | BGO'T FEF | 6L0°1 FOF | 190°1 CBeg | 5701 FOE" | LI0°E CRT" | 0OG'T 0z
ZP1'L 785 | 6IT'T 05 | L6001 SOF | BRIl &0 | 0901 645 9F0'T 08" 1 oL'L 08T" | 000°T 010
IPT'I ey | BITT 00g | 260°1 Q5% | 2201 00F" | 68071 058, M\wo.ﬁ 008" | 9101 SLT" | 0601 G

= €l £k ogElR ol R o =2VRE =2l =iE =

\m.“ ] m.“ [~ m,” £ m,,u, =) m.“ =) \mw.u ) =] mu“. =] m.“ )
9|T DAT BlT DnT D+ ﬂn_....\. 9.._.. v+

5 % 3 % 3 3 A 2 % 3

/(e 4 ) M00T T IGVL

210



AN
£ )
4

"£'0 > 2/q VO O00T/T TP 1001209 §f 2T +2 = (¢ ¢0)  monumxosdduoyL, [ oq] o 410 - Ly (ag + 2} M

9, #4 54

FIFT 0001 v 4
EIFT  866° | BL8°T  Qp6 | FPET 969 ALIET 8PS L6822 86L | 65T 8BL | 0221 869 | 26I'l 899
TI¥'T 968" | L28'T 9% | SFE'T sosvger  ofs | sigt 964 | SFEL  OFL | 9121 1611 959"
OITL %667 [ GICT  FPET | LPEL  B6S LBOZT  ¥AS' | 23T FoL | 98T Wi | 21T 61T FEO°
60T'T  E66° | BiE1 g¥6 | OvE'T 26w [JOfA.  ZFs | 9igT goL | Gre'T  GFL | BIET SRl ZED’
20571 066' | GLE'T  OFG | 6ES'T 06w’ WEV 5, 098 | PL'T  ORL | PPCT ObL | QIG'T STT Oy
9031 8267 | TL8T  8B6 | 2881 88% [ oot OV mes | ezar smy | ev@T ser | Bzl 9811 88y
FOB 1 9867 | OL8TT 986 | 988’1 O3R' | g0t VeaR | gLar 98l | Z¥el 9es | R1zl i1 Ay S -
£0¥°1 PRG" | Q06T Pest | gE8'T  ¥8% | gos) g9 121 ¥sL | 0%zl wEr | Blol PRIT FED
Z0P'T  gR6T | 292'T 286’ | EETT e85 1 105°T 488 J1.690T  &mi | exzt  es | otot ERIT 789
00¥°1 086" | 995" 0B | BEET 0S¥ | oogT  0¢8” 8981 0Ra' | seer oot | Gosr 8T 089"
GEE'T QM6 [ FOS'T 866 | 1881 28 | 86ET sz 8LL | LETT 8zl | s0TT I8TT 839"
268°T 9/6° | €96'T 986" | 6281 908 | 16BT 9w 9L, 1 988'T 9T | L0ZT 081l 93¢
968'T P46 | ZOTT  FE6' | RGET  WLR | 0621 P8 $L2 | €8T BEL | 90X BLTT  TgY
¢68°T g6 | 0DE'T 836" | L2681 BLE | F6ET  Zes 78l | eyt gEL | g0zl 8L 759
CO8T 0467 | 6SE'T 086 | STE'T  OLY | B6ZL 038 [ @96T © DIL' |zl OBl | 071 LHTT 029
z68"1 BOG" | LZ€'T BTG | PE&TT 808 1 G651 WIS | 1981 80450 1821 sI4 | 0wl LTt s8I
0os'l 096" | 0SSl 9I6° | 22R'T 998’ | 16T 9IS | 098'T 902 J0fe'l  orr | 1ozl STT 91
6881 FO8' i cag'l L6 | Zest YOR' | 68C'T P18 ! 89g't  ¥Orfle%eT  ¥IZ | 0021 LT PIg
8RE'T €967 | BSETT  BI6 | 0ZE'T O | 882I IR | 2881 gol w%.ﬁ gLL" | 6811 LT 219
988'T 096" | GU¥TT 018" | GIE'L 098 | 28GFT 018 | 9981 09 |“0gmy  o1L | sell LT 019
oRe'T 06" | 19E°T 806" | STIE"I 8gg' | ORB'T R0 | 9977 ger | SEE TN} 802 | L6I'T LT 809
£88'T 096" | 688°T 906" | 9IE'T 092" | PRET  90% | $OTT 9sL | ¥861 /902 | 06T'T €01'T 909"
BB PG6T | SPET F06' | SI2'T 108 | #82°T  FO%' | 26%'L ¥oL | e3e1 Nk | coTn QOT'T  POU
188°1 geq* | 4781 B06" | VIE'T  GER' | 582 g0 | oAl 894 | 65ET B, 61T 91T B0
B28°T 056" 1 9PE°C 006" | ZIET 098" | ¥88'T  008' | 0SG'T 0G4 | 126l 004, 611 90T 009"

P 4 g <o < = <« = - < =

.mlww =) \nlw“ =] Wn.w.., =1 mv,-' =] m..._.. ] \m.m....., =1 \mm. ) B \m.w.u.. =

£ 3 =]

4+ "+ =+ Tk "+ s B+ +

= % % ) I % z { / %

— ey —r S — A — e

B}(s7 + 48) A—(panugreen) Q00T HTIVI

211




60280z "dd ‘gF “Joyf pue ‘grz—06T "dd ‘T "A B oW ‘6oT d ‘g "1ey oem ‘sa1awy ajerduron JI0U8 104

7 )as = (1 + wa
( jmonenbs Jursoroy oy) jo suonwondde SATB000NS SYBW: PUB G[E} STOL 95T “u JO sanpBA Iedyey 1oq
ALY
00 000'T 00z |4/
1354 18 966" 66T | EBE RE 016" BLT | 8B 96 gug” 67’1 | TIE— Z¢ 806° ¥
(1% 1L 166 86T | 918\« LOFI6" BT | 05 G2 gaw’ SVl | B2a5— 84016 BT
0% 29 LG L8'T | 602 7 89 EIG LT | arn £9 ga8° LT | 98E— 11216 g6l
e 2 96T | 106 & g LG 016 LT | B 09 &3R8 9FT | L35 8¢ 916" 121
938 88 616 96'1 | 261 £$9 806 or|e - 09 U538 891 | ege— L1 816 0z'1
28 01 9.6 FO'I | O8I mr\mg 6O°T | €1 — 18 488" T | 2l 68 076’ 61T
0Lg OF G267 £6'T | BAL 00 S0 BT | €2 — 0 988" €T | ¥8C— €4 LEn’ 81T
558 21 896" G6'T | 0L 08 806"/ LO'T | a8 — 98 988" er’l | L6e— 04 926° i1
Toe 27 996" T6'T | €9 29108° /4 90T | OV — 9L R’ ¥ | ole— 0% 676 91t
ore AL 196 06°T | 91 ZL 006" 8.7 9077 § 08 — O% LHR 0T | T8~ FO Le6’ Si't
GEE 88 86" 48T | 88T ¥0 868" S 2 98 L88° 66°T | BEE— o 086’ FI'T
188 L0 go6” 88°T | OFI ¥ 468" 2Oy | 69 — Ve eeet 8€1 | T9E— 86 686° ET'Y
goe 8 166" 28T | 2Rl Z6 L68° 2oL pp2d — T8 688" L8 | 998— 69 BF6° 'l
o1 69 8¥6° 98'T | ¥EI 89 P63 19°T §428 — 81 068° 98T | T8E— 0% L¥6° Irt
808 19 9F0° g98'1T | 911 29 £68° 091 | 467 5 ST 168" 98Tl | R6E— 9e 196° o't
i ]
ong 19 Z%6° PR | 801 £F 68 60'T | L0740y [fdiy FET | TIF— 9% 026" 60°1
aba 60 6EG” 9T | 10T ¥ 168 S¢T | 9T1— 7 a8 868" 8871 | A6V £2 688° 80°T
8 £8 986” Z8°'T | B6 6% 068° LE'T | 91— ¢ O FO8 SE'T | &vF— 9T Fo6° 0T
iz |0 ¥£6° 187 | 98 ¥ 688° 95T | 98T— /00 968° 8T | 8% — ¥4 806" 90T
0z 88 186 08T | 4 28 888" 89'T | A¥1— W@Wmm. 0F°T | 94%— 0% 846" 0T
192 L4 886 64T 3 6D 81 88g" FET | A91— P0.668" 4 - GECT | POF— ¥7 86 FO'T
3514 BE 926 841 1 19 18 .88 80T | ®9T— L 006 3 B&'L | TIE— F £86° B0°T
L¥E B 826 LT ¢ 68 ¥0O 298" 20T | BL— 00 506™. 0 L8 | 658— T8 886" a1
622 L8 TE6 01 | aF 69 o8%” I8°T | 06T— OF F06° NV ADET | 634~ 88 $66° 01
188 90 616" SLT | 0E £2 HE8° 05T ) 00— OF 806" A58 | 195— 00 000°T o
L
il {w)x v | B (W) ¥ [ ma (wa WL Ea (@) v
Wl
[og8 298] NOILONNA YIIVD—E00T IV 4
4 \¢

212



TABLE 1010—TRIGONOMETRIC FUNCTIONS
[Characteristies of Logarithme omitted — determmine by the nsusl rule from the valoe]

fivE TANGENT COTANGENT Cosive

Banans Dmmm'?alue Logy| Value Logy|Valua  Logy|Value  Logy,

0000 | 020070000 — [0000 — | 0 71,0000 ,0000] 90° 0] 1.5T0R
029 10 10029 4637 | 0020 4637 | 343,77 N363|1.0000 0000 B0 { 1.5679
0058 o0 | 0058 76481 0058 L7648 1TLEY L2352 | 1.0000 .0000 40 | 1.5650
0087 30 | .0037 9408 | 0087 8409 | 114,50 L0651 | LODDD 0000 30 | 15621
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0204 10 | 0204 3088{.0204 3089 (40104 6011 5008 .9999 50 | 1.5504
0233 20 | .0233 3668 0223 ,3660|42.064 6331 9997 9090 40 | 1.5475
0262 30 |.0262 417910272 4181 ! 38.188 .5819| 0007 0004 30 | 1.54465
0201 40 | .0201 46370201 46381 34.568 L5362 | 9996 0908 201 1.54174
0320 50 | 0320 5050|0520 5053 81.242 404T| .0995 0008 10| 1.5388 -
0319 | 20000 0349 54081.0310 5451{28.676 .4660| 504 .000T| 88°00°] 1.5350
0378 10 | 0378 577610878 .BTT9126.432 .4221| .0003 0907 50 |1.5330
H0T a0 [.0407 6007 .0407 6101 |21.512 .3800| .ou02 0086 40*~Laao1
0455 a0 | 0436 8397|0437 6401122.004 3590 | 0000 0086 #30N 15072
(M5 40 | 0465 6677|0466 GOB2|214T0O 518 | 9980 9995} 0 20| 1.5243
(4% BO1.0404 .6040].0405 .6945[20.206 3055 | 9085 0063 b\ 10| 1.5213
052 | 8200 .0528 .7188].0522 7101[19.081 2806 | .hosd .OR0417° 00| 1.5184
553 10 | 0552 7433].0558 .7420 (18,075 .2571| 0045 .AGGG B0 | 1.5155
0683 20 | 0581 76151 0582 .TG52|17.169 .2:MB| .9983,0003 40 [ 1.5128
0611 a0 | ‘oilo TssTi 0612 TEGs| 16.350 2135 | 988y 002 30 | 1.5007
0640 40 | 0840 8050641 .SO0BT | 15,605 .1983) 99H07.0901 20 | 1.5068
0459 50 | 0663 .8251(.0670 (8261 (11024 1739/, 9978 4990 10 | 1.5039
0698 | 4°007[.0698 8436|0800 844114301 1554 [ ».907T6 9089 BE°00'[ 1.5010

| o727 10 | 72T 8613|0720 8624 18.727 (976 | 474 0080 50| 1.4081
756 o0 | 0756 8783|0758 .B705| 13,107.1205 | A6T1 BOER 40| 1,.4052
0785 30| 0785 3046|0787 8060 | 12.706) 1040 | 0060 BGRT 30(1.4923
0814 40 ] .0814 0104 |.081G 9118 | 12251 0882 | .DONT UM 20 | 1.4803
044 50 | 0843 9u56|.0846 (927211826 .0T28| 0G4 4985 10 | 1.4864
0873 °00' 0872 403 .nz;m L0490 | 11,430 05801 9962 .QOR3| 85900/ 1.4835
902 5 {:g 00?16% ‘324;, 0004 A5ea 11.050 04371 0050 0682 50 | 1.4806
0931 20 | .0929 9653 0‘};1.' 0L (10712 .0200( ST 0981 40 | 1.4777
D0 30| 0os8 L9814 D836 | 10885 0164, K54 9950 30 [ 1.4748
098 40 | 0987 9015 \%0 906G [ 10.078 0034 9051 9974 20 | 14719
10i8 5O [.1018 007D .1022 .0093|9.7882 BO0T| (48 07T 10 | 1.4600
2047 | 6000|1045 0teil1051 0216|9.5144 9784 GMB 00T0| 847007 14661
1078 10 | 1078\ 0501 | 1080 0330 |9.2553 064 | M2 OK7S 50 | 1.4632
<1105 50 [ 1108 0495|1110 0453 | 9.0008 0547|0039 G073 40 | 1.4603
1132 30 | 14300570 | 1130 0567 | 8.7760 .0433| 0086 .00T2 30 [ 1.4573
1164 10 Valel 0648|1160 06TS | 8.5555 0322, (0982 971 20 | 1.4584
1193 BONIIG0 0755|1198 0785 |8.8450 0214} 9928 9969 10 | 1.4515
1222 | wolgde! 1210 osno| 1298 .omer |s.1443 0100| 5995 0063 ) 882007 1.4456
1251 ‘75’)2? A 2e% 0o05|7.0530 0003 | 002 031 0| 14257
1280 4058720 | 19276 1000 | 1287 L1006, 7.7704 8004 JO18 ORNGE 40 | 1.4478
139y 201.1%05 11571817 119475058 88061 6914 063 a0 | 1.4390
43381 4o o134 1952).1316 .1281| 74287 8709 9911 0961 20 | 1.4370
367 B0 1 i3¢s .1345|.1376 .1385|7.2687 8613| .07 .OUSD 10 | 1.4341
1396 1 8°007. 1436) 1405 1478 |7.1154 .8522| 0003 9058 82°00) 1.4312
-1425 8 (ig .%ig? ;H' }3035 1560 |6.9682 .B431| 0899 BUGG 50 1 1.4283
1454 20 } 1449 .1613].1465 .1658|6.8260 8342) (9RO1 061 40 | 1.4284
1484 201’1478 1697|1405 .1745|6.6912 .8233| .0890 0967 30 %.ﬁ.g
1513 20 | 1507 Tivsii.asz4 .1831|G.5600 .8169| 0886 .9950 20 L lgﬁa
-1642 50 | 1236 ‘183l 155d .1015|G.4348 .8083| 0881 0048 10 1.4
511 | 9c00/| 1561 10esl anss 19u7[6.2138 .8003] 9677 9646 81° 00 1.4137
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TABLE 1010 (continued)—~TRIGONOMETRIC FUN CTIONS '

[Charaeteristica of Logarithms omitted — determins by the usual rufe

from the valug)

- BIXE Tangewr COTANGENT Cosing
tap1aws| Deanmy ¥alue  Log|Valre Logy|Value Logy|Value  Log,,
1571 ] 2°00°) 1564 19431 1584 1907 | 6.3158 8003 | 0877 004G | §1° 00¢ 1.4187
1600 10 1.1508 2022 | 1614 20781 6.1070 7922 | 0879 .op44 50 | 1.4108
1529 20.1622 2100 | 1644 2158 [ 6.0844 7847 | 0368 0049 40 | 1.4079
L1658 3011650 21741 .I673 2236 | 5.9758 7704 | 0563 9010 30 | 1.4050
1687 40| 1679 2251 | 1708 .2312 | 5.8708 .7T657 | .0858 0038 2 | 1.4091
1716 H01.IT08 202411783 U880 5. 764 (T611 | .0853 0ot 10 | 13092
AT45 [10°00° 1736 2507 | 1763 2463 | 56713 7557 | 9848 9034 | 80°00'] 1.3063
1774 1011765 2408 | 1798 2536 | 5.5704 7464 | 0843 G031 50 1 1.3934
1504 2011794 2598|1823 9600 ”4849 L7301 | 9838 9090 40 %3004
1833 301822 2606 [ 1853 2680 |5 5 35 0027 302875
1852 4011851 2674 | .1883 . 5,309 K A4l a20 1.5848
1891 30 1.1680 2740|1914 .2819{5.2257 .TI81 | 0802 9002 |\ w0 [ 15817
2920 1117007115908 28061 1942 2887 | 5.1426 7113 | 0818 .00 N9~ 007! 1.2788
L1940 10 L1957 28701 .1974 29531 5.0658 7047 | 0811 .QOLM 50 1.9759
1978 20 (.1965 208112004 3090 |4.9304 6980 | 0RO 4014 40 [ 1.3730
2007 90 (.1994 2007 | 2035 3085 | 49162 6915 | r00aa0}e 80 | 13701
2056 40 | 2092 2055 | 2065 .2 4.5430) 9000 20 { 13672
2065 50 [.2081 8114 2005 .5 4 0T 107 L3643
2004 | 122007 2079 .3179(.2128 . : BT, 0004 | 78°00'| 1.3614
2193 102108 3238 | 2156 203G { 4.0382 666N 0775 0001 50 | 15384
5153 20 |.2136 329G | .2186 5307 [4.5736 <6003 | 0760 080D 40 | 1.2555
2182 30| 2164 .3353] 2217 5455 | 4.51070GYA2 | 9743 LG 20 | L.36%
2211 4012198 84101 9247 3317 44 balb4ss | 0757 080 201 1.3407
240 5O |.2220 3466 2278 BTG [NER0T LGAut | 0750 .ORU0 10 ) 12368
2269 [18°00°].2250 8521 | 2300 .2ua4 w3415 6006 | o744 .osa7 | 770007 1,340
2208 10,2278 3575 | 2430 3601 MI2T4T 6200 | 97T 0881 o 1.5410
Sy 2012906 8620 | 2570 7B 142108 0252 | 0770 U881 40| 1.5381
2356 40123381 L3683 2401 UBR04 | 41653 610G G722 0878 30 11,2852
2355 40 [.2363 2734 | 243008850 | 4.1126 6141 | 71T 0&TH 20 | 1.323
2414 50 (.2081 8786 | .2462°.3014 140611 608G | .OTI0 .9NT2 10§ 1.3384
2443 | 14°00°(.2419 8837 2303 2008 | 4.0108 6022 | 9703 .0%p0 | 16900 1.3265
2475 10 | .27 L3887 2524 4021 | 3.9617 5OTS | 0606 086G 50 | 1.3255
L2502 2012476 8O3 | 9555 407480135 L5020 | 0580 ORGE 40 | 1.3006
2581 30 (25045086 | 2566 4197 | 3.8667 .5R73 | W81 0850 30| L3177
25360 40 1 .2532 033 1 2617 4178 | 3.8208 L5892 | 0674 0850 20 [ 1.3148
2589 By 2360 4083 [ 2648 4250 | 37760 5770 [ JOG67 L0853 10 | 1.5119
2618 [15°00¢ 19588 4130 | 2670 4981 |2.7221 5710 | 0850 9849 ] 75° 00 1.3040
L2647 AP MOGI6 4177 | 2711 AS3L § 3.6891 L5680 | 055 0816 50 | L4661
9676 N30/ 2644 2297 2745 438126470 5610 0644 0843 40 | 12032
2105 1 8 80 | 2672 4260|2773 4430 | 36059 .BATO | 036 U830 80 | 1.3003
278t {75740 |.2700 (4314|2805 4470|3556 5521 | 0608 0RIG 20 11,2074
UFNY B0 2728 4550 | 2836 4527 | 3.5961 5473 | 0621 .osn2 10| 1.2045
ATHTI167007) 27568 4403 | 2807 44575 | 5.4874 5495 | 0613 0528 | 7400 12013
\ s I0].2784 4047 | 2690 4472 | 3.4495 .53TS | .0805 OG5 a0 1%‘5@6
SP8EL 20 [.2812 44912031 4669 }8.43124 3531 | 9506 0821 40 ;Sag
b 2880 30| 2840 4558|2062 ATI6 | 5.3T50 L6284 0588 08T 801112828
2909 40,2898 4BTG | 2004 .4T62 | 3.5402 ,5938 | 0580 0814 20 l,i?\ﬂb
928 BO[.2306 .4615|.3096 .48083.8052 .5192).9572 0810 10 | 1.277
-2067 119°007 2024 46591 9057 .4853 | 3.2700 K147 | o563 9806 78°00° l-j—jig
2006 102052 4700(.3089 4895 |3.2571 .5102).0555 .9802 50 1,553 z
U2 2042973 4T41|.3121 40431 3.2041 L5007 | 0548 0708 401 1.2 %
3054 301.3007 47R1|.3153 4087 |3.1716 5013 | 0537 0704 20 1-32;,5
3083 40 1.3035 4821 | 5185 5001 |5.1307 4969 | 0598 .0790 2 1;-,.5;_
813 BO(.3062 .45614.3217 5075 {3.1084 49251 0520 0756 10 1.3:»- 51
3142 | 182007 3000 4000 3249 511813.0777 .4882 | 0511 9782 | 72° 007 1.2566 |
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TABLE 1010 (continued)—TRIGONOMETRIC FUNCTIONS

[Characteristles of Logarithme omitted — determine by the ustal rule from the valua]

. Srxm TANGENT CuTaxewEsT Comine
Ravias| DEdhERs ¥alne Logig|Value TLogg Value  Logy Value  Logy,
4142 | 18°00°] 3000 4000 [ .3240 L5118 5.0777 4882 |.95%11 .97R2{'72°00°f 1.2565
3171 10| 8118 4039 | 4281 5161 | 3.0475 4839 | 9502 0778 50 | 1.2537
3200 201 .5146 AT | 3514 5203 | 30178 4T MU2 T 40 | 1.4508
3220 30 [.3173 5015 .3346 5245 | 29887 4755 | 1483 9770 3011.2479
5258 40 | 3201 .BOB2 [ .3378 .B28T | 2.9600 4713|.047¢ 9765 20 | 1.2450
3287 60 | .5225 5090 | 3411 .5329]2.9519 4671|.9465 0761 10 | 1.2421
A6 [ 19°00°] 8256 5126 | .3443 53T0 | 2.8042 4630 | 455 0757 | 71° 00| 1.2392
3345 10 | .3283 5163 [ .M76 .5411|2.8770 4580 | 9446 9752 B0 | 1.2363
3aTd 20§ 3311 5199 | 8508 5441 | 2.8502 4549 | (436 9748 40 [ 1.2334
2400 30| .3388 5235|3541 5401 | 2.8239 4500 | M26 9743 30 19308
3432 40 |.3365 5270 | 3574 .555112.,7080 4469 | T 4739 201 1.2283
5462 50| 3393 .54061.8607 LABTL| 27725 4429 | 00T 073 10 | 1.2246)
41120700 3420 5341|3640 BG11| 27475 4380|9307 9720 | TO° 00’ 72217
23520 10 | 3448 5375|3673 6650 | 27228 L4350 | U387 9725 10 NL2188
B549 20| 8475 5400 | .3TOG 5639 [ 2.6085 4311|0377 L0721 ’.40 1.2159
B5TR 3N 5502 5443|3730 5TOT7 [ 26746 4273|9367 o716 € 30y 1.2130
2 40 | 3320 5477|5772 5706 | 2.6511 .4234; 9356 .OTIL[/NN207| 1.2101
3636 B0 | 3557 5510|3800 5804 | 2.6270 4196) 9346 .9706) &/ 104 1.2072
8665 | 21° 007] 3384 5543 | L3630 .5842 | 26051 4158 |.93%6° 05021 89° 00°) 1.2043
L3604 10| 5611 #376.3872 .5STO | 2.5926 .4121 | .9A25 NIENT B0 | 1,214
3723 20 | .3638 5609 1.3008 .3017 ; 2.56005 4083 | .9315\065% 4011.1985
752 20! .3665 5041 |.3939 5054 | 2.528G 4046 | A8037.0687 30 [ 1.1956
aTsn 4 3692 5673|3973 L5091 | 25172 40004 9283 O8R2 20 | 1.39%
B8k1 B0 .5719 5704 | 4006 6028 | 2.4060 BUT9N0283 67T 10{ 1.1897
3840 | 22°00°| 8746 .AT36 | 440 6064 2.4751 £30387 0272 WOT2 | 68° 00’ 1.1868
3800 10| .3773 57671 .407T1 6100 | 2.4545 900 | .0261 9667 1.1839
<S80 20 | 3300 57081 4108 G135 | 24393, 8861 | 0260 9R6L 40 11810
02T 30 .5827 5829[ .4142 6172 | 212 8898 | 0230 0656 20 | 1.1781
] 40 | .33 5850 | 4176 6208 R85 3T | 0228 o6kl 20 {1.1752
2085 50 | 3881 5839 | 4210 6"4“' DWIS0 L3757 ¢ 9216 0646 10 | 1.1723
4014 F23°00¢| 2007 pot0| .goas 6300 2.amm0 5721 | 9205 96s0 | 67°007 1.1604
AMS 10 | .50% 5048 | 427076314 | 2.3360 368G | w1a 0835 50 | 1.1€63
Al72 20 | 8061 5078 | 4314 \648 | 25183 3642 | U182 0620 40 | 1.1636
4102 30 |.3937 6007 | 408 G353 2.2008 3617 | 0171 9624 30 | 1.1606
Al31 40 1 .4014 6095(, 4983 G417 | 2.2817 .3583|.9150 .U61¥ 20§ 11577
4180 50| L4041 6065 :.5141? G453 | 29637 L3044 1 0147 L0613 10 | 1.1548
183 {24000 4067 G093 | 4452 0486} 2.2460 3514|9155 L0607 | BB°00' 1.1510
4218 10 | 406101 | 4487 L6520 | 2 9256 L8480 | 0124 U602 50 1 1.1400
AT 20 | 4120WG149 | 4532 65553 | 2.2113 5447 | A112 0596 40 | 1.1461
4276 20 L AT BITT | .AB5T .GI8T [ 20043 3413 |.9100 8580 30| 1.1422
4305 401 }173 6205 | 4508 6620 | 21775 L8080 | 088 0584 20 | 1.1402
4384 BONVA200 6232 | 4698 6634 | 21609 336 | HOTH 9579 10| 1.137¢
4368 25&00’ A295 6959 | 4063 60721445 .3313).9063 G373 ) 66°00 1.13dh
4392 [N M0 [ .4253 6286 | 4609 6720 | 2.1283 3080 | 9051 0567 50 | LI316
A2 987 90| 4279 631374751 6TA2 | 2.1123 3248 (9058 4561 40 1 1.1288
43348 30 | 4305 L6340 | 4770 6785 [2.0065 3715 .0026 955 30 f1.1257
.4480 40 [ .4331 G366 | 4808 L6517 |2.0500 .3183 | 9013 .84 20 | 1.1228
50| 4358 6302 | 4841 B850 2.0655 31509001 9543 10 [ 1.1199
ms 26°00°| 4784 .6 : 6882 | 2.0508 3118 | B9R8 0537 | 64°00°] 1.11%0
As67 10 ‘44183 ?jﬁ igg 6314 | 2.0353 .30%G | 8075 9530 50 1.114(1,
4595 on | 4436 6470 4050 6046 | 2.0204 (3054 | 8062 0534 40 Llégﬁ
40625 80| 4462 54051 4085 6077 | 2.0057 3023 | 843 0818 30 1.1(54
4654 40 | 4488 6521 |.5022 7009 | 19912 2001 | 8GiG Q512 20 [ 1.1 ({1
4683 50 | 4514 .6546 1 .5050 7040 | 1.9768 2960 | 8923 .0505 10 j 1.1023
4712 | 20 00'| 4510 Go70| 095 7072 |1.9626 2025 | .5010 9399 | 63° 007 1.0906
-‘__h_"—‘-———-__
Value Togg|Value Tog Value  LognlVale  LofuiDremzes(Rapiaxs
Uosve COTANGENT TANGENT Bive I
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TABLE 1011—DEGREES, MINUTES, AND SECONDS ToO RADIANS

Dagrees.

Minutes

Seconds

a

We-aen hists~o

0.G000 00
001745 43
0.0345%0 66
800235 60
0.08951 32
0.08726 65
0.10471 98
212217 30
0.13062 63
0.15707 U6
0.17453 20
019192 62
020543 05
D3RG 28
0.24434 61
02617994
0.27925 27
DL289670 GO
03141593
0.33161 25

0.34906 59
0.36651 01
0.38807 21
040142 57
0.41857 90

0.43635 23
045378 56
047125 89
0.4856:9 22
(LB0612 55

0.52350 83
0.524105 21
0.35800 54
0.57505 87
0,50441 19
0.61086 52
062531 b5
0.54377 15
066322 51
0.68067 8
0,698 7
0.7 S’JD
Uj B30

\({{0.75049 10

NDLTGTOL 49

0.785530 82
D.80285 15
0.820530 47
0.83775 80
0.855521 13
0.8726G 46
0.85011 79
090737 12
09230245
04247 78
0.05905 11
00773844
O ¥R 7T
10122030
1.02074 43

1.0471078

80°

895

“os
“G9

G

1471976
1064455 08
1.08210 41
1.09955 74
11101 67
1.13446 40
1,151 73
1168547 06
1.18682 39
1.20427 72
122173 06
1.23918 38
La25653 71
1.27409 04
129154 36
1.308%9 69

32045 02
1.34350 85
1.5361335 68
187881 01
1.59025 34
1.41571 67
1.45117 00
141862 43
1.46607 64

1.48332 99
150098 32
1.51845 64
L3383 U7
1.55334 30

1.57079631
1.58824.98)
160570 29"

1.622815.62
184060 95
9.85806 25

9’8\\1 BTHEL BL
g7 ¥ 169205 91

1.71042 27
1.72787 60

1.74532 03
LT6278 25
1.78023 b
1.797688 01
1.51514 24
1.83250 5T
1.85004 %)
156730 2
1.88405 50
1.90240 89

1.91056 22
1 03731 55
15 88
1 7 2{
1.08967 22

! 200712 84

20245819
2.04203 K
2.05948 55
2.07T654 18

2.00439 51

120° 2.00439 51
121§ 2,11184 84
1321 2.12030 17
123 | 214675 O
121 121642083

125 | 2,18105 16
125 | 219911 4%
127§ 2.21636 82
128 | 223402 14
129 | 2.25147 47

130 {2.26502 80
131 | 2.28638 15
132 | 2.30383 46
133 | 2.3212579
154 | 23357412
135 | 2.38610 45
156 | 2.57364 74
137 | 2.39110 11
148 | 240855 41
139 1 24260077
140 | 24134610
141 | 2,900 42
143 | 2ATEIG 75
143 | 2.49582 08
144 | 2.5139 23

[y
Q CEWIDO b=

145 ..m‘)(}'i'ﬁ'f—! 25

146 | 254818 07
347 | 856563 40
1380808 73
1499 260054 06

151 | 263544 72
152 | 265290 05
153 | 2.67035 88
184 | 2.68780T0
155 | 25052503
136 | 2.72271 86
15T | 2.740165 69
158 | 2.75768202
159 | 2.7Th07 85

161 | 2,80008 01
162 | 2.82743 54
163 [ 2.54488 67
164 | 2.802534 00

Wi 280724 66
167 | 281460 u0
163 | 2.03215 31
169 | 294960 64
170 | 2.96705 97
171§ 2.93451 30
172 | 3.00196 63
173 | 5.01041 95
174 | 5.03687 29

175 | 30513269
178 | 307177 95
19T | 3.08023 28
I78 | 310668 61
179 | 21241304

180 | 3.14159 27

50 [ 26179038 | 30

160 [ 27925263 | 40

165 | 2.870703% | 45

0,00000 00
0.0002900
0.00058 18
0.00087 27
0.00115 36

0.00145 44
0.00174 53
000203 63
0032 71
000261 80

0.00200 89
0 00319 93
0.00240 07
0.00378 15
000407 24
0,0043633
0.004p5.42
0.00444 b3
000527 60

A 00552 69
N.0.00581 78

LU0 87
000659 03
000660 (4
(.U0BS3 13

0.00727 22
0.00756 31
000785 40
0.00814 40
000843 5§

0.00872 66
000001 75
000930 B2
0.000580 93
0.00939 02
0.01018 11
0.01047 20
0.01076 29
001105 38
0.01184 46

0.01163 55
0.01192 64
00122173
0.01250 82
0.01279 91

0.0130900
0.01:358 00
0.01567 17
0.0139% 26
0.01425 35

0.01454 44
0.01433 b3
001512 62
0.01541 71
0.01570 0

0.01599 89
0.01628 97
001655 06
001687 15
0.01716 24

0.01745 32

0.00007 27
0.00007 76
0.00008 24
(LOONE T3
0.00009 21

0.00004 70
0.00010 18
000010 67
0.1 15
0.00011 64

0.0001212
000012 61
0.0001509
0000018 67
0.00014 06
Q00014 54
0.00015 03
L0001 51
0001600
0.00016 48

0.00K116 47
000017 45
0.00017 84
0001842
0.00018 01

0.00014 20
0.00019 &8
0.00020 36
O.00020 83
0.00021 33

0.0002] 82
N.KN22 50
0.00022 7%
00002327
0.00023 76

0.00024 24
0.00021 73
0.00025 21
0.00023 70
0.00026 18
0.00026 66
0.00027 15
0.00027 63
0.000328 12
0.00025 60

0.00029 09
ik
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Tables 1010 to 1012 of Trigonometric Funetions are from The Maemil-
lan Mathematical Tables, by F. R. Hedrick, Refer, 19, where tharc are alse
tables of 5-place values for cvery minute of angle.
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TABLE 1012—RADIANS TO DRGRFES, MINUTES, AND SECONDS

Ravrivs ngs,\ HunperprEs | THOVAANTTES |TEN-IEOTSANDTHE
\ v
1| bBrorrasr, o436, suaor g | o0 3268 | 00 02076
3 111313;’%".3 .1%0331'%”.3 ‘f?é%".a 0° 6535 [ 0° 0413
3| 1m1o53114r 4 £ATR11197 .4 | 1083079 | 0P101878 | 00 17019
4 | 229°10/59" 8™ "20055'05.9 | 173076 | 01361 | 0° 12875
B | 286°08'340% 283’5074 | 2°51'B87.2 | O°IT‘11V.3 | ° 1'437.1
¢ 0808 | 34000raerg | 802501579 | 002007V | O° 200378
7140194376 | d00 @254 | 4° 038”5 | 0P24037.9 | P 2244
8 4588;14\’58”.4 aRos0'117.8 | 4osmoivs | oc2rs0Tl | 00 24670
9 | 518°80°43".3 | 51°32/887.3 | 5° 9.8 | 09305674 | 0° 305”6

Y -
{ \M decimalg,

1 radian = 180/x
1 degree = « /180

57.206 77951 degrees
0017453 29252 radians,

6 on the pages following

Trigonometrie tables such as Tables 1815 and 101 e robian

Eftceln may be used advantageousiy by first converting the an
0 decima)
1mals of degrees. $ion is given at the top of the

In these Lables, where the name of the fune
Page, the degrecs for that function are Lo be read from the left-hend colmn

and the top line. The degrees for the function named at the bottem of the
Page are 1o be road from the right-hand column and the bottom line.
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TABLE 1015—TRIGO§IONMETRIC FUNCTIONS

0123456789(1{])

i

f=]="
COWIDPT LN = DDy D e B2 b e D0

b (=)

oo

'~

Es'm;q'c:bwin'wiai-'c:éobo,‘?/c:'cnin'wia}acéobo'—qb:&:iabui\ai-‘

w

|
|

.00 000 617 035 052(070 087 105|122 140 1571 175
175|192 209 227244 262 2791297 314 332 349
349 1367 384 401|410 436 454471 480 506| 524
524 (541 559 576(503 611 6283|646 663 681 69R
808 [716 733 750,768 785 803/820 838 855| 873
873 1800 908 925(343 060 977(095 Di2 030 047

.01 047 |065 082 100|117 134 152|169 187 204] 222
222 230 257 274202 309 326.344 361 379| 308
306 1414 431 440|466 483 501|518 536 553] 571
571 |588 606 623|641 658 675603 710 728| 745
745 |763 780 798815 832 $50i867 885 902 920,
920 1937 955 972060 D07 024|042 059 077 04"

.02 094 112 129 147|164 181 199.216 234 251| 269
269 1286 304 321/339 356 373/301 408 426) 443
443 1461 478 496|513 530 548[565 583 608 618
818 635 653 6701687 705 722:740 757 ‘I75| 792
792 810 827 845862 879 897914 GBE\19] UGT
947 984 002 U15(036 052 071080906 124| 141

L03 141 159 176 103211 298 244 2%281 208] 316
316 |33 350 368|385 403 420/38% 455 473| 290
490 507 525 542i560 577 535812 628 B47| 664
664 1682 699 717734 752.960(786 804 821 830
830 1356 874 801|909 926)943(061 978 996| 013

<04 013 031 048 085/083,1060 118|135 153 170] 188
188 205 222 240/257275 262[310 327 345 362
362 1379 397 414432 449 467[4%4 501 519 536
536 [664 A71 3841606 623 641/658 676 643| 711
711 1728 748 TB31780 798 815833 850 868! 885
885 (002 %0 937|955 072 090|007 024 042 059

.05 050 [077+094 112|129 146 164|181 159 216 234

234 %54068 286|303 321 338[356 373 390| 408
435 443 460|478 405 512(530 547 585 582

5823600 617 634[652 669 687[704 722 730| Ta6

796 (TT4 701 809|826 844 861|878 806 013| 931

(831 (948 965 983|00G 018 035053 070 087 108

7067105 (122 140 157175 192 209|227 244 269 279

37 279|206 314 331|340 366 284401 4i% 436| 453
453 |471 488 505|523 540 558[575 593 610/ 627
627 645 662 680(697 714 732|749 767 784/ 802
802 |819 836 854871 B8R9 LOE|923 041 958 976
976 (993 010 028|045 063 080|008 115 132| 150

07 150 {167 185 202|219 237 254|272 289 306 324
324 1341 359 3761303 411 4281446 463 480 408
498 515 533 550[567 585 602620 637 655 672
672 1689 707 724|742 759 776|794 811 &29 846
846 1863 831 298916 933 950968 085 05| 020

.03 020 (037 055 072(08% 107 122142 159 176| 1G4
194|211 229 246:263 281 298/316 333 350; 363
368 385 403 420437 455 472400 BO7 524 542
542 |5359 576 594|611 629 646|663 681 698 716

]
/7

V4

’ 4
cuwwwmmqm'wc»ﬁuwmmmqmw

o0
[¥s]

oo
=1

frs)
[ .= . .
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TABLE

OF DEGREES
SIN

1015 (coniinued)—SIN AND COS OF HUNDREDTHS

i

2 3

733
907
(81
254
428
5 (602
776
944
123
267
470
644
8i7
991
164
338
61l
684
258
031
204
377
581
724
897
070
3 243
416
589

.08
09

.10

.11

CHT T e WS = DU AE DN S hd oS

12

.13

.14
2
60453
626
798
971
143
316
488
661
833
005
178
350
522
694
366
038
210

.16

A7

DR T B OO T ORI e 3 D00 T DO SO = D

762 77
935,
1P,
g0” 207

750 768
924 §42)
098 115
272 280
446 463
619 637
793 810
0967 084
140 158
314 331
488 505
661 678
835 852
008 025
182 199
355 472
528 546
702 719
875 892
048 066
222 239
395 412
568 585
741 758
%14 931
087 103
260 278
433
606 48231
796
552 U6
125 142
315
487
660
233
005
178
350
523
695
863
D40
212
384
556
798
9{]1;
073;
2441

470
643
815
988
161
333
506
678
850
023
195
367
539
711
283
111
227

295
4311488

7

8

9

{10 |

785 803
959 976
133 150
307 324
480 408
(i54 671
828 846
001 GI9
175 192
349 366
522 540
696 713
860 887
043 060
216 234
300 407
563 580
736 754
910 927
083 100
256 274
420 447
603 620
776 793,810
949 9654983
1225130 156
312 329
485 502
658 675
83] 848
004 021
177 194
349 367
522 539
695 712
867 BB
040 057
212 220
385 402
B57 574
730 747
902 919
057 074 091
220 246 264
401 419 436
574 591 608
746 763 780
018 935 952
000 107 124
262 279 206

820
994
168
341
5156
689
863
038
210
383
Ba7
731

078

424
598
77l
944
118

tdl
814
386
1569
3382
alh
677
350
023
1856
368
540
712

885

504%

251

2013
464/4
637|655

011
185
359
532
706
880
051
227
101
574
748

828
001
174
347
520
693
865
038
211
384
557
729
902
074
247
419
592
764
936
109
28]
453
625
797
969
141
313

028
202
376
550
724
897
071
245
418
592
765

806,
976
152"
326
499
672
845
018
191
364
337
710
883
056
298
401
574
746
018
092
264
437
609
781
954
126
208
470
642
815
987
159
330

837 8h5 872
046;

220
393
567
741
915
088
262
435

Gog
783

9 956

130

3 303

476
6o
823

/956

170
343
516
689
862
035
208
381
554
727
900)
073
246
418
591
764
936
100
281
454
626
799
971
143
315
488
660
832
[}
176
248

|

9

8 7

6 & 4

3

2

1

8849
063
237
431
585
788
932
106
279
453
626
800
073
1474
320¢
{dHa
o7
840
014
187
360
533
706
880
053
226
399
572
T44
917
090
263
436
608
781
954
126
299
471
643
816
988
160
333
505
677
849
021
193
365

0

4.

83

82.

N
7

g 3}
/
P

81

DB DS N G100 D O b W DL 00 W O N Lok &1 1m0 U O b B 1 GATD 0 D b 0ok 1 @ nl 00 D
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TABLE 1015 (continued}—TIéII%ONOMETRI C FUNCTIONS

|

4

I

2

3

4

[

[

7

5 4 |(10)!

,_.
o5
CUQ

=
T L N o
T T WD = O DAV e W) = D D00 NI B OB~ D D00 =T DI W D (000 = i s s b e ol

—
V]

—
=]

7.4
'-0

=44,
W

17

.18

.19

.20

.21

.22

.24

365
Ha7
708
B8O
052
224
396
567
738
910
081
252
423
595
766
937
108
2749
450
620
791
962
1532
303
474
644
814
985
155
325
495
G645
825 |

an

345

514
084
853
023
192
362
531
700
369
038
207
376
546
713

382
554
726
897
069
241
412
584
755
927
098
260
441
612
783
954
125
296
167
637
808
479
150
320
191
861
831
002
172
342 3

AL}
852
022
192
262
831
741
870
(EE ]
209
378
248
17
886
(55
224
393
ab1
730

399
871
743
9i5
086
258
420
G01
772
914
115
286
458
620
8200
971
142
313
484
655
825
966
167
337
BOS
678
848

019,

1

{ 529

699
869
039
209
378
548
718
837
057
226
305
565
734
003
072
241
410
578
747

416/434 451
588(605
760(777
032/949
103121
275292
447|404
618/635
TH0[807
061[978
132149
304321
475/492
646:663
817(834
988|005
159(176
330(347
5014518
672(689
842|859

623
794
966
138
309
481
G52
824
995
167
338
500
650
851
022
163
364
535
706
877

468/485 502 519
640657
812:820
9831000 018 035
155(172
327|344
4981515 532 550
670:687
841|858
012[029
184/201
3551372
526543
697|714
868|885
035/056 07Z 091
210227 245262
381 398 4157433

52| 5
7237

74 GOL
846 863

189 206
361 378

704 721
875 892
047 064
218 23b
389 406
B6B60 577
732 749
903 92D

586 603
dH7 774

89{911 928 945

013|030
1841201

3541371 388
525|542
ST A S

866(822
038(053
206/223
3761393
546/563
716[733
886/903
036(073
226/243
3950412
565(582
735(752
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TABLE 1015 {(continued)—SIN AND COS OF HUNDREDTHS
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DEGREES
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466
645
824
004
183
363
543

7

030038
206|224
382|400
558576
735|762
9111928
087/105
263|281
440|457
616)634
793[811 828
969|987 005
146/164 181

3233

41

8

066
242
418
094
it
846
122
249
475
652
828

348

506|517 535
677694 712
853871 887
0371098 066, 054
208/225
385402 420 438
562(580 597 615
7390357 775 793
917(934 952

112

272|290
440|467
627|645
805(823
983(001

161|1
33%3

M
a7

217|535
690|713
874802

052]

070

231249
400,427
583|606
767|785
9461964

1251

43

304/322
483|501
663,680
342860 878
021039 057
201(219
381(399
561570 697

884

213

130
307
485
663
841
018
196
375
553
731
902
088
266
445
624
803
982
161
340
519
698
878

237
417

CANEION

784 8G2:819 837 854/372 890 907
960 978|995 013 066
136 154171

083,
259
435
611
787
964
140
316
493
669
846
022
1949
376
553

T30
{1

61

a70
147
325
503
681
838
036
214
352
871
749
927
106
284
463
642
821
000
179
358
537
716
BOG
075
255
435
618

7024

925
101
297
453
629
805
981
158
334
510
687
863
040

217,/
TN

5797
47

101
278
456
633
810
988
165
343
521
GO8
876
Oad
232
410
558
767
945
124
302
481
G660
R38
0i7
196
376
555
734
914
093
273
453
633
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TABLE 1016 (conténued)—T%};%ON OMETRIC FUNCTIONS -

0

1

2 3|14 8 617

&

9

(103

=
=53

11.

12.

13.

14,

b S ho = D DN G LI DO D D0 NI S B BORD = €D 0 00 T D Lt e G b = D

CWN R N D oo

£

1,424 008

.17 633
813
993

.18 173
353
534
714
895

19 076
257
438
619
801
982

.20 164
345
527
709
891

.21 073
256
438
621
804
986

.22 169
353
536
719
003

.23 087
271,

7455
\639
\J'823

193
377
H62
747
933
.26 118
304
490
676
862
.26 048
235
421
GOX

651
831
011
191
371
552
733
913
094
275
456
637
319
000
182
a63
545
727
909
092
274
456
639
822
008
188
avl
554
738

289
473
657
842
026
211
396
a8l
766
4951
137
322
08
604
880
07
233
441)
627

9

(10}

02f
@5

669 G87(705 723 7411759 777 795
349 867/885 903 921839 057 975

020 047|065 083 101(118
209 227|245 263 281|209
390 408/426 444 462480
570 588|606 624 842660
751 769|787 805 823841
931 940(068 086 004022
112 130148 166 185/203
293 311(320 347 366/384
474 492|510 520 547|565
655 674(692 710 728|746
837 855|873 891 $09]928
018 036,055 073 091109
200 2[8:236 254 273]291
382 400(418 436 4541472
563 582|600 618 636654
745 764(782 300 818838
928 946/964 982 000 %9;
110 128/146 164 1831201
292 310[329 347 3056|383
475 493|511 520\ 548|566
657 6761694 719730749
840 858)8770895 913/032
023 041:060 078 096|115
206 224/243 261 279:298
380 408426 444 463481
873, 591(600 628 646(664
56 775793 811 830(848
940 953977 995 013(032
124 142/160 179 197|216
308 326(344 363 381[400
492 510|528 547 565584
676 694713 731 750/768
860 879(897 016 034[053
045 063082 100 119(137
229 248|266 285 303(322
414 433\451 470 488|507
499 618(636 655 6731602
785 803|822 840 859|877
970 983007 026 044[063
155 174{192 211 230(248
341 380(378 397 415434
527 545(564 583 601/620
713 7317750 769 TRY|308
899 D18'036 935 974/902
085 104123 141 160170
272 2903309 328 346/365
458 477496 515 5331552
645 6641683 701 720:730
i

137
317
498
678
850
040
221
402
583
764
946
127
309
401
673
835
037
218
402
D54
767
950
153
316
4499
683
866
050
234
418
G02
786
a71
156
340
525
710
896G
0581
267
453
638
825
011
197
a%4
h71
758

691

155
435
516
696
877,
058
230
420
601
782
964

148K

B2
509

873
055
237
120
802
785
968
151
334
518
701
835
068
252
436
621
805
030
174
350
b4
720
914
166
285
471
657
843
02%
216
402
589
776

813
173
353
534
714
895
076
257
438
6149,
804,

(582
164

345
hay
704G
]01
073
256
438
521
804
986
169
353
h36
719
903
087
271
455
639
823
008
193
EYr
562
748
033
118
304
440
676
RH2
048
235
421
608
7956
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TABLE 1018 (continued)—~TAN AND COT OF HUNDR
OF DEGREES FDTHS

TAN

0

1 2 3

4 5 6

deg.
15.0

1
2
3
4
B
N
7
8
.8
16.0
1

2
3

4
b
.6
T
5
.9
17.0

1

18.

S

2
3
4
5
6
7
8
9
0
1
2
3

.4

.5

.6
7
¥

19,0

1
2
3
4
5
6

Vi
.8
.9

.26 793
982
169
357
545
732
921
109
297
486
875
864
053
242
432
621
811
001
192
282 |
573
764
855
147
338
530
722
914
106
299
492
685
878
072

.27

.28

.29

.31

.32

35

.36

376

939

451

1020

1592

;470 4498

314 832 851
o01 020 D38
188 207 226
394 413
582 601
770 789
958 977
146 165
335 364
523 542
712 73117
901 9209
091 169(1
280 299(3
470 4805
659 678/6
849 8688
G39 059
230 249
420 440
611 630
802 821
993 013
185 204
376 396
568 587]
760 780
953 972
145 164
3384267]¢
5
7
)
1
3
5
7
o
1
3
a
7
9
0
2

2

8

8
9

563
751

128
316
505
693
882
072
241

3
]

640
830

2
4

6
8

211
401

753
974
166
357
540
741
933
126
318
511 531 550
704,728 743
8817 936
gal 111 130

5 304 324
518
712
907
1
203
401
687
852
078
274
471
667 6

2
4
6

673 693
868 887
062 082
257 277
452 472
648 667
843 863
039 05%
235 255
432 451
G628 648
825 845 86418
022 042 061
219 230 2592

870 888 907
057

432

184

078

039

794

g

480 510

81

076 094
263 282
451 469
638 657,
826 845!
015
203 222
391 410
550 599
769
9568 977
147 166
337 356
5206 545
716 735
906
097
287
478
669
860

44

20
08
06

i3
61
al
39
28
18
oy
97
57

68
54
40
40
32
23
15
07 6364645
818 857
010 079
203 222
306 415
588
782
975
164
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557
751
945
140
135
530

76
GY
62
06
49
43
37
31
26
21
14
11

801
904
188
382
576
770
065,
160
355
550
0G 726 745
02 922 641
98 118 137
04 314 3338
530;
726

87 707
84 904 523
101 121
78 208 318

I-__

9 8§ 7

6 5 4

7

——

926 945 963
113 133
301 319
488 507
876 695
15864 883
033052 071
241
429
618
788 807
096
185
375
564
754
925944
1161135
306p25
487'516
688/700.726 745
870:808.017 936

608627
520
(K
207
401
595
7490
984
179
574 394
564 583
763
961
157 176
353
549
746 766
i943
140
338 357 377

3

8

259
448
637
826
o158
204
304
583
773
963
154

3441
535,

051 DT0089 108
242 2611281
43453 472
664
850
049
241
434 453

300
462
683
876
068
261

G4
840
033
227
421
1A
509
ou4
199

786
980

373
560

063
160
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G

11
338
526
714
202
090
278
467
656
845
034
223
41%
602
702
982
1758
305

354

127
319
511
703
895
87
280
473
6661
052
244!
440
634
8%
(023
218
413
609
804
00g,
1496
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580
735
983
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3h7
545
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921
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9
8
7
B
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4
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2
1
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242 |
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00T
192
382
573
764
955
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530
722
914
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685
878
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460
654
848
043
238
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824
020
216
412
608
805
002
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297
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6
5
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3
2
1
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8
7
6
5
4
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2
1
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9
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TABLT, 1018 (continuedj—T%lA(l}qON OMITRIC FUNCTIONS

1]

1

2

3

4

5
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7

8

9
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deg.
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.86 397
695
793
001
190
388
538
787
086
186
386
b87
787
988
190
301
693
795
9497
260
403
606
809
013
217
421
626
851
036
242
447
654,

.37

.38
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.40

A

.43 087
274

o
)" 6%0
897

44 105

314

523

732

942

45 152

362

573

784

995

.46 206

118

860

813
011
210
48
607
807
o006
206
406
607
208
008
210
411
613
515
017
220
423
626
830
033
237
442
646
851
057

%?8
674
881
087
206
502
710
G518
126
335
544
753
963
173
383
504
505
016
228
440

417 437 456
615 634 654

832
031
229
428
627
827
026
226
426
627
828
029
230
431
633
835
038
2440
443
648
850
054
258
462
667
872

2@2’3%%

Y489
695
an1
108
315
523
731
939
147
356
565
e
984
194
404
615
82
037
246
461

852
051
249
448
647
847

476 456 516
674 694
872 802
071 090
2089 289
468 488
667 687
867

287

714
912
110
309
508
707
967

932

130

329
528
727
227

046
246,
446
647
848

066
2656
467 487
667
868 888

086
286

687

106
306
507
707
908

126
326

827
727

928

049
250
452
653
856

069
270
472 492
674 694
876

089
200

296

109
310
512
714
316

129

331

532

734
936

058
261
4G4
667
870
074
278
483
87
R92
098
303
509
716
922
129
336
bdd
7581
959
1G8
377
586
795
Q05
215
425
636
847

078
281 >
484 504 53¢
687 707%.%28
931931
095115
200
503 524
708
913
118
324
530
736
943
150
357
564
772
980
189
397
607
816
026
226
146
657
868

801

098
301

319

728
033
139
345
651
757
963
170
378
585
793
001
210
418
627
837
047
257
467
678
BRY

119
32

135
340
544
7490
954
154
365
b7l
77
084
191
398
606
814
022
230
439
648
558
068
278
488
609
910

éigs

543
748
952

154

360

565

769
975

180
386

592
708
003
212
419
627
B34
043
251

460

669
879
080
200
509
720
031

058
270
482

074
201
503

101
312
525

122
334
546

143

355
B67 588

535 555
733

753
951
150
349
548
747
946
146
346
ba7
747
948
149
351

552

754
557
159
362
D68
769
72
176
380
B85
790
905
201
406
612
810
025
232
440
647
855
(64
272
481
690
900
110
320
530
741
953
164
376

R

&75
73
971
170
369
568
767
466
166
366
567
Fiirs
968

169},

374
373

977
179
382
585
789
993
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606
810
016
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633
839
016
253
460
668
876
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711
921
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341
552
762
974
i85
307
610
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793
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195
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787
986
186
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587
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983
180
391
503
785
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403
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421
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654
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523
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152
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0

=]

V 4
¢ >

o
[Pl

[=]
. . - 3 , - . B N - . bl
T T A N U S
QHMW#U\@Q@@DHNW%UGQ@GDOD—‘MW#-CB@"-I@@DHNN*U‘@HW’@OHM@L&Q‘C&‘QW&D

(=]
=3

21

5.

deg.

coT
242



TABLE 1016 (continued)—TAN AND COT OF HUNDREDTHS
OF DEGREES THS

TAN

i {

1

35 ]

4

5

6|7 8

deg.
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o

26,

27.

28.

77N
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BT P NI e D DO T D IR D D00 1 DT e G hG e D 0B T s B b

VT DO o0 - O

]

.46 631
843
.47 056
270
483
698
912
.48 127
342
557
773
989
.49 206
423
640
853
.50 076
295
514
733
953
51 173
393
614
835
.52 057
279
501
724
947
.53 171
395
620
8¢
.54 870

.'(\ 22

S 748
' 975
.55 203

431

659

888

.56 117

347

677

808

.57 039

271

503

652
365
078
291
505
719
933
148
363
579
795

011
228
4453
662
830
098
317
536
755
976
195
415
630
857
079
301
523
746
970
193
417
849

4 1867

092
318
544
771
998
225
454
G682
a11
140
370
600
831
062
204
226

673 605|716 737
886 907/929 950
099 120142 163
312 334(355 377
526 548569 590
740 762|783 305
955 976/998 019
170 191(213 234
385 407|428 450
601 622/644 665
816 838/360 881
249 271|293
467 488|510
684 706727 749
902 924(945
120 1420164
330 360(382
557 579|601
777 799(821
997 Bi5|041
217 239)261
437 459)481 503 5
658 680[702 724, 747769 701
8§70 902(924 946%
101 123{145-168
323 345368 390
546 568(590 613

769 /701

13

098
315
532

967
185
404
623
843

758|780 801
4971592 014
184|206 227
JOR|419 441
612633 655
8261848 %69
041|062 084
256[277 299
471493 514
687(708 730
003(925 946
TI0T41 163
336|358 380
bD53|575 597
771/793 815
989011 033
207|229 251
4261448 470
645|667 H6RY

865/887,900"

063 851D \I29

283
503

836

305/387 349
535|548 570

068900 D12
190212 234
412|434 457
6351657 679
858/880 003

002 014037 059
216 238261

M40 462(285

664 687|709
889 912,935
115 137|160
341 363|386
567 590|612
794 316|839

283
507
732
957
183
409
635
852

081104 126
305(328 350
530/552 575
754777 799
980[002 025
205/228 250
431(454 476
658|680 703
885(007 930

021 044|060
249 271|204
477 499/522
705 728751
434 957|080
163 186209
303 416439
623 648,669
854 877,800
085 108:132
317 340|363
549 572595

089
317
545

774

112[135 157
3401362 385
568591 614

797|810 842

003 026(040 071

232
462
693
423
155
386
619

255|278 301
4851508 531
T16{730 762
947970 993
178(201 224
410433 456

642(665 688 712

g——_

822
035
248
462
676
891
105
320
536
752
968
184
401
819
836|
054
278
492
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931
151
371
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813
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144
373
597
823
047
273
499
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953
180
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557
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6407,
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TABLE 1016 (confmued}—T%}&%ON()METRIC FUNCTIONS

¢

1 2 3

4

o B

7

8

9

(20)

Diif,

3I.

{22

33.

.57
.58

.59

.60

61

.62

.63

.64

Rils)

,:@G

.67

.68

.69

.70

735
968
201
435
670
905
140
376
612
849
086
324
562
801
040
280
520
761
003
245
487
730
973
217
462
707
953
199
446
693
941
189
438
638

5933

185
449
692
944
197
451
705
960
215
471
728
085
243
502
761

463

r75s 782 805
991 015 038
225 248 272
459 482 506
693 717 740
928 952 975
163 187 211
399 423 446
636 659 683
872 896 920
110 134 157
348 371 395
586 610 634
825 849 873
064 088 112
304 328 359
544 569 593
785 809 834
027 051 075
260 293 317
511 535 560
754 779 803
998 (22 037
242 266 201
486 511 535
732 756 781

828 851
iy
205
520
764
999
234
470
707
044
181
419
658
897
136
376
617
848
099
341
584
327
071 005
315,340
560584
205 830

875
108
342
576
811
046
281
517
754
991
229
167
705
944
184
424
665
906
148
390
638
A8
F20]
364
609
854

085
3i8
552
787
032
258
494
730
967
208
443
681
921
160
400
641
882
124
366
608
852

3098
131
365
509
834
0369
305
541
778
015
252
491
729
968
208
448

930

900
144
389
633
874

977 002 026
224 2487973
470 495 520
718,742 767

051 076
207 322
6dd 5G9
792 817

1040
347
894
842

125
372
619
866

966,990 015
214 239 264
488 513
738 763
9588 013
230 264
490 515
742 767

713
963
214
465
717

040 085
289 514
538 563
738 813
038 083
289 314
541 566
793 818

080
338
588
338
08B
339,
591
843

115

363
613
863
113
264
616
8G8

969
223
476
731
985
241
497
154
011

995 (20
248 273
802 527
756 781
011 036
267 292
523 548
780 805
037 063
260 206 321
528 554 579
787 813 830

045 071
200 324
552 578
307 832
062 088
318 543
874 600
831 857 882
088 114 140
347 372
605 631
865 891 917

096
349
603
858
113
369
625

398
657

121
375
629
283
134
395
651
908
166
424
H83
943

921
138
388
623
857
093
328
563
801
039
276
814
753
992
232
472

gh2

172\196
414438
657

681
925
169
413
658
903
150
396
843
891
139
388
638
888
133
390
641
804
147
400
654
909
164
420
677
934
192
450
709
969

945
178
412
646
881
116
352
588
825
062
300
538
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016
256
496

689 718 737
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220
463
706
949
193
437
682
928
174
421
668
916
164
413
663
913
163
415
666
919
172
425
680
934
190
448
702
960
217
176
735
595
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201
435
670
905
140
376
612
849
086
324
562
801+

040
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520
761
063
245
487
730
973
217
4162
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693
941
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688
938
180
440}
602
944
197
451
705
960
213
41
728
985
243
502
761
021
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TABLE 1016 (conlinued}—TAN AND ¢
OF DEGREE
TAN

3

OT OF HUNDREDTHS

“

38.

0

T2 3

1 5 6]

7 8

70 021
281
542
804

.71 066
329
503
857

.72 122
383
654
921

.73 189
457
7246
996

.74 267
538
|10

.75 082
355
629
an4

.76 180
456
733

.77 010
289
568
848

.78 129
410,
602
g

.79 259

N\ 644

829

.80 115
402
650
978

.81 288
558
840

.82 141
434
727

.83 022
317
613

047 073
307 333
568 595
830 856
693 119
3a6 382
619 646
384 910
149 175
415 441
G81 708
948 975
216 243
484 511
783 780

099
359
621
883
145
408
672
937
202
468
Ta4
Bot
260
538
BO7

177/
438
699
961
224
487
751
016
282
548
814
082
350
8619
388

125 151
386 412
647 673
909 935
171 198
435 461
689 725
963 900
228 255
494 521
761 788
028 055
206 323
565 592
%34 861

203 229 255
464 490 516
725 752 778
988 014 040
250 277 303
514 540 567
778 804 831
043 059 095
308 335 361
574 601 628
241 868 8505
109 135 162
377 404 430
646 G72 699
915 942 059

023 050
294 321
565 592
837 864
19 137
383 410
857 684
932 959 987
207 235 262
483 511 539
760 788 816
038 066 094
317 345 &7%
586 624 B52
87650647932
157 185 213
438’466 495
721 749 777

077
348
610
891
184

438
712

0% 131
375 402
846 674
918 046
101 219 248
465 492 520
739 767 704
014 043.G69
200 318345
566601 622
8A2VETE 899
128 149 177
400 428 456
880 708 736
960 988 016
241 269 207
523 551 579
805 834 862

158
429
701
973

847 575

185

456 48INGLY
728

765 Y782
00088 085
27%, 301 328
602
877
152
428
705
983
261
540
820
100
382
664
047

22
097
373
650
927
205
484
764
044
325
807
890

849
124
400
877
955
233
512
792
072
334
636
919

004 032 050,
287 316 344
572 601 629
858 886 915
144 172 201
431 460 488
719 747 710
007 038 065
297 326 3556
587 616 645
878 907 937
170 199 229
463 492 522
7H7 786 816
bl 081 110

8 7

346 376 406
643 672 702

089 117 145
373 401 430
658 686 715
643 972 001
230 258 287
517 546 578
805 834 863
094 123 152
384 413 442
674 703 733
966 005 024
258 287 316
551 580 610
845 874 004
40 169 199
435 465 494
732 761 791

202
487
772
058
345
603 632
892 921
181 710
471 500 529
762 791 820
053 082 112
346 375 404
639 668 698
933 083 992
928 238 287
524 554 583
821 850 880

231
515
300
086
373
661
950
235

174
458
743
029
316

6 5 4

212.280)

91 {10}

281
542
804
066
329
503
847
122
388
654
921
189
457"
725
905
267
538
810
082
355
629
904
180
456
733
010
289
568
848
129
410
692
975-
2549
5d4
829
115
402
690
978
268
558
849
141
434
727
022
317
613
910

3_2 1

0

i,

[ 3=]
(=]

54,

4

£
/

V4

J

N

N -

cumwpmdq&boéb&k&hhhb
b
-3

n
T2

28
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51.

29

HR W OIS0 D O b W T S %0 © O ba Bk 1 o o

50.0 20-30)

deg.

(10)

9

coT
245



TABLE 10186 {cont?fnued)—T$I&ONOl\-IETRIC FUNCTIONS

0

1

2

3|4

5 6

ri

8

4

TS

41

42

43.

W08 T TR e DI = D o 6 e

oy
. . . . - v - - . . - - - - . N . - - v . - v - - v . - . Om
P DD O DR TR W= D OWM N D LI D 800 =1 5 By b e

™

.84 208
SO7
806

108

710

.86 014

318

623

929

.87 236

543

852

.88 162

473

784

.89 097

410

725

.80 040

357

674

993

.91 313

623

955

.92 277

601

926

.93 252

578

906’

.94 235

{NB65

"g’ 896

95 220

562

807

.96 232

569

907

97 246

586

927

.98 270

613

958

.99 304

652
1.00

Z 72

238
DRG
S3h

.85 107 [137

438
741
044
348
553
450
266
av4
883
193
504
815
i28
442
754
072
389
706
025
345
665
987
310
633

25

611
H39
268
398
930
262
555
0930
266
603
a41
280
624
961
304
648
003
339
686

.83 910 940 969

2457
506
Riis
167
468
Fira!
074
379
684
990
297
605
914
224
535
R47
159
473
788
104
420
728
0a7
377
019

342

999,029
207|327
504,626
896|926
197227
499529
8011842
10511385
409|440
7141745
021[051
328(359
636|667
945976
255|286
5661697
878909
191|222
5051636
819|851
135|167
452:484
089(121
400441

050 085|118

357 387
656 686
D56 986
257 287
550 589
862 892
166 196
470 501
776 806
08¢ 113
389 420
608 729
007 038
317 348
G628 658
944 972
253 285
567 599
883 914
199 240
516 (547
234 B65
57 185
LT3 503

TINED 704 826

0511084

874407

666\098|751

17
644
a72
301
631
963
295
620
964
209
636
974
314
654
986
338
682
027
374
721

1168 148
439 471
763 796

417
716
016
318
620
923
226
231
837
143
451
759
069
379
691
003
316

46
2
579
807
217
537
858
180
504
828

958,991 023|066

345(382
677709
00h|038
334(367
665,608
956|029
329(362
662(606
997031
333(367
670|704
o704z
348382
658722

088 121
415 447
742 775
071 104
400 433
731 764
062 096
393 420
729 763
064 003
400 434
738 771
076 110
416 450
756 761

154
480
808

136

466
77
129
462
796
131
468
305
1i4
484
825

030(064
373|407
717|751
062 697
408443
756|791

098 133
441 475
786 520
131 186
478 B12
826 860

167
510
555
200
547

148
447
746
046
348
6350
953
257
562
867
174
482
790
100
410

178
477
776
077
378
630
983
287
592
808
205
313
821
131
441

722083

Bl
348

630,602

977
204
611
929
249
569
850
213
536
861
186
513
841
184
499
£30
162
495
830
165
a1
839
178
518
859
201
545
889
235
582

65
379
693
009
325
643
961
281
601
923
245
569
293
219
546
873
202
532
863
195
529
863
199
535
873
712
552
893
735,
579
924
270
617

895 930 965

00)

an8
b7
805
167
408
710
014
318
623
929
PED)
543(
5
:%E%
473
784
047
410
725
040
a7
674
2493
313
633
955
o277
601
0926
252
578
906
235
565
896
239
562
897
569
907
245
586
927
270
613
958
304
652
000
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TABLE 1016 (contmued)——TA\T AND COT OF HUNDREDTHS
ECEIEES
TA

i 2

3

4

5

[

7 8

9

(10

Liff.

deg.

45.

46,

47.

48.

A

eaaaa;ag;ee&aaa;ag;oeaqaaﬁab;cahaaamug;o¢aaaa;agpo

1.0 000

035
070
105
141
176
212
247
283
319
355
392
428
464
501
538
575
612
649
636
724
761
799
837
875
913
951
990

1.1 028

8

067
106
145
184

G

w303
343
383
423
463
504
LE
585
626
667
708
750
792
833
875

003 007
038 042
074 077
102 112
144 148
180 183
215 219
251 255
287 290
323 320
359 363
395 399
432 435
468 472
5G5 508
541 545
578 582
615 619
663 656
890 694
727 731
765 769
803 807
841 844
879 883
§17 921
355 959
994 998
032 03¢

110, &

149153
188 193
228 232
267 271
307 311
347 351
387 301
427 431
467 471
508 512
548 532
589 593
530 634
671 675
713 717
754 758
796 800
838 842
R80D 884

¢10
045
GR1
115
151
187
222
258
204
330
366
402
439
475
512
549
586
623
660
697
735
773
810
848
886
935
0634

i

071 975 679

118
157
166
236
275
315
355
395
435
475
516
557
597
638
680
721
762
804
844
888

(163

()

014
049
054
i19
165
190
226
262
298
334
370
406
442
479
516
553
590
627
664
701
739
776
814
862
890
928

005
044
033
122
161
200
240
270
319
359
399
439
479
520
561
601
643
684
725
767

850
§92

7

&

Q67"

o7
52
038
123
158
194
230
265
301
337
373
410
446
483
519
556
593
630
668
705
742
780

818 822!
860;

856"

&
G32

971
009
048
087
126
165
204
243
283
323
363
403
443
483
524
565
608
647
688
729
771

854
896

&

021
056
091
126
162
197
233
260

305
341
377
413
450
486
523
560
ha7
634
671
708
746
784

808
336
974

013

032
091
130
169
208
247
287
327
347
407
447
487
528
569
810
651
G92
733
77h

S08 812 817

859
901

4

024 028
060G 063
005 098
130 134
165 1G9
201 205
237 240
272 276
308 312
344 348
381 384
417 421
453 467
490 494
527 530
564 567
601 604
638 64

712716
7501754
788 791
826 829
863 867
902 905
040 944
978 982
017 021
056 059
094 098
133 137
173 177
212 216
251 255
201 295
331 335
371 375
111 415
451 456
492 496
532 536
573 577
614 618
655 659
696 700
738 742
779 783
821 825
863 867
905 909

3 2

31
067
102
137
173
208
244
280
316
352
388
424
461
497
534
5RL
(O3
646

675 679682

720
758
795
833
871
909
048
986
025
063
102
141
180
220
259
209
339
379
419
459
500
540
581
622
663
704
746
787
829
871
913

——————

1

035
070
103
141
176
212
247
283
319
355
362
428
464

5014
638

575
612
649
686
724
761
799
837
875
013
951
990
028
067
106
145
184
224
263
303
343
383
493
463
504
Bdd
585
626
667
708
750
792
833
875
918
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42.
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TABLE 1016 (continued)——-T%K_’I}qON OMETRIC FUNCTIONS

0 ]1 3 3

4

b

]

7

8

9] {10}

Diff,

deg.

50

al.

b2,

53.

b&h&&#&b;c@&h&&mQMHcmﬁub&h&b;

.0

b&h&&hhhbéb%gyﬁ@wbko

1.1
1.2

1.3

1.4

018
960
002
045
088
131
174
218
261
305
349
393
437
482
527
672
617
662
708
753
709
844
802
938
985
032
079
127
175
222
270

319

369
1421 426 431

416G
485
514
564
613
663
713
764
814
865
916
668
019
071
124
176
226

922 926 930
964 D68 073
007 011 015
049 (54 058
092 097 101
135 140 144
179 183 187
223 226 231
266 270 274
309 314 318
353 358 362
308 402 406
442 446 451
487 491 405
531 536 540
576 581 585
621 626 630
667 671 676
712 717 721
758 763 767
804 809 813
830 855 850
897 401 908
943 948 952
990 995 998
037 042 044
084 089 064
132 1367341
179 184 g9
227, 239" 237
2%@5280 285
324328 333
372 377 382

470 475 480
519 524 529
569 574 579
618 623 628
668 873 678
718 723 729
69 771 77D
820 825 830
870 876 881
922 927 632
973 978 983
025 030 035
077 032 087
128 134 139
181 186 192
234 239 244

(10){

9 8 7

977
019
052
105
148
192
235
279
323
367
411
4553
EUTH
SE
590
635
G800
726
772
518
864
a11
004,
151
093
146
104
242
290
338
387
436
485
534

633
683
T34
784
835

‘BB36

937
088
040
092
144

250

[

857,

934 939 943

981
024
066
109
153
196
239
283
327
371

415 420

480
504
549
594
640
685
731
776
822
869,
915
962
009
056
103
151
198
246

295 299

343
392
44()
490
039

584 588 593

638
638
739
789
840
891
042
904
045
047
150

197 202 207

255

2

947 951

985980 094
028032 (37 041| 045
071075 079
114118
157|161
200,205
244(248
2871292
331|336
375|380

424

464]460
5001513

554
499

558
G03

644(649
689|694 BYS 703 708
735/ 740, Pdd

781 (786
832 836

8§29

122
166
209
252
296
340
284
429
473
518
563
608

658

790

873878 883
9201924 929

967

971

013|018

(61

065

108|113
155/160
2031208

251

348

256
304
363

397|401
445450

495

499

544|549

S

643|648
693|698
T44749

794

799

845,850
896901
947/952
099/004
051/056
103/108
1551160

876
023
070
117
165
213
261
309
358
4036
455
204
554
603
653
703
754
804
855
06
958
009
061
113
165

2i3 218

2680266 271

956| 960
098] 002

054 088
127 131
170 174
213) 218
257| 261
301 305
3450 349
389| 393

4331 437~
A78| 482

522527
BETLBT2
619 617
653 662

749| 753
795 799
841| 846
887! 892
234 088
981| 985
028 032
075 079
122§ 127
170 175
218| 222
266 270
314[ 319
362| 367
411} 416
460| 465
509| b14
5a9] bt
608| 613
G55 663
708 713
759 764
804 8i4
860| 865
O11] 016
4963 068
01| 01%
066| 071
118 124
171 176
223 229
276; 281

39

38

37

e ko b o e o o
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TABLE 1016 {continued)-—TAN AND COT OF HUNDREDTHS
OF DEGREES

TAN

1

2

3-—

4 5 B

i 8

9

(13)

Diff.

[=9
o
24

.
L1

eaaaaganpabhaaaﬁau;oawaaﬁmagpc¢¢qaasa3;¢aaaaam¢gpc

58.

1.4

1.5

1.6

19
S

1.7

231
335
388
442
496
850
605
659
715
770
826
882
933
904
051
108
166
224
282
340
399
458
517
a77
037
697
Tav
818
880
841
Q03
066
128
19

255

447
512
877
G643
709
7vb
842
909
977
045
113
182
251

287
340
393
447
501
556
610
665
720
775
831
887
943
con
057
114
172
229
287
346
405
464
523
583
643
703
764
825
B35 &
048

252
345
399
453
507
A1
516
070
726
781
837
893
049
oo6
063
120
177
235
293
352
410
469
520
H&%
619
709
770
83 1

297
301
404
458
512
b6,
621
676
731
787
842
898
255
011
068
126
183
241
299
358
416
475
535
505
6a3
715
776
833
2 898

303 308 313
356 381 367
410 415 420
463 469 474
517 523 528
572 577 683
627 632 637
651 687 692
737 749 748
792 798 803
848 854 859
904 910 915
960 966 972
017 023 028
074 080 085
131 137 143
189 195 200
947 253 258
305 311 317
363 369 375
422 128 434
451 487 493
541 547 533
601 GO7 613
861 6673673
721 ¥ 733
782 788 704
845 840 855
l904 911 917
BO{066 972 979

319 324
472 377
426 431
480 485
534 539
588 594
643 648
698 704
753 759
809 814
865 870
921 927
977 983
034 040
001 097
149 154
206 212
264 270
322
381

440024
2409505
540 5065
619 625
679 0685
730 T45
800 R06
851 867
923 420
085 991

3284534
7{

329
383
436
490
545
599
654
709
764
820
876
932
989|
046
103
160
218
276

393
452
511
571
631
GBI

751,
212
Y 11-
9351
997

010 95%\\822

072~Q78 084
1857141 147
198 204 210
261 267 274
225 331 338
380 395 402
454 460 467
518 525 531
581 530 597
649 656 663
715 722 729
782 788 795
819 855 862
916 923 929
983 000 997
051 058 065
120 127 134
189 196 202
258 265 272

{103

9 8 7

028
091
154
217
280
344
408
473
538
603
669
735
802
869
936
004
072
140
209
279

-

034
097
160
223
287
351
415
479
545
610
676
742
808
875
943
g1
079
147
216
286

5

041
163

166
225
203
a7
421
486
551

6174623

G82
749
815
882
q50
017
086
154
223
293

4

050
122
185
248
312
376
441
505
571
636
702
760
835
a02
70

047 053
110 116
172 179
236 242
299 306
363 370
428 434
402 499
558 o4
G30
(o6
762
520

(89
755
522
880 806
056 963 970
022 031 038
(02 098 1006
161 168 173
930 237 244
300 307 314

——

3 2 1

335
388
442
496
550
a0s
659
715
770
826
882
953
051

1087}
168, |

224
282
340
390
458
617
877
637
0497
7h7
818
880
441

[RERE

086
128
191
255
319
283
447
512
577
643
709
775
842
909
977
045
113
182
251

321 |;
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TABLE 1016 (conﬁnusd)—TIr}‘g}b?NOMETRIC FUNCTIONS

1]

1

2

deg. |

6.0

N =
2 —
R S T CRU L R R R

[=7]
[~

/A

7.
o0 =T 3 i 09 b b béo'm';&/é:b.;p.ba'miaoiobo-qmbtihhoim—. ow

= 4
=¥

é

1.7

1.8

1.9

N
\ &

7

2.1

321
391
461
532
603
675
747
820
893
966
040
115
190
265
341
418
495
572
650
728
807
887
967
047
128
210
292
375
458
542
626
711
TO7

(870
30

0h7
145
233
323
413
BO3
504
686
TR
872
965
060
155
251
348

327
398
463
539
610
682
754
827
300
974
048
122
197
273
349
425
502
530
653
736
815
845
97
Uil
136
218
300
383
466
5b0

172
305

$§891

0978
064
154
242
332
422
512
603
695
788
881
975
a9
165
261

334
4045
475
346
617
689
762
834
908
981
055
130
205
281
357
433
510
a%s
GG6
744
823
903
983
063
145
226
308
391

47 B
559
o 5'\‘643

728
814
900
987
074
163
251
341
431
521
612
To4
797
390
984
079
174

3

14 b

[

7

[}

9

(10} Dif. |

341|348 355
412[419 426
482 480 496
553,560 567
625632 639
697|704 711
768(776 783
842(849 856
915922 930
989(996 003
063.070 078

137

i4h 152

213220 228
288,206 303
3647372 370
441|448 456
518|526 533
895603 611
673,681 689
752|760 768

831
911

991
071

839 847
919 927
909 007
080 (88

153161369
234/248251
3174325 333
400008 416
483491 500
567|575 634
652/660 669
737,745 754
8221831 840
909(917 926
996/004 013
083/092 101
171[180 189
2601269 278
3501359 368
440[449 458
530[539 549
622(631 640
714{723 732
806(816 825
900(309 918
994003 013
088098 107
184(193 203
270 280,200 299

357 367 377

362{369
4331440
5031511
h75(082
646653
T18[725
791|788
864|871
011015
085|093
160|167
235(243
311:318
3871395
464|471
541|549
619:626
607 (705

776

g35(913

Or5'023

DG6) 104
177|185
259|267
342:350
425(433
508|517
592(601
677|686
762:771
848|857
935(043
022081
110[118
108|207
987/296
3771386
487476
558/567
649(658
7411751
834844
928937
022|032
117127
213922
309319

387 306 406416

376
447
518
589
661
733
305
878
252
024
1030
175
250
326
402
479
556
G348
e

784\\791

855 %(23 871

951
31
112
153
275
368
441
525
609
694
779
RG6
ah2
030
127
216
305
305
485
576
668
76O
RE3
947
041
136
232
328
426

384/ 391
454] 461
525! 532
596! 603
668| 675
740| T47
813| 820
86| 893
859 966
033 040
107| 115
182| 190
958| 265
334| 341
410| 418

ARTARG
cv%{ 572
612 650
T20| 728,
799] 807
270! 887
939| 967

035| 047
120 128
202| 210
284! 202
366| 375
450| 458

B33

618 626
703, 711

788

874 833

061

048 057
136| 145
225 233
314| 323
404l 413
404 503

585
677

769( 778
862 872
956 965
050| 060
146| 135

241

338 A48
135 443

(103 9

8

7

6 b

4

3

2

1

7

[
” co. - -
Coko DB Wt =100 ©

4

N
v/

/

[
o0

542

[
3

K Bl e Ml B DR RA N DNR O ERN RO BTE DO BN T 5

\ ©
i
e
=

Ta7
970

o)
=]

594
686

251

[ 2+]
%Ql

\

———

|

COT -

250



TABLE 1016 (cmtmued}—-TA\I AND COT OF HUNDREDTHS
F DEGRELES

TAN

4]

1 2 3

4 b &

7

8

9

(10}

Dift.

deg.

oI
o
=]

06.

67.

G68.

o b0 A1 e i GO I G B0, BN I O hY e O D0 NI DO e kD e D 00 T T O LON 5 D00 N R LN

S

2.1

2.2

2.3

2.4

2.5

445
b43
642
742
842
943
045
i48
251
355
460
566
673
781
B30
998
109
220
332
445
5b9
673
739
906
023
142
262
383
504
627
761
876
402

129"

257

(386

2.6

2.7

517
640
782
916
051
187
325
464
605
746
889
034
179
326

(10)

474
673
672
7T

872,
973
076
179
282
387
492
598
705
813
922

455
i553
652
7562
8562
953
058
158
261
366
471
577
684
791
900

445
563
662
762
862
063
065
168
272
376
481
588
694
802
911

484 494 504
583 502 602
682 692 702
782 792 802
882 892 902
984 994 004
086 096 108
189 199 210
293 303 313
397 408 418
503 513 524
609 620 630
716 727 737
824 835 846
933 044 955

514
612
712
812
913
014
117
220

324

429
534
641
748
856
966

D31
142
253
366
479
593
708
824
041

020
131
242
354
467
581
696
812
029
047 059
166 178
286 298
305 407 419
516 529 541155
639 652 G4

763 TRGNISS
888901 913
gud~027 040
142 151 167
270 283 296
399 412 426
530 543 550,
662 675 688
705 808 822
929 943 956
064 078 092
201 215 229
339 353 367
478 492 506
619 633 647
760 775 789
904 018 932
048 063 077
104 209 223
341 356 371

——————

409
120
231
343
456
K70
685
501
a17
(33
154
274

042 033 064
153 164 175
264 276 287
377 388 399
490 501 513
804 616 627
716 731 743
836 847 859
953 964 076
071 083095
190,209 214
310822 334
481 443 455

53 566 578
876 689 701
801 813 826
926 939 951
052 065 078
180 193 208
309 322 335
439 452 465
570 583 596
702 715 728
835 848 8062
970 983 997
105 119 133
242 256 270
381 395 408
520 534 548,
861 675 689
803 818 832
947 981 976
092 106 121
238 253 267
386 400 415

g 8§ 7

6 b 4

075
186
208
411
524
639

s7i
938
106
226
346
468
590
714
838
964
091
219
348
478
609
742
875
010
146
284
422
562
704
846
990
135
282
430

3

523
622
722
822
923
074
127
230
334
439
545
652
759
867
976 987
087
197
309
492
536

BE0
75

766
882
000
118
238
358
480
602
726
851
976
103
231
261
491
622
755
889
024
160
208
436
576
718
860
005
150
207
445

2

533
632
732
832
433|
035
137
241
345
450
556
662
770
878
987
098

2004

331

543
G42
742
B42
943
045
148
251
355
460
B66
673
731
839
0084
€0
220
332

35 445
7| 5a0

662
777
894
012
130
250
370
492
615
738
863
989
116
244
373
504
635
768
902
037
174
311
450
590
732
875
019
165
312
460

S —

i

673
789
906
023
142
262
383
504
627
751
876
002
129
257
3856
517
649
782
916
b1
187
325
464
605
746
889
034
179
326
475

[1]

24.

’

R T R R I O T O R o R N R LT Y - B =R TR SN ST Y

N

23.

22,

21

b2
=
KAS

10

11

12

13

14

15

coT
251
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TABLE 1016 (conta'nued)—-T%IGON OMETRIC FUNCTIONS

A

1 2 3

4 5 @&

i 8 g

(10) |

:;&%4

71.

72,

73.

2.8

2.9

3.2

490 505 520
640 655 670
791 807 822
D44 960 975
009 114 130
255 270 286
412 428 444
5672 588 604
732 748 765
805 011 927
059 075 092
224 241 258
392 408 425
561 578 5Y5
732 749 766
904 922 939
079 696 114
255 273 290
433 451 469
613 631 649
795 813 832

535 550 565
685 700 715
837 852 868
990 006 021
145 161 177
302 318 333
460 476 492
620 636 652
781 797 813
944 960 976
108 125 141
274 291 308
142 459 476
612 629 646
783 800 818
956 974 991
131 149 167
308 326 344
487 305 523
668 686 704
850 868 8874

580 595 610
731 746 761
883 898 914
037 052 063
192 208 223
340 365 381
508 524 540
668 684 700
820 846 862
993 009 026
158 174 191
324 341 35%
493 510 527
663 680 697
835 852 870
009 02 pad)
184 202.220
362379897
541650 577
WNTL0 759
005 024 942

979 998 018
165 184 202
353 872 391
513 562 58I
735 755 774
930 949 964
126 146 166
325 34 265
526 548 566
728 T49 770
935,955 076
143 163 184

352,1353 374 395

366 BRT 609
781 503 824
959 021 043
220 242 264
443 465 488
600 691 Ti4
897 920 943
129 152 175
363
a0
840
083
330
570
832
087

624 648
864
108
604

857
113

9 8 7

386 410

889
132
354 379
629
832
139

035 053\0¢2
221 240{ 2506
410 420,448
0620 639
7039813 832
988 008 028
185 205 225
385 405 425
586 607 627
790 811 831
997 017 038
205 926 247
416 438 450
630 652 673
846 868 890
065 087 109
286 308 331
510 533 555
737 760 782
966 939 012
199 292 245
434 457 181
672 696 720
913 937 661
157 181 206
404 429 154
654 680 705
908 933 950
165 191 217

050 10 128
278 206 315
467 486 505
658 677 697
852 871 801
(047 067 DE7
245 265 285
445 465 485
647 B68 688
852 873 893
950 080 101
268 290 311
480 502 523
695 716 738
912 033 955
131 153 175
353 37h 398
578 600 623
805 828 851
036 059 082
269 292 316
505 520 552
744 768 792
986 010 034
231 255 280
479 504 529
730 755 781
985 010 036
242 268 204

~
b

625
76
929
083
239
397
556
716
878
042
208

375

5
b
%
061
237
415
595
77T
961
146
334
524
716
210
106
365
506
09
914
122
332
544
758
977
197
420
646
874
105
339
576
&816
059
305
554
806
062
321

D20 Tt I I OAD S ko B 2n & iy o i

i8

17.

16

O R SN0 D O b W B D00 0 D by Go B BT 50 B o i b

—
o
=

deg.

6 5 4

3 2 1

0

Dift,

15

16

17

18

19

20

21

22

23

24

25

il

cor
252




TABLE 1016 (continued)—TAN AND COT OF HUNDREDTHS

253

OF DEGREES
TAN
0 ]1 2 3[4 & B(7 & 9700 Dif,
deg. ‘
75.0| 3.7 321 |347 373 309,425 451 477;504 530 556/ 533 | .9 26
g 583 |600 636 B6H2(BSY 716 742|768 705 822| 848 | .8
.2 848 (875 902 020(956 983 010,037 U4 091| 18 | .7 27
3| 8.8 118 {145 172 199(226 254 281|308 336G 363| 391 | .6
4 301 |418 446 473[501 528 Bh6[GR4 612 639] 667 | .5
5 667 1605 723 TH1|T70 S07 835/863 801 916) 947 | .4 28
.6 947 |976 004 032061 089 117146 174 208 232 | .3
7| 8.9 232|260 280 318346 375 404]433 462 491| 520 | .2 20
.8 520|549 578 607|636 665 604(734 753 782 812 .1 A
.9 812 |841 871 900(930 059 0980010 048 078| 108 |14.0 L \J)
76.0 | 4.0 108 {138 163 197|227 257 287|318 348 378| 408 | .6°}'30
.1 408 |438 169 400(520 560 500[621 651 #82| 713 [ \.&
.2 713 1743 774 R05(836 BG7 B808(920 960 991| 0224 37 31
3 4.1 022 [053 084 115146 178 200241 272 304| 335" .6
4 335 (367 308 430[462 403 525|557 580 62L4-B537| .5 32
5 653 (685 717 745[781 814 846|878 011 9aghgTH | .4
.6 976 |008 041 073106 139 171204 237 @70} 303 | .3 33
7| 4.2 303 [336 360 402[435 468 502:535 568.602( 635 | .2
.8 635 660 702 736|770 803 8378719067938 972 | .1
.9 972 (006 040 075/109 143 177)212°\246 280 315 [13.¢ 34
77.0| 4.3 315 [349 384 418|453 488 523(55/°592 0627) 662 | .9 35
.1 662 |697 732 768[R03 838 §73(009 944 980] 015 | .8
2| 4.4 015 851 086 122158 194230265 301 337, 373 | .7 36
.3 373 [410 446 482|518 5354501628 664 701| 737 | .6
A4 737 774 S11 S48[885922 959,996 033 070| 107 | & 37
5| 4.5 107|144 182 2162579204 332,360 407 445| 483 | .4
.6 282 |20 55% 506/634 G673 7T11/749 787 826| 864 | .8 38
7 864 (903 941 980(018 067 096|135 174 213 252 | .2 39
8| 4.6 252|201 30\369 400 448 487|527 567 606( 646 | .1
.9 646 (686, 725'765/805 845 885925 066 006| 046 [12.0 40
78.0 | 4.7 046 (037 127 168208 240 200(331 371 412/ 453 | .9 4
.1 453, |d94 536 577|618 659 701742 784 826} 867 | .8
.2 867 1908 951 993035 077 119|161 203 246 288 | .7 42
3] 4.8 288°[331 373 416|159 501 544|687 630 673 716 | .6 43
4 (™5 [750 803 846|889 033 077|020 064 108 152 | .5
.5 4}9"152 108 240 234328 372 416/161 505 550 594 | .4 44
6\ 594 630 684 720[774 819 864009 054 000 045 | .3 45
U%5.0 045 [001 136 1821298 273 319:365 411 457 504} .2 46
L8 504 |350 596 643[680 736 783830 876 923/ 970 | .1 47
3.9 670 [018 065 112|159 207 254|302 350 398 446 |11.0
2901 5.1 446 494 542 500(635 686 735(783 832 880) 929 | .9 48
1 999 |o78 007 076|125 174 224273 323 372y 122 | .8 49
‘91 5.2 422 472 521 571621 672 722772 822 873} 924 | .7 40
.3 024 |974 095 076|127 178 220280 332 383 435 | .6 51
41 5.3 435 |486 538 500(642 694 746(798 850 903 955 | .6 52
5 055 [008 060 113(166 219 272|325 379 432) 486 | 4 53
‘6| 5.4 486 [530 593 647/701 755 800[863 017 972 026, .3 54
7| 5.5 026 [081 136 191|246 301 356411 467 522| 578 | .2 55
.8 578 |633 689 745801 857 914970 026 083 140 | .1 56
‘9| 5.6 140 |196 253 310|368 425 482540 597 655 713 1{:1%;;0 57
a9 8 716 o5 413 2 1} 0
CoT




TABLE 1016 (conzz'nued)—TRI%ONOMETRIC FUNCTIONS

¢

1 2 3

4 5 &

78

(10}

deg.

&
=1

DR DTN O ORISR~ D 0B R R~ DRI R0 R W S KDk Wk
r 4

81.

82.

83.

g,

84

5.6 713
5.7 297

894
5.8 502
124
758
405
066
742
432
138
859
596
350
122
912
720
548

pac: o
L~ =]

9 bo

154
066
002
962
447
$58
996

062
158
285

W =N NN NSRS DS
DD IR U R I - DD e o

8. 144
264
/2886
~~,‘~\ 513
643
777

15

9. 058
205

357

514

677

845

10. 019
199

385

579

780

988

11. 205

395 |-
264 |;

(156 168

823 887
416 475

062,
654

004
604

045
535

14 774

D135 075
626 637
249 312
886 950
536 602
200 267
879 947
572 642
280 352

197
811
439
080
734
462
085
783
496

136
749
376
015
668
335
M
712
424

257
874
bo2
144
800
470
154
853
568

319 380
938 008
566 630

867 033
538 606

641 713

005 078
744 821
503 580
278 3587

225
§71
734
814

152

896¢
857

436

299
047
811
504

122 198
889 966

072 152
B84 066
715 800
567 654
440 528
334 425
251 344,
192 287
157 254
147 247

233 313
049 131
884 969
740 827
617 706
516 607
438 531¢

383 479
348440

214
054
014
795
828
625
375

394475

549548
550

060 163 266

101 207313
170 g?}i 383
260 881 493
.b§\514 629
180
300
424
551
683
818
958
102
250
404
563
727
306
072
254
443

276 288
309 411
525 538
656 669
791 804
020 943
072 037
220 235
373 388
530 546
623 710
8562 879
036 054
217 236
404 424
599 618 638
800 821 841
009 031 052
227 249 271

577

632
716
830
976

30 473

419
497
605
744

525
606
718
860

192
312
436
564
696
332
972
116
265
419
579
743
914
030
273
462

204
324
440
877
709
844G
986
131
281
435
295
760
931
103
291
481

215
337
462
590
723
859
000
146
264
451
611
777
048
126
310
501
6558 678 698
862 883 904
074 095 117
204 316 339

2
227
349
474
603
736
873
L5
160
311
467
627
794
966
144
329
520
719
925 946
139 181
362 354

121 T80 238

200 275 340

393 203 367
924 095

373 447 532

A07

267
894
502
124
758
405
066

(10}

9

8 7

6 &5 4

3 2

7,

o
/

N
4
/

A0 TR RI00 W O D GO O &R T G0 A - b B3 AR o T &0 W

o

Diff.
11-13
12-13
12-13
12-14
13-14]
13-14
1415
14-13]
15-18
15-16
16-17
16-17
17-18
17-19
18-19
19-20
19-21
.2 20-21

.1 21-22
5.0 22-23

deg.

-3

[=2]
R N L - =T

COT
DEq
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TABLI 1016 (continued)—FAN AND COT OF HUNDREDTHS
OF DEGREES
TAN

- 011 2 a4 5 6]7 8 9} Difi.

deg.

850 11. 430 453 476 400|523 546 570,503 617 641 664 4 2324
.1 664 |688 713 737|761 785 810,834 850 £84) 909 8 24-25
2 909 |934 959 984/000 035 060,086 111 157| 163 7 25-26
2l 12, 163 [180 215 242|268 205 321348 375 402] 429 6 26-27
4 420 |456 483 511|638 566 594[622 650 678 706 5 27-28
.b 706 735 763 792/821 850 879|908 937 967} 996 4 28-30
6 906 (026 056 0S6|116 146 177|207 238 269) 300 3 30-31
7| 13. 300331 362 303425 457 488|520 553 585| 617 2 31-33
.8 617 l650 683 716740 782 815I840 883 ¢i7; 951 1 33-34
.9 o051 |085 010 054|gey 124 150]194 229 265 301 | 4.0 343§

$6.0 ] 14. 301 (337 873 409|446 ag2 510(566 593 631 669 9 3638
1 660 706 744 783521 860 898|937 977 U6 056 | .8, 37=40
‘o1 15. 056 (006 136 376|216 257 2081330 380 4221 464 | A0
.3 464 |506 548 591|633 676 710i763 806 850 895 |06 42-45)
4 895 (039 984 028074 119 165[211 257 303 3504 {05 44-a7
‘s | 16. 350 (307 444 492|330 537 636|684 733 78288 .4 47-50)
.6 832 1882 032 082033 084 135{187 238 20IN\3¢3"| .3 50-53
7| 17. 343 1396 449 503|556 611 065|720 775 %;ﬁ&j .2 53-56
.8 956 1942 000 056|113 171 220(287 346740k 464 | .1 56-59
‘ol 18. 464 {524 585 645|706 768 830892 985, 18| 081 | 3.0 60-63

87.0| 10. 081 |145 209 274/339 405 471|538\608 672) 740 .9
.1 740 809 878 947(017 087 158/229-801 374) 446 8
‘o1 20, 446 520 504 668|743 819 8851672 040 127 206 | .7
‘31 21, 205 |284 363 444524 606 €88[770 853 937 022 .6
4| 22 022|107 193 270|366 454 943|632 722 812 94 | .5
.5 504 |996 080 1821277 37 468|564 062 760 50 ¢ .4
‘a1 23, 359 lo50 060 162261368 472|577 683 790 88 | .3
.71 24. 898 AN -

25, 007 11 %7 330 452 565630 796 913| 03T | .2

& | 26. 031 [150 27& 1513 637 761887 014 142: 271 | .1
9l 27. 271 |402 §3¢4 667,801 937

28, O™ 074|213 352 494] 636 | 2.0

\¥ deg.

(10)\9876543210
\ CcoT
For 88"%}1 80° see the following (w0 BAC ie functions of decimals of

For asmore ex
eg&'ceﬂ,’ gee Refercnce 58.
QfI'E—Tables 1015 an

7

4
45,

tended table of trigonometr:

d 1016 are from Mathematical Tables,

Reference



TABLE 1016 (econtinued)—TRIGONOMETRIC FUNCTIONE
TAN TAN

deg. deg,

88.00 28 .G36 2.00 88.50 38.188 1.50
.01 28.780 1.99 b1 38.445 .49
.02 28.926 .98 .52 38,705 .48
.03 29.073 .97 .53 38.968 .47
.04 29.221 06 .54 39,235 .46
.05 20.371 .05 .55 39.506 45
.06 29.523 .94 .56 39.780 .44
07 20.676 .93 .57 40059 .43
.08 20830 .92 .58 40.341 42
.09 29.987 91 .59 40.627 1K

88.10 30.145 1.90 83,60 40.917 1,40
.11 30.304 .89 .61 41.212 | .49
12 30466 .88 .62 41 .511 4NN.38
13 30.629 .87 .63 41.814, v .37
14 30.793 .86 .64 42 12M8( .36
.15 30.960 .85 .65 24274348 .35
6 ] -31.128 .84 .66 | 42 %50 .34
17 31.299 .83 67 o[ NdB 072 .33
.18 31.471 .82 .68 43 .308 .32
.19 31.645 .81 bg\ 43730 .31

£8.20 31.821 1.80 sa(z 44 (66 1.30
.21 31.998 79 NNV 44,408 .29
.22 32.178 I8 NV .12 44.755 .28
.23 32360 AWM 73 45.107 .27
.24 32.544 LN .74 45 . 466 .26
.25 32.730 | . %95 .75 45,820 .95
.26 32.918 LANT4 .76 46199 .24
.27 33.100 "N .73 77 46.575 .23
.28 33.300 72 .78 46957 .22
.29 33496 71 .79 47 .345 .21

£8.30 .3§.694 1.70 | $8.80 47 740 1.90
.31 .893 .60 .81 48.141 .19
.32 ON 34.095 .63 .82 4% 549 .18
3321 24,299 67 .83 48.964 17
Cad” | 34.508 .66 84 | 40.386 .18

(N5 34.715 .65 .85 49 816 .15

NV .36 34.927 .64 .86 50,253 14
37 | 350141 63 87 | 50.698 13

N .38 35.358 .62 .88 51.150 .12
.30 35.578 .61 .80 51.611 .11

88,40 35.801 1.60 83.90 52.081 1.18
.41 36.026 .59 .91 52 559 .09
.42 36.254 .58 .92 53.045 .08
.43 36.485 57 .93 53.541 07
.44 36.719 .56 .94 54.046 .08
45 36.056 .55 .95 54.561 .05
48 37.106 54 .96 55.085 .04
47 37.439 .53 97 55.621 .03
AR 47.686 .52 .08 56.166 .02
.49 37.038 1.51 .99 56.723 1.01

deg, deg.
coT coT

258



TABLE 1016 (continued)—TAN AND COT OF HUNDRED
OF DEGREES THS

TAN TAN

deg. deg.

89.00 §7.290 1.00 89.50 114,589 0.50
.01 67.860 0.99 .51 116.927 .49
.02 58,459 .08 .52 119.363 .48
.03 50.062 .97 .53 121 903 .47
.04 59.678 .96 .54 124.553 .46
.05 60,306 .95 .B5 127.321 .45
.06 60.047 .04 .56 130.215 .44
.07 61.603 .03 .57 133.243 .43
08 62.273 .92 .58 136.416 .42
.09 62,057 .91 .59 139.743 41

89.10 63.657 0.90 89.60 143.237 0.40 | OH\
A1 64.372 .89 .61 146.910 89 4\
.12 65,104 .88 .62 150.776 .88\,
13 65.852 .87 .63 154.851 37
.14 66.618 .86 .64 159.153 | A0N36
.15 67.402 .85 .85 163.700 4 .35
.16 68,204 L84 .66 168,50\ .34
17 69.026 .83 .67 173.822Y] .33
18 69.868 .82 .68 179,047 .32
.19 70,731 .81 69 | 188823 .51

89.20 71.615 0.80 80.70 .90 934 0.30
.21 72,522 .79 TONN197 570 .29
.22 73.452 .78 A 204,626 .28
.23 74406 77 I3 212.205 .27
.24 75.385 76| WA 220367 .26
.25 76.390 REIR S ML 229.182 .25
.26 77.422 B2 238.731 .24
.27 78.483 3 Rk 249.111 .23
.28 79.573 {92 78 260434 .22
.29 80.694 |\ .79 272.836 .21

89.30 81847, “0.70 89 .80 286.478 0.20
.31 83.083 .69 .81 301.56 .19
.32 844355 .68 .82 31%.31 18
.33 85512 .67 .83 337.03 17
34 |\86.808 .66 .84 358.10 16
.35 088,144 .65 .85 381.97 .15
3657 89.521 .64 .86 409.25 .14
& 90942 .63 87 240.74 .13

*338 92.409 62 .88 £77 .46 .12

a1 03.024 .61 .89 520 .87 11
N8940 05.489 0.60 89 90 572.906 0.10
A .41 97,108 .59 .01 636.62 09
.42 98782 .58 .02 716.20 .08
.43 100.516 .57 93 818.51 .07
.44 102.311 .56 04 054,93 .06
A5 104.171 .55 .05 | 1145.92 .05
.46 106,100 .54 96 | 1432.4 .04
AT 108.102 .53 07 [ 1909.9 .03
.48 110.181 .52 B8 | 2864.8 .02
.49 112.342 0.51 .09 | 5729.6 .01
a0 .00 Infin. 0.00
deg. deg.
coT coT
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TABLE 1020--LOGARITEMS TO BASE 10

N0123456789123456"r89
1000007 004:3) O086] 01281 01Ty 0212} 0253 0204 033_1 0574) 4 812 172125 , 2933 37
11 || 0414] 0453( 0402 0531 0569 0S0T| 0845 0682, 0719|0756 4 811! 151923 E 25 30 34
12 ||0792| 0828| 0864| 0899] 0934 0960 1004 1038) 1072( 1106 3 T 10| 141721} 242801
13 ||1189] 1373| 1204| 1289] 1271 | 1303 1835{ 1367|1309 1420 3 & 10| 13 1619 23 26 20
1411461} 14921 1528| 1553| 1584 | 1814| 16440 1673 1703|1782 3 6 9| 1215 18| 21 24 27
15| 1761 1790) 1818| 1847| 18751 1905] 1931 1953, 1987(2014] 3 6 8| 1112 17| 2032 25
16 | 2041 2068] 2005| 2122 2148| 2175|2201 2227|2253/ 2279 8 65 8| 1113 16| 1821 24
17 (| 2304] 2330: 2355| 2380 2405 | 2470) 2455 2480|2604 | 25201 2 5 T 101215 | 17 2022
18 12553 253771 26501 | 26525| 264%| 2672 2003 2718|2742 2765 2 & T 0 1214 | 16 1831
1912745 g?lﬂ 2853| 2856| 2378| 2000| 2023] 2045| 206T| 2080 ¢ 4 T| 9 1113 ] 1M 18
20 | 3010f 3032 3054| 3075| 3096| 2118| 31300 3160/ 3181 3001) 2 4 6| & 1113 JAsaT 19
21 ||3922] 3243 3263 3284| 3304| 3u24! 3345| 3365| 2385\ 3a04| 2 4 6| 5 10,7014 16 13
22 i 3424 | 3444 | 3464| 53483) 3302 3522 35341 | 560! anTa  8605] 2 4 B B IQ WY 14 16 17
231 8617| 8836; 3655 36T4| 3092 BT11 3T20| 3747, 2766 3T84| 2 4 6 :f:g M1 ¢ 13 15 17
24 [{ 38021 3820| 3838 3856| 28T, 3502 3900| 3u27T1 45| 3962) 2 4 & 4 'f“?l 11; 12 14 16
2539701 7007| 4014; 4031] 4045] 4063 4052 4099; 4116| 41331 2 4 HAT ¢ 105 12 314 16
26 | 41350 4166| 4183| 2300| 4216) 4235( 4245 4265) 4251| 4288] 2 : '5‘ 78 IU[ 111315
27| 4314 43507 4548/ 4362( 4578 | 4305| 4200{ 2495 4440( 4456/ S\3 51 6 8 63111214
287 4472] 4487| 4502; 4518| 4533 4548| 4584|4579 45941 NGNS 51 6 8 9§| 111214
29 || 4634| 4634 4854 4669} 463 | 4608| 4713 47:’_3 4745 -3-:5\7(?‘1 347167 9 : 1012 18
80|[4771] 4786/ 4500| 4814 4809] 4815/ asy7[ 4871 [ assg[ 00| 1 8 4| 6 7 9 W 1113
31 (14014 4925 49432( 40955| 4069| 4883 4007| 5011, w04'5038( 1 8 415 7 ®i101112
32: 50561| B065; 50T 5092| 5105 5119 5152, 514{)‘5159; 5ITH 1 8 415 7T #1 91112
53| 3183| 5198] 5211 5224 5237| 5250| 5263 52TOMA280;6502( L 3 41 B 7 8] 91112
IH-F 5316| H328] B340| 5363 5368! BITE| 5391 3403 BA16.5428) 1 2 41 5 6 8| 921011
85| 5441|5455, 5465| 5478] 5190| 5502| 5314|6527 |H530' 5361| 1 3 41 5 6 T| 91011
3t || GaB} S5TH| B5RT| hHDY| b1t 5522$'5535 SG4T| B6ES BET0I Y1 2 4( 5 6 T s1o
37 || 5682} 5R94| 5TOB| FT1T BTEM BTG BTTH TRl L 2 4] B 6 7] 8 911
oS8 1L 3TORI 5R00| 5821| bys2 5BGA| BRTT| HALY GRG0 1 2 31 5 6 T 8 910
-'_’)H OHL1| 5922 BOS3: 544 BTt EGSR BGoDlen10l 2 2 B3] 4 5 T, 8 910
ﬂ ANEL (f:ﬂﬂ G0 | GO 6964 GOTH 6085|6006 6107|6115 ) 2 31 4 5 6 8 810
41 15128) 61381 6149] A180/6170] 6180} 61911 6201 62126222/ 1 2 31 2 8 6] 7 8 9
42 |6332) 6213] G253P6205] 6274|6284 6204|6304 651416325/ 1 2 3/ 4 3 6] 7 8 9
43 | 63351 6545| 63a5|.6865] 6375| 6383] 6305|6405 6415/6490) 1 2 B 4 6 6] 7 8 O
41 || 6435 B24406254| 64n4| 6474| 6484! 6403|6503 gn13ene2l 1 2 3| 4 5 6| 7 8 O
435|552 f').")'-‘%.fﬁ."ﬂ 6361 6571 6580 6590|6500 GR0N GRIR| 1 2 3| 4 B 6 780
44 || GA2S| ,5653 G845 B6656| 6665| 6675 6654} 6603 6T02;6712| 1 2 3] 4 5 65 T 7 8
47 | CT2N.6T0! 8730| 6749) 6758| ATAT| 6770 6785 6T 6R08! 1 2 81 4 6 61 7 7 8
48 L5812 (B21; 6830 GB5Y| 6348| 6357T| 6866|6875 6884; 68031 2 3l 45 6 77 8
'.{25 GH02] GU11] 6520| 6928 GO3T| H346| 6935, 004 6UTH 6081 1 2 31 4 4 b 678
y éﬂ' E@G GHOB| TOOT| TO16| TO24: TOAY 70421 TORO| 7080 70671 2 3! 8 4 K| 6 7T 8
61 (17076 TOBL| T083| TI01| T110] 7118|7126} 7135 7148/ 715211 2 31 8 ¢ 51 6 7 8
52| T160| T168| 7177| T185| T19:3] 7202| 7210] 7218 7296(7235) 1 2 31 3 4 5 6 T 7
63 117248} 7261 72569 T267| 7275|7284 72021 7300 TanR|T7416| 1 2 2 3 4 56| 6 6 T
_5a[{7324 7332) 7340! 7348 7306| 7364 7372|7280/ 7388 T806] 1 2 2! 3 4 5| 6 6 T
Fje|l1{2|8t4|56 6 |7|[8|9|te2as50;7809

The proportional parts are stated in full for every tenth at the right-hand side.
The logarithm of any number of four significant figures ean be read directly by add-
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TABLE 1020 (continued)—~LOGARITIIMS 'TO BASE 13

Flofli| 2 8|4 |6)6!7|8|8%9

-
E=
oa
'y
(=1
-]
o

65 {7404 T412| T419) 7427 T435| T443! T451| 74590 74665, T4T4
i j7482 T490| 7497; T605| TH13| TH20; T528| T536; 7543 THI1

67 (17659} 7666 THT4| T5E2| T683| T597! TRO4| TH12] 7619| T627
8 | T634| T642] TH4Y| T657| T664| TET2| T679] T686| T6M! 7701
59 [JTT00) TT16] T723| 7731 T738| T745| 7762 TT60| T767 T4

60| T783| TT8Y TI06| T803| TS10| TBL8| 7525 TRA2| T830: TR4A

61 ([T853 TAE0| TRES| THTS| TRAZ; T888) T806| TON3| TO10[ TOT
827924 TOR1) TIAG| TO4H| TAGR] T959| TOH6| 7973 Tus| TOET
63 |{T993| 8000 8007| 8014] 8021 8028| 80357 8041) 8044| 8055

64 || 8062 8062 BOTYS| 8083 3089 8096) 81021 3109| 8114| 8122
85 || §120{ 8156 8142| 8140| S135| 8162 8165 8170 B182| 8180
6 || B195| 5202) B209| 8213| 4223 82281 8235| 8241! 5248| 8254

67 || 2651 8267| 274! 8280 8287| 8203! 82991 83061 8819 8319
68 || 8325; 8331) 8338) 8344| 8351| 8457] 8303} 8370| 8874 8362
69 |8358) 8395 8401 8107 8114| 3420] 8496| 8153| 8139|8445

70 || 3451 8457 8463; B470] 5476| 8452| 8458 8434 85007 8501

71 |8513] 8515| 8525 85311 8587 | 4543| B549| 85575 8561 8HET
T2 || 85731 8579 8583 8301] 8597 | 8503| 8609 BH16| 8621| 8627
73 | 8633] 8630| 8645 8451] B05T | B663| 8609 BETH| B5E1| BOLE

T4 || 8692 8698 8T04| 8710| 8716| 8722| BT27| 8733 8746| 8745
78 || 8751} 8756| BT62| 876] 8774| 8TTI| 8785| BTH1| 8797 5302
76 || 8808| 8814| 8820/ 83256] 8851 | 8837] 8342} 8545, 3454| 885%

77 || smanl 8871 8876 8882 387) 8803 s808| 8004] 8910| BA1B
78 (| 8921} 8027 | 8953| U3R] 8O45{ 8044 BOG4| 8OAD| KOG B
79 | 8y76| 80R2| ROST| BI03] 8098; 9004| 000! 9015 GHR0NE0IE

80 9031| 2036| 9012{ 9047] 9073 0028] 9063 806| BOTH 90T

81| anan| 9090| anoe| 9101} o106| 0112| 9117| S122pe128] 9133
82310138| 9143] 9149 9154] 9159 91G5| 21T TH| G180| D186
531 0191] 9196] 9201| 9206} 9212| 9217| 92220227 | 9232 9238

74| 0243| 9245; 9253| 9258( 0263 H2G Go74| na70| 9284| 6280
86 :|p3ud] 9209 Da04| 9709 9315| §320] HALE) G330 G| 40
8(5%: G345] 9350} D355| D360 9365| GAT0| 9375| 9380| 9385 9290

571 9305] 9400] 0405/ 0310, 94\5,\9420 9425) 9430| 9485| 9440
88 || 0445] 0450 5455] aa0Daan5] 9469 9474|9470 44| 9499
99 i[a401] 01001 0504] 950 9B13| 9515|0523 9528 9533) A58

90 [9542] o547 05020 955T)| 9562| anee 9571 9576 9581 9586

o1 119500] 0555| KE00MIG05| 9600| 9614! 9619| 9G24 9628 W33
o2 || 0538| 96431 e64T] 052| 0G57| DB61| D66A| D6T1| GATS| R0
93 |[9685 Wﬁﬁ% 9349| 9T0S| 9T08) 9713} 9717) 9722| B2

(973 “.3’7\36 o741) 9745) 9T50| 9754) 9759 9T63| 9768 OTTS
95 || up7a)wTaz| 976! 97U1| 0T95| 0800 5805  QR0M| 9¥14| D818
45 ||9228| 0827 | 0332} DB36| 0541| B845| 9850 0854| 9850 9463

.

“irlagas| 0872( 0877 5381] 9BSA| 9RT0| BRO4! 08U0; G903) HHOR
9534|9012 00iT| 9021} 0u9h| 9950| 9034| G930| 99431 0048) DG
96 ]| 9956| 9961| 09R5; D960 9974 9OTR| 0983 GUET| D991 9996
N
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T
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ing the proportional part eorresponding to the fourth figurae to the .tabular number
gorresponding to-the first three figures. There may ba an error of 1 in the Jast place.
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TABLE 1025—NATURAL LOGARITHMS

e e e sl st et ol ol o]
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L0000 | 0010 | .0020 | .003C | .0040 | 0050 | GOS0 1 .,0070 | 008G § .0OBO
0100 |.0109 | 0119 | 0129 |.0139 |.0149 | .0159 | .0169 | .0175 1 .0188
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TABLE 1025 {confinued)—INATURAL LOGATRIITHMS
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A055 |.4001 | 4068 4075 | 4081 | 4088 | .4095 | 4101 | 4708 | 4114
4121 [ 4128|4134 1,414 § 41458 | 4154 | 4161 | 4167 | 4174 | 4181
A0 | 4200 | 4207 | 4213 | 4220 | 4226 | 4233 1 4240 ) 4248
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TABLE 1025 (confinued)—NATURAL LOGARITHMS
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1.386311.3888(1.3913|1.3038]1.3062| 1L.3087 b]..21&2 1.4036|1.4061)1.4085] :
1.4110/1.413411,4150|1.4183(1,4207|1.423141.4255|1,4274]1.4303|1.4327,
1.435111.4375{1.4308(1,44223]1 4446| LG9 14403|1.4516]1.454011.4563
1,4556]1.4600|1.4633 1.4656{ 1.4670| 1L ATO211,4725|1,4748/1.4770/1.4702
1.4516/1.4830|1.4861]1.4584(1.4807] 14029 1,4951(1.40674/1.4996/1.5019) X

1.5041|1.5063{1.508511.5107(1,5328(1.515111.5173(1,5105(1.5217(1.523%
1.5261|1.528211.5304]|1,5326{1 %347 | 1.5369]1.56300[1.541311.5433 11,6454
1.5476(1.5497]1.5518]1.55381.5560|1.5681/1.5602} 15023 (1.564411.5665
1.5686|L.5707(1.5728]1.57481.5769( 15790} 1.5510;1.6831|1.68511.5872
1.5802(1.5013(1.5953] 1459531 1,5974(1.5004/1.6014[1.6034|1,6054|1.6074

1.6094|1.6114|1.6134/1.615411.6174|1.6104]1 6214]1,6233(1.6253(1.6273
1.62921.6312 .8332 1.6351|1.6371;1.6350]1,6409]1.8420(1 G44%)1.6467
1.6487|1.6506/K8525(1.6544(1,6563|1.65582|1.6601]1.6620(1.6539| 16658
1.6677|L.8686/1.8715| 1.6734|1.6752(1.6771|1.0790| 16580816827 |1.6845
1.6864(1,68821.6901 1.6019|1.6938/1.6856(1.6074/1.6003 1.7011(1,7029

1
170470 7066(1.7084]1.7102(1.7120{1.7138|1.7156(1. 7174 1.7192]1,7210
1.723% 1.7246(1.7263(1.728111.7200(1.7317|1.7334(1.7352|1,7370|1.7387
L.7405]1.7422j1.74401,7457]1.7475|1.7492(1,7500[1.7527|1.7544 [1.7561
1,7579|1.75061.761311,7630{1.7647 | 1.7664;1.768111.7609(1.7716(1.7733
7750\ 1.7766]1.7753] 178001 1.7817|1.7834{1. 785111, 7867 1.7884 1.7¢01

1.70158(1.7934[1.705111.7067]|1.798411.80011 180171 .80:34] 1 .80501.8066
1.8083(1.8099(|1.8116(1.8132(1.8148/1.8165|1,8181|1.8197|1.8213|1.8220
1.8245(1.8262(1.8275/1.8204(1.8310]1.8326/|1.8342|1.8358]1.8374/1.8300
1.8405[1.8421|1,8437|1,8453(1.8469{1.8485|1,8500(1.8516/1.85321.8547
1.8563|1.8579:1.850411.8610/1.8625/1.8641(1.8656|1.8672(1.8687{1.8703

1,871%[1.8733]1.5749(1.8704|1.8779|L.5795| L.5R10:1:85825|1.8840| 1.8856
1.8871|1.8856(1.8001]1.8016/1.8931(1.8046{1.896111.8076(1.8991|1.9006
1,9021(1.0036(1.9051]1,9066/1.908111,9095(1,911(11.9125(1,9140({1.9155
1.9169(1.9184(1.0199|1.9213[1.92281.9243/1 025711.9272(1.9286|1.9301
1.9315/1.9330(1.9344:1,9359(1,9373|1.9387]1.9402|1.9416(1.9430| 1.9445
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6931/ .eom1| 7031 Foso| L7120] (7178| .7227) .72746] .7324] (737231 5

1,1030(1.1969(1.2000]|1.2030! 1.2060|1.2000{1.2119(1.2149| 1.21 79 12208 31—

1.335001,3376(1.5403|1.3425|1.8455|1.53481|1.3507 1835831 1.3568|1.3584| 27—




TABLE 1025 (continued)—NATURAL LOGARITHMS

3

0 1

2

3 4

5 6

7

3

9 | Diff,

~omén L =y

PROOOD DOOOO EHEEE PEERWEM TN NATATTN

Swpnmtn nbkhRrD DSk slokemis b

—_

2.3026

1.6459|1.9473
1.960111.9615
L.9741|1.9755
1.9870}1.0802
2.0015(2,0028

2.014912.0162
2,0281[2.0205
2.0412(2,0425
2,0541|2.0654
2.0669|2,0681

2.079412,0807|
2.0210/2.0931
2.1041[2.1054
2.1168[2.1175|
2,]282(2.12%4

2,140112.1412
2.1518)2,1520
2,163312.1645
2.1748[2,1759,
2.1861(2.1872|

2.1972/2.1983
2,2083]2,2004
2.219212.2203
2,2300|2.2311
2.2407(2.2418|

2.2513(2.2523
2,2618/2 2628(2.2638|
2.272112.273212,2742
2,282412. 2583422844
2.2925(2.2035(242046

(N

1.9488
1.9629
1.9769
18906
2.0042

2.0178
2,0308
2.0438)
2,0567
2.0694

2.0819)
2.0943
2.1066
2,1187
2.1306

2.1424
2,1541
2.1656
2.1770
21883

2.1994
2.2105
2.2214
2.2322

2.2428
2.2534)

1,950211,9516(1,9530(1.
1.9643/1.9657)1,.9671/1.9685:
1.575211,9756/1.9310]1.
1.902011.993311,9947|1.
2.0055)2.0069/2.0082(2,

2.0189(2,0202]2.0215(2.
2.0321]2.0334]2.0347)2,
2.045112.0464/2.04772.
2,0580[2.050212.0605
2.0707|2.0719(2.0732(2,

2.083212.0844]2. 0857 2.
2,0956|2.096812.0980|2.
2.1078]2.1000|2.1102{2.
2,1199(2,1211|2,1223
2.1318|2.1330]2.1342

2.1436|2.1448]2 1450
2,1552)2,1564(2.1576
2.1668[2.1679(2.1601
2,1782|2,1793|2.1804
2.1894/2.1505)2. 1917

2,2006(2,201 7{2.2028
2.2116(2.212712.2138
2,22252,2385(2.2246
2.2332/2.8343(2,2354
2,2430/2:2450(2.2460

25442 25552.2565
%549 2.2655(2.2670
2 2752/2.276212,2773
2.2854(2,2865(2,2875
2,2956|2.2066(2.2976

12,1236
2.1353

1

2.1471
Zy5E7
23,1702
2,1815
2,1925

2.2039
12,2148
2,2257|
2.2364
2.2471

2.2576
2.2680
2.2783
22,2885
2,2086

2.1

1,9559
1.969%
19838
1,9974
2.0109

2.0242
2.0373
20503
2.0631
20787

2.0882
2.1005
2.1128,

24365

12.1483
2,1599
21713
2,1827)
2,1939

2.2050
2.2158
2,2268)
2.2375
2.2481

19573
L8713
19851
1.9988
2.0122

2.0255
2.0386
20516
2.0643
2.0769

201804
21017
21138
Tl2.1258
2,1377,

2.1494
2,1610
21725
2.1838
2.1950

2.2061
2,2170
22,2270
2.2386
2,2492

2.2586]2,2597
2.2690
2.2793
2.2895
2.2006

2.2701
12,2803
2,2005|2.2915( 11-10
2.3006[2,3016) 11-10

1.9587/ 15-14
1.9727] 14

1.9865] 14-13
|2.0001| 14-13
12,0136/ 14-13

3 W
2.0268) 14-33
2.0399] 1413
205280317
2,0656! 13-12
20782 13-12

12.0006) 13-12
2,1029} 13-12
2.1150] 13-12
2,1270] 12-11
2,1389) 12-11

2.1506; 12-11
21622 12-11
2.1738] 12-11
2.1849 1211
2.1861] 12-11

2.2072] 12-11
2.2181] 11-10
2.2288) 11-10
2.2396] 11-10
2.2502[ 11-10

2,2607) 11-10
2.2711] 11-10
2.2814| 11-10

S

Log, =

X

Log, z

e
P \ 100
A 1000
10 000

100 000

1 000 000

« 4 » 0=

2.3026
4,6052
6.5078
9.21038
11.5128
13.8185

LRI

.1

01
001
000 1

00001
.00C 00

3.697¢
5.3048
7.0922
107897
12.4871
14.1845

For a large table of natural logarithms, see Ref. 55d.
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TABLE 1030—EXPONINTIAL AND HYPERBOLIC FUNCTIONS -

- o ez Sinh > Cosha Tanh 2
Value log, | Value | Valus Log, { Value Logy, | VYalue

0.00 | 1.0000 00000 | 10000 | 0.0000 —oo | 10000 00000 | 000
001 | LOIT 0043t | 09005 | 0.0100 00001 | 10001 00002 ! 01000
o2 | 10202 .00869 | .92020 | 0.0200 80106 | 1.0002 00009 | 02000
003 | 1.0805 .01308 | 07043 | 0.0300 4TTIO | 10005 00020 | 02809
004 ¢ 1.0408 01737 | .060TO | 0.0400 60218 | 10008 .00035 | 03008
005 | Lo515  .0ZI7L | 85123 | 0.0500 69913 (| 1.0013 00054 | 04908
006 ¢ 10618 .02806 | LO4176 | 0.0800 77841 | 10018 .GOOTS | 05298

007 | 10725 08040 ] .93239 | 00701 .B4B45 | 1.0025 00106 | .O6REON|
008 | 10833 08473 | 02312 | 00801 000nD ) L0082 00139 | 0THD
0.00 | 1.0042 03909 | 01303 | 0.0001 95483 | 1004F 00176 | A6
0.10 | 11052 04313 | 00484 100200072 [ 1.0050 002175 SambeT
o1l | 11183 04777 1 .R0583 | 01102 04297 | 10061 00268 10066
o012 | 11975 omz |o.sse02 1 0.1203 08022 | L0OTZ  00M% | 11043
013 | 11888 05646 | .B7S10 | 0.1304 11517 | 1.0088  <Q0366 § .12827
094 | 11503 08080 | .88038 | 01403 14755 | 1.0098° {00424 | 13900
015 | 11618 06514 | .RBOTL | 0.1506  .ITTVS | 1OM3N 0MBT | 14889
016 | 11735  .08049 | .85214 | 01607 20597 [ 30L28 (00664 | 13868
047 1 11853 07383 | 84356 | 01708 23254 0145 00625 | .16838
018 | 11072 07817 | .83527 | 0.1810 .2576aeJMA.0182 00700 | 17808
019 | 1200 08262 | 82808 | oamir  98AGLL 1.018L  .00779 | 1877

0.20 | 12214 .086%8 | 81873 0'201&_-{“13-\3 1.0201 00863 | 10738
o2l | 12337 .00120 | 81058 | 02115 (82541 | 1.0270 00931 | 20697
oee | 12461 00354 | 80252 | 0.8 JUR4E02 | 10243 01043 | 21632
D23 | 12586 00089 | .T9453 | 08380 86565 | 1.0266 01139 | 22603
024 | 1.o713 10423 | 73603 [NO02423 38437 | 1.0280 01239 | 23550
0.95 | 12840 (10857 | .77B8DG() 09326 A0245 | 10814 01348 | 22402
026 | 12059 11202 | JTTIOSNYC 02620 41086 § 1.0340 01452 | 25430
0e7 | 15100 11726 | 46388 | 0.2783 43663 | 1.0367 .01h64 | 26362
028 | L3231 12160 J.0§o5TS | 02887 45282 | 1.0305 L0168 | 27341

020 | 13264 aonos | Jraszs | 00011 46T | 10423 01801 g 28213
0.50 | 17400 12079 74082 | 0.3045 48363 | 1.0453 01006 | 20131
031 | 1.263% %63 | 73345 | 09150 40830 | 1.048¢ 07054 | L2004
032 | 1.3t o180 | i2ein | o.32s8 s1ont | 10016 Loz1sy | 30851
033 | 1.3010\%214032 | (71802 | 0.3360 52637 | 3.0040 02323 | 31802
0.34 | 140497 14768 [ JTI1TT | 0.3466 53081 | 1.058¢ 063 | 32748
0.5 |/h430r 15200 | .T0469 | 0.337T2 33200 | 1LOGLS 02607 | 33638
0.36':§1.’4333 15635 § .6076% P 03678 Wbiu6e | 1.0655 02765 | (34021
058 | 14477 16009 | 60073 | 0.3788 57807 | 1.060% 07907 | .BD3S0
038 "1 14623 16503 | 68386 | 0.5802 50019 | 1.0731  .05063 1 36271
080 [ 14770 .18097 | 67706 | 0.4000 .G0202 | 1.0770 03222 | 37136
“0.40 | 14918 17373 | 67032 | 04108 61858 § 1.0811 03385 | 87003
041 | 15088 .17808 | 66363 | 04216 62488 | 1.0833 03552 | 08847
0.42 1.5220  .18240 B3TUE | 04525 63504 | 1.0885 03723 30695
043 | 15573 18675 | 63051 § O443% 64677 | 10080 03807 | 40532
044 | L5527 .10109 | S04 | 04343 68738 | 1.0084 4075 | 4186
045 | 1.5683 19543 1 63765 | 0.4858  6GTTT | 11030 .0ns | 42190
046 | L5541 10078 | 63128 | 04764 67707 | 13077 04441 | 43008
047 | 16000 20412 | 62500 | 04875 69707 | 1.1125  .o4830 | 43820
048 | 1.6161 20816 | (61878 | 04§ 60770 | 1174 04822 | 4624
049 | 16823 21280 | 61263 ) 0.5088 70744 | 1.1295 08018 1 46422
] 0.50 | 16487 21715 | 60653 | 06201 71602 | 1218 05217 46212

264



TAB %
ABLE 1030 (continued} —EXPONENTIAL AND EYPERBOLIC

FUNCTIONS
x ’ et Sinh
@£
Value Log, | Value | Value Log, Va.h?g s ?zog '1‘3111]133
0.50 | 16457 D715 | 60653 | 08211 716w | L1Z6_ob: e
oa1 | Lotos 224 | 60050 | o.aoa  adem | 1 7O __RIT | 4622
05 | Tosn o | im 0o o | 1130 0aty | s
53 | Lo Zoors | w60 | Osors Teeks | Diil 0965 | dewis
o | 1m0 mgr | gan | 0dwe a0 | 1, pobostl B
0‘2(5‘ 17888 2886 [ 07695 | 0.5782 JEN0 Tl bos | 40249
S5 | i3sr iwo | Srim | OB froes | Lasos Goass | .oowws
057 | 1788 zetsn | e | egole e ooros | s
08T | 1ioee s | aeame | Oomn: dmailiatwm s | wes
o8 | 1 25184 061232 esL | 10730 08
50 | 13040 25673 | 55433 | 0628  7este | 1.1702 ey | Baxd
0.60 | 1.8221 26088 | 54881 | 0.6367 _ .gu3v0 | 1 18550788 S
01 | Led0s zm; | naass [ oews  sus S
05 | iste oo | wor | owos sl 11919 07624 | U3
O%F | EN | BES | 0t s e osioad vl
060 | 18965 21705 | 5210 ' . PP B
065 | 1915 28239 | 5205 0656 343 | L ilee  GtoR | it
0.66 | 1348 25663 | 51685 | 0.7000 85063 12088 *‘523‘4’2 3
067 | 1.0m2 2009 | s171 | or2 5 NN i
008 | Log 205 | 50662 OINZ R | 1R oo | Doiss
060 | 10947 20056 | BOISB | 0Fal 778 Jopy 0%l | ool
_ RT3 i LT . 0T
N0 | 20138 ML | 49659 | 0.7586 900N 258209870 .:IWS
T e S0G | 4016t | 07712 8yitev 1.228 g o
72 | 263at 31269 | 68675 | 0.7838 aiod | 12706 o | aies
072 | BOott Dh0 | awol | 07906 w0izs | 1215 oo | Caor
o7s | 20mo 3o | 4 | osoml o s ooz | 2
075 | 21170 50572 | AT o otk LI e | e
o076 | 2383 ss00s | aeter | Oislss  omss B A | e
016 | 2SS 008 | o 083 | 15080 1493 | 64108
: 1598 .33 6301 0352
078 | 2.1818 43875 .452& O%ts oo 1o Ihgs | o
a9 | 22058 maag | 45t OSfis arien | 1iews 12840 | o84l
([!).30 | 22955 mavih f a9 | 08681 Gape | 13T 19607 | GGi08
S | o479 GUB| 4S5 | 09015 9408 | 1. ~
08 | Tovs i) 43 | 09150 S im0 | e
08 | 3900 <otols| 05 | 09285 9aTer | LaGH 1803 o
o8 | aswea. 3 | 43171 | 00u3 ‘
0:85 | 2.33%6 Oyeis | .agmal 0.9561 ‘el ] ity oo | iror
.56 a6 30 | ABN6 | 0400 96T 1o o0 | 6o
037 |(owBsa  orise | a8 | o.9s0 9000 2 ot
o058 Naafog gez1s | 4478 | 09681 @16 T2 1509 064z
s hzasst s | AL0GG ) 1.0L Gandn | 14z asey | 7
“080 | pavos _soosy | 40067 | 10XD 01 1433115621 | 1630
ou1 | 5483 swel | ooz | L0 01 5 7
0.02 25003 39953 | 89859 | 1085t fgzéﬁ i‘.ﬁ% T T55%
0 Susis  absso | 30455 | 10700 02987 | 14645 16370 73050
o1 | 25600 40824 | 30063 | 10847 03530 | 1475 8
0.5 | 2807 a0t | S | Toms o LA oo | e
. 20 lote | as280 | 11144 0401 | 14973 ATSIL | (7448
097 | o639 47127 | STN8 | 17904 06%8G | L6085 .1 ;
008 | 26645 AwAl | 3731 | LI1W6 056 | 1.5199 e 7o
000 | zeotz 4w | BT | 11508 0640 ) LOUIE a8y | 75736
100 | 27183 4520 | aorss | Litsz 07011 | 15431 18839 | 76159
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TABLE 1030 (continued)—EXPONENTIAL AND HYPERBOLIC

TFUNCTIONS
.
@ e eF %inh @ Coshx Taunh o
Value Logw | Value [ Value Iog, | Value Log, Value
1,00 | 27183 43499 | 36785 | 11762 .OTOLL | 1.5431 18830 | 76169
1.01 | 27456 43864 | .26422 | 11907 07580 | 15548 19171 | 76876
102 | 27732 44208 | 36060 | 1.2063  .08146 | 15669  J1u60¢ | .T00R7
108 | 28011 44732 | .85701 | 12220 08708 | 16T .19830 | L7791
1.04 | 28292 45167 | .35845 | 1.237% 00268 | 15912 20176 | .7778Q
1.05 & 28577 45601 | (54904 | 22830 09825 1 1.6038 20515 | .7B1S1
106 | 2.886¢ 46085 | 34646 | 1.2700 . .10879 | 16164 20855 | 78506
107 | 20154 45470 | 34301 | 1.2862 10930 | 1.6292 21197 | .780ef
1.08 | 2.0447 46004 | 83060 | 13025 11479 | 1.6421 2541 | .7usag
108 | 20745 47338 | 53622 | 13190 12025 | 16652 21588 | 479688
1.10 | 80042 47772 | .23987 | 1.3856 .12569 | 1.u685 29938, Rbano
111 | 20344 48207 | .82856 | 1.3524 13111 | 1.6820 29582\ 80406
112 | 30840 48641 | .32628 | 12693 13649 | 1.6056 229310 | .8OTHT
113 | 3.0957 48075 | 32303 | 1.3863 .14186 | 1.7003 _ Sures | .81102
114 | 231268 46810 | 31082 | 14055 14720 | 1.723% {23636 | 81441
115 | 310582 40944 | 31684 | 14208 16953 | L42™dN .2aue) | 81775
116 | 31893  .5OST8 | 31340 | 1.4882 I5TR3 | §5L7  .24M65 | 82104
117 | 32220 50812 | 31037 | 14558 .1651t NDbJo62 24708 | 82427
L18 | 32n44 .BI2AT | 30728 | 14736 168367\ L7508 25062 | 82745
118 | 32871 51681 | .30422 | 1.4914 17360 () 1.7957 .26492 | .82058
1.20 | 8.3201 52126 | 30119 | 1.5005 <882 | 1.8107 .2n7se | 83365
121 | 3.3835 52550 | 20820 | 18276 \aBd02 | 1.8288  .26146 | 85668
1.22 | 33873 52u84 | 29523 | 15460\ ..18920 | 1.8412 25510 | .83%6h
123 | 84213 53418 | 20229 | 1.5648°% 19437 | 1.8568 26876 | 5425
124 | 3455 53883 | .osu3s |.0B8a1 19051 | 1.8725  272am | 5446
125 | 84008 54287 | 28650 {16019 2046t | 1.838& 27610 | 84828
1.26 | 35254  .547121 | 28363\ 1.6209 20075 | 1.9045  .27970 | L8GI0B
1.27 ; 35609 55156 | .2#Q83 | 1.6400 21485 | 1.9208 .283¢0 | 85380
128 | 55966 .555300 | L2780+ | 16503 21093 | 1.9873 28721 | -sheas
J189 | 36828 beoRd 4(.97haT | 14788 22400 | 1.9540 20008 | 85013
1.30 | 3.8608  .5G458\V.27253 | 1.6984 .23004 | 19700 20407 | 86172
1.31 | 37062 56893 | 26082 | 17182 .23507 | 1.98680 20842 | .56498
1,823 | 27432 £57327 | 26714 | L7981 24000 | 2.0053 30217 | 46678
1.33 | B.78I0NSBTT6L | 26448 | L7583 .24500 | 2,0228 .5050%4 | .86u25
134 | 38196 58105 | 24185 | 17786 25008 | 2.0404 .30972 | .8TI6T
185 | 34504 5860 | 25924 | 17881 25505 | 20583 .51352 | 87205
136 88962 .5u0ss | 25066 | 1.8198 90002 | 2.0T64 31732 | .8T6u9
137{{\3.0351 50198 | 25011 | 1.8406 o606 | 2.0047 22113 | 87889
1.88y 1 3.9749  .59983 1 25158 | 1.8617 .ou0u0 | 21133 .32405 | .R8095
LB | 40149 60867 | 24008 | 18820 27482 | 21320 32878 | REBIT
\MAA0 | 40552 GOBGT | 24660 | 1.904% 97074 | 21600 33262 | B8535
7341 | 40950 61236 | o4a14 | 10950 28464 | 21700 83647 | 88740
143 | 471371 61670 | 24171 | 1.9477 28052 { 21804 34033 | 88960
143 | 41787 62104 | 23931 | L9697 20440 | 2.2000 34480 | 50167
L4 49207 62538 | 23608 | 10010 20026 | 2.0288 .34807 | 89870
146 | 42631 62073 | 23457 | 2.0143 20412 | 22488 .351%; | .SuS6Y
146 | 43060 G307 | 23224 | 200360 20896 | 22601 5645 | -89T6B
147 | 43192 63841 ¢ 22003 | 206007 31279 | 2.2806  .3507G | 89068 |
145 | 230990 G497 | 22764 | 20827 .51862 | 2.5103  .836307 [ 90147
149 | 44871 64710 | 22537 | 22050 32343 | 2.8312  .36750 | 90232
1.50 | 4.4817 66124 | 22313 | 21203 .32823 | 2.352¢ 37151 | .00515

266



TABLE 1030 (comtinued)—EXPONENTIAL AND HYPERBOLIC
FUNCTIONS

er e Sinh @ Cogh x Ta
nhx
Value Log, | Valoe | Value Log, | Value Log, | Value

1.50 44817 65144 _ 22813 | 21268 30898 | 2.5524 37151 S0515

1.51 | 45267 65578 | .22001 | 2.1520 33303 | 2.3738 .37545 | 0000
152 | 45722 60013 | W1sTL | 24768 33rsr | 23055  la7osd ffx]?s;}%
153 | 46182 66447 | 20651 | 22008 34058 | 24174 L3833 | 0142

1.54 4.6616  .G6881 2135 | 22851 54735 | 24395 38780 2
b 4"{} 15 6731 | 21225 | 22406 352N 24619 49126 g%ﬁ%g
56 4.TH583  .GT7T60 | 21014 | 2.2748 35686 | 24845 30524 RO

BT 48006 681584 20805 2.2003  .36160 | 25073 .3092 R
5& 4.8500  BBE1Y V20598 23245 36633 | 2.5305 .403‘.’(15 QE%
B5Y 4.5037 60053 20503 23300 37105 | 2.5533 40719 | 82015

1.60 | 4.9330 60457 20180 | 28766 .BTSTT 1 25775 41119 /N 92107

1.61 50048 69421 9983 | 24015 38048 | 26013 41330 7.02316
1.62 50531  .T0366 | 19700 | 24276 .38318 | 2.6255 .420m .EJE:;!EZI
5.1089  JTOTO0 | (19595 | 2.4040  L38UST | 2.6480 “423\.3 SO500G

51552 .T1224 19398 2.4806  .3%466 4 .42725 RiZee s
5.2070  .11659 19205 anoTh S ) AE128 RE21 ]
5.2505 72043 U013 | 2.5346 4081 43532 A5022
53122 JT2ser L8825 1 25620 40857 ‘750" AR Rix1 b
§.36a65  JT2061 8T 25896 A1 NTTTG0 4401 Blsit
54188 TR0 (18452 2.R178 .4173@ S 2.8020 44747 RLI ]

5.473% 75830 18268 2.6456 WJ2253 | 28287 401563 1 IR

5.5290 .T4364 18087 26720 NA2T17 RO 4TnED A1
H.5848  .T4600 7007 29087 ¢ 43180 | 2.HR18 45060 ARITHE
H.6407T  JTH133 17728 ST A3 | U080 4374 RS

56973  .TBBGT 7352 |Oeb0s 44100 | 29304 46782 SHOZR
5786 .TH002 JTETT PNZLTINE A456T | 20642 471 RiZ R
58124 .TR436 .1{"0{ NS O2E208 40028 | 252 4TH00 RN
58708 TG870 .53 28503 45488 | 20206 48009 R R
5RO TTAME LEBOG  LAGHE | 30492 48410 SHATD
B.O8Ys  TTT30¢ 7(16 24112 L4H0R | 30782 48830 AHATR

L8O | .04 .7"83?‘_ 6530 | 20420 46867 | 31075 49241 | 2681

181 | 61104 _ 78607 | .16365 | 2.0734 4735 | 31371 49662 | 04783
182 | 61719 (230042 | 16203 | BOMO  477E3 21660 500G | 94884
183 | o33\t | 6041 | 50367 48l [ 30972 50476 [ 94983
151 | 690687 qamo | 5882 | 3.0esp 48608 [ 32277 .h0ssS | OSOBG

1.45 63598 L0t 16724 3.1013 49154 | 3.2585 51302 5175
49610 | 3.2897  LB1T16 45268

1.86 “\5,4237 50179 | 15667 | 3340
1.87° s 4883 81718 | a2 | 31671 33212 52130 | .95350
1,88 5535 (81647 | 15250 | 3.2006 53500 52544 | 45449

53652 52059 | 95537

bt i ot vt o ool it ol el
P23 JdER IS |3 {ERS 85 B

71,89 6,6191 82083 | 15107 §_3.2341
L1090 | 6.6850 82516 | 14067 | 3.2R83 BAITT 53374 | 856N
34506 53789 | 95709

101 | G.VS3L 87950 | .14808 | 3.3028
Loz | 68210 83383 | 14661 | 3.3372 34838 52205 | .us7®
105 | smses  sssie | .14B15 | B.8722 55173 Bs621 | 96873
o1 | sos8s  .se33 | 14870 | 34005 a.A512 55038 | 05053
o5 | TomsT o see7 | 1aza7 | sl 4EeEs  Esass | 06032
o6 | 7.0008 85122 | 14086 | 34702 3.6201 55672 | 96100
a7 3.6551 56290 | .9618S

7.1707 85556 J13M6 | 5.5156
. B 13807 | 5.5523 3.6904 56707 96259
Ly i 3.7261  BT126 96331

TEEOL .668%0 | 13531 | 3.6269

98
00 | 7a1ss  8Adz6 | 18670 [ 35804
00 27622 576 | 96403
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TABLE 1030 (continued)—EXPONENTIAL AND HYPERBOLIC

FUNCTIONS
@€ ex e Sinh & Caosh :c Tanh o
Value Log,, | Valne | Value Tog, | Valae Log, Value
2.00 | 7.3801 86859 | I35 | 26200 56053 | 3.7622 47534 | 06408
201 | 74633 87003 | 13390 | S.0647 66203 | 37937 67963 | 98473
2.0% | 7.5383  BTT2T | 13200 | S.9028  5GW3S | S5.8305 04582 | 06541
208 | 76141 88163 | 13134 | 57414 57303 | 38727 .5RR02 | .9sooo
204 | 76905 88596 | .13003 | 37803 5v7ss | 3.0103  .suwl | .wesTs
205 | T.TGTD LBO0M0 | 12873 | 38106 58202 | 30483 5odl | 670
206 | T.S400  80M65 | 12745 | S.8503 58650 | 3.9867  L600U1 | .UGBO3
207 | 79248 80800 | 12619 | 8.8003  BO009 | 4.0255 60482 |, O6RGH
2,05 | 80045 00333 | 12483 | BO%u8  5OBAT | 4.0647 60003 | wWhoRa
2.00 | BO0BSY QUGS | 1260 | 39906 GO9US | 41043 61244 5988
210 | 81667 01202 | 12946 | 40219 60348 | 41445 61746 MLA0TO45
211 | 8.2482 01676 | 19124 | 40635 60890 | 47847 _c1gv | 97103
2.12 | 83311 92070 | 12003 ] 41056 61337 | 4.2256  62H8n | 97159
213 | 84149 02506 | .11884 | 41480 61784 | 4.26e0{ NGnoLl | ur21s
214 | 8409 92030 | 11765 | 41000 62231 | 4.3085> 6%33 | Lo7m
213 | 8A%49 03373 | 11638 | 4232 G677 f 40807 L6385G | .o7a23
216 | 88711 03808 | (11583 | 42779 63123043032 64278 | 91375
217 ¢ 87083 a2 | 11418 | 43221 B356ON\(NL.4352 64701 | 97426
218 | 88463 94676 | JAl0d | 43006 .smtg. 44797 65125 | Gparv
219 | 80353 85110 § 11102 | 44116 6446 45236 60548 | 97528
2.20 | 90250 95345 | 11080 | 4.45TNV61005 | 4.m6T0 65972 | LoreTa
281 | o157 o570 | 10070 | 4.5080N 65300 | 46127 6306 | Loves
2.22 | 02073 96413 | 10861 | 4.54087 63793 | 4.6580 66520 | L9768
223 | 92000 96848 | 10755 | AS062 06240 | 47037 67244 | 97714
224 | 03033 07982 | 1064 PN.G4RL 60684 | 47400 LBTGES | .0TTH0
225 | 94877 07716 | L1000 46012 67128 | 4.7966 48008 | 97803
226 | 05831 98151 | ,10435%| 47394 .GI5TZ | 4.8437 68318 | e7sig
227 | 06794 98585 LL30331 | 4.7850 68016 | 4.8912  .68M3 | .o7sss
2.28 | 07767 .69010 f M0228 | 4.8872 68450 | 409506 60868 | 97020
_2.29 [ 0.8749 90438 |V 10127 | 4.8868  6RD03 | 4.9881 69784 | 0TWI0
_2.380 | oomao  d8eRs | .10028 | 4.9370 69346 | 50372 70219 | 98010
231 | 10,072 £N00322 | 00926 | 408TR L6OTRO | B.0SGS  JTOGLS | .0804b
2.32 | 10.1THy 00736 | .0US2T | 50287 70282 | 51370 WTIOTL | H8087
283 | 1027 01191 | 09730 | 5003 70575 | 5876 71497 | 0819
234 | A8l 01623 | 00633 | 51425 .TINT | 5.2388 71023 | .um161
2.5 L0085 02000 | 00537 | 51981 71560 | 5.2005  .T2340 | .es1w
23& | )10.591 02498 | L0442 | H.2483 72002 | B.JM2T  U7RIT6 | 08233
250 10407 02028 | 00348 | 53020  Tus4d | 53054 3203 | .9R267T
238 | 10805 03562 | 0uB5 | 53563 728S5 | G.4487  .73630 | 98301
NS89 ) 10918 05798 | 09183 | 5.4100 Tu32T | B.50J6  T40BE | YRSHS
7240 [ 11.023 04281 | 00072 | 54662 TG0 | B.LS6D  TM84 | 08367
241 | 11.13¢ (4653 | 08082 | B.BER1 74210 | 5.5119 74011 | 98400
242 | 11246 05009 | .GSBO2 | 478K agh2 | B66T4 (75338 | D843l
243 | 10358 05334 | 08804 | 5.635% (T50U3 | 5.5 LTSTeG | 08462
244 | 11478 05068 [ .0STIG | 56920 Y5334 | 5.7801 .TH194 | .9e402
2.45 | 11.588 06302 | 08620 | 57510 75075 | 5.8373  .Tee2l | 9652
246 | 1LT05 06836 | 08543 | K.8097 76415 | AM051  TT040 | .98G6hHL
247 | 11822 07271 | 08458 | 5.86%0 76856 | 5.953%  7R4qT ] .985TY
248 | 141 07705 | 08374 | BO28S 77208 | 6.0125 7906 | 98607
2.49 | 12061 08139 | 08201 | B.OWO2 7757 | 6.072F  .T833L 1 08635
2.80 ; 12,182 08574 | 08208 | 60502 7RITT | 6.1823 75762 [ 95661
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TABLE 1030 (conttnued)—EXPONENTIAL AND BYPERBOLIC

FUNCTIONS
@ &% sinh Cosha Tanh :v;
Value T.ow, | Value | Value Log, | Value Log, | Value
2.50 | 12.18% 08574 | 08208 | 6.0502 .TBITT [ 61323 78763 [ 08661
251 | 12.306 00008 | 0R12T | G118 TRAIT | 61951 79191 [ .0m6ss
ake | 12490 ooa2 | Cosn4e | BTl TSt | cands 79810 | 8T
253 | 12.55¢ 09877 | OFO66 | 6.2369 .TMOT | 6.5166 .50MS | o8Tan
254 | 12680 10311 | 07887 | 6.2001 79057 | 6.3708 80417 | .087nL
o5 | 123807 10745 | 07RO | 6.3545  8OTT | 64496 80006 | .0N7AS
286 | 1283 11170 | 07730 | 6.4243 80816 | G.5006 51335 | o882
257 | 15.066 .1161¢ | 07654 | 6.4%46 .BIZS6 | 6.57I2  .BI764 | 08835
on8 | 13107 1e048 | L0177 | 65607 8IS | GGG (82104 | O86LR
S50 | 13330 12483 | 07502 | 6.6214  B2I34 | 6.70M4 82623 | 0888l
9.80 | 13464 12017 | 0120 | 66947  8ITE | 61690 85052 | HEGON
Tay 00 3wl | T3 | 67628 83013 | 6.8uG3 83182 F\gsod
A E%}? Toos | orem | ewin sl | evods  sk1z N
2.62 13736 18T . ; o | Siias  Bami b oson
263 | 13874 4019 | 07208 | G.0008 .38 9720 B[

: . 14058 | OTI36 | 60700 81520 | T.0423 /84T¥1°} owos7
G | 15 soss | oross | Tomr Ba76s | 771138 { 0L | 00007
So6 | lawes Jga2 | 0RGus | TAL182  .BS206 | TISITN\NSGUSL | 9900

7 306 15
267 | 1480 507 | oo | TS Loy | TR 8061 | 0008
268 | 14585 Iowl | 00806 | TUSD BG0SS DTG B 400
260 | 14722 16825 | LUBTSH 7351.; BiGE2 NTE00S 86022 ) OO
240 | ias80  a7w0 | o6r2r | T.4063 ‘smﬂx 77413 i?.f; _g;;?;_
11 | 15 TE04 | 066 a%12 JBwE | 1.0 8T |
ah | i s ot | Toora Cohwg | e s 90150
ar3 | I5ua3  lsnez | 080ZE | T.GUIBY 8B4 | T.0001 -:iii ;‘{é:};
A TET58 80074 | 0017
BTL | I154ST 1T | OONT TN gl Jaic B s 1
375 | 15013 S0kl OB% | S e | rosie S8 | ow
276 | 15.800 1085 | 06320 NI BG83 . K .
\ s
277 | w050 20300 | .0g266 [ 79180 go10s 20301
278 | 16119 20T og‘zgq; g %gg S rTie
279 | 16281 21108 [~Wl43 § 8108 i e
i - x{ \ Trarpe 2 Ty A 2
5,80 [ 16445 21008 Vkos1 | 82019 A B '3':"1 = oomon
281 | 16610 22037 | 0600 g %Tieq ; ﬁ:& R s
282 | 16077 W81 | 001 4 BT 8.50:22 RETHIL
283 | 16,945 (hgoos | oo | Bas3E
) nods | 887 gasil 083
25 | A 20| s | s 5 | B.GTZ8 LISIG
aus | 17fess” aaire | .ooist | 84100 S Tiol 4T
D 8.7021 . LAy .
2.50 '17’*&62 24208 | 05727 - 0w
: 8B40 JHGT
C2HAN 1T i 20077 | 00018 | 35 e | oo2s 0w
280 | 17903 25l | 06598 | 8.0 AL
£ o == 5 i
(290 | 1sa7a onms | 05302 | 0.009%6 ;:E; oS
Paon [Timaer 2om0 | 05u8 4 B dun | adore s6sw
pop | 1s5il nsi | 06w | BT SR GSO g
203 | 1m728 2724y | 05340 | O . : iy
o = . OT458 JARL4 N HL
294 | 18918 27683 | 00287 ) 948°% T | b o | o0
295 | 19106 28117 | .0523% | 9.068 4T DOTL oS | o404
206 | o208 oshil | .Oslsz | o633 9s33L QO
y PO o0z .08 0.T7IR  SBIT
o7 | 19asm 2808 | 0510 | BE0E TS | ok o0
nos | 1p.688 20420 | 06079} SBIED ol | gloeR0 w86l
Yoo | 1osss .oussa | 05029 | BMITT D e
500 | o056 sozss | oar9 | 10018 00078 | 10068 002
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TABLE 1030 (continued)—EXPONENTIAL AND HYPERBOLIC
FUNCTIONS

@ o el Sinh o Cosh & Tanh a
Value Log, | Value [ Value ILog, | Value Log, Value

3.00 | 20086 30258 04979 10.018 00078 10.068 00293 95505

205 | 20115 32460 04736 10.534 02259 { 10.581 02454 98552
3.10 22,198 .63l 4505 11078 .04440 11,122 M616 Ryl
as 23.836  .56803 OL2ER 11647 OGBE20 11.889 06770 etk

3.20 24683 38974 | 04076 12.245  D8TH 12.287 08943 00668
3.25 25.790 41146 | 03877 12.876 10977 124156 11108 BOTO0
.40 27.113 43317 03688 13.538 13155 | 14575 15273 09728

3.35 23505 45430 03508 4234 15332 14.260 15430 Bk
3.40 20.9%54¢ 47660 03337 14965 17300 14999 17605 6757
3.45 _SLEND 44832 L8173 15.734 19685 15766 19772 | 09799

__-E‘ﬁﬁ 43.115  .52003 08020 16.543 21860 16.573 21840 [\ H081%

3.5 31.813 54175 02872 17,802 24086 17.421 2437 3| .99835
360 36,598 5036 Q2732 18.286 26211 18.313 26270 98851
3.65 38.475 58517 02598 19224 28385 19.250 2728444 90863

a.70 40.447  .60GRO A2472 M.211 20059 20.236 /). 50612 DORTS
3.75 42521 L2860 02352 2L240 32783 21,272 W 30741 AH08HY
3.80 44,501 85032 02237 22,330 B4NT7 3BT .aa0A1 RELLLI
3.45 45.803 67205 | 02128 23486 37081 230507 L5T120 H0900

3.50 49,402 .BO3TH 2024 24691 B42h4 | @A TII 30200 ANs
3.095 51.955  [T1546 _ 01925 25,055 .41‘}2’?\ 25.977 41459 89926

400 | 54598 79718 | 01832 | 27200 49000 | 27,808 43609 | 9%

4.10 60.240 78061 657 30,162 £ NATOL6 30.1T8 47970 L9045
4.2 G6.686 82404 01500 35,536 Wibosul 53.351 52310 99055

430 | T3.700 86747 | 01357 | 36848 ° 50636 | 36.857 66652 | .9uues
440 81451 91090 | 01227 | &0.TI9  .G0080 | 40732 e0uns | 99070
4.50 | 90.017 .95433 | 01111 {5002 65324 | 45.014 65335 | 99975
460 | 92484 90TT5 | 0100301 40.73T  6UG0S | 40.T4T 69677 | 00080
470 | 10095 04118 | 00910 | 54.969 74012 | 54978 .T4019 | 00084
4.80 | 12151 .08461 00823 | 60.TE1 .T8355 | 60.750  .7BSAL | .09

290 | 18480 19804 jN00745 | 67141 82699 | 67148  .8o70: | .o9u8D )
5.00 | MB41 ATHT\T.00672 | 14203 87042 | 74210 87046 | 09091
5.10 { 16402 240" | 00810 | 82008 91286 | 80.014 01280 | .uoooa
§.20 | 181,27 95383 | 00852 | GO.G33  .95770 | O0.G30  OK73L [ .90U44
5.50 | 200.34 (/30176 | 00490 | 10017 00074 | 100.17 .00074 | 90995
540 | 22141 > 34519 | 00452 | 11070 04415 | 11071 04417 | 00908
5o | 244807 38862 | 00400 | 12204 08758 | 122.35 08760 | .on0e7
540 (| (21043 48205 | 00870 | 16.2t 131001 | 185.22 13103 | 99997
BIONNDUBET 47548 | 00335 | 14043 17444 | 14944 27245 | .oosoe
58D\ |" 330,30  .51SBL | 00303 | 165.15% 21787 | 185.15 21788 | .09u98
50 | 365.04 36234 | .ooeT4 (18252 26130 | 182.52 2181 | .99698
B.00 | 40343  .6ONTT | 00248 | 20170 30473 | 20072  .204T2 | @990
6.25 | 518.01 71434 | 00193 | 250.01 41331 | 250.01 41381 | 0099
600 | 66514 82201 | .00150 | 33257 2188 | 83257  .52180 | 1.0000
€75 | 85406 53148 | 00117 | 427.03 63046 | 427.03 .63046 | 1.0000
7.00 | 10966 .04006 | .00001 | 54833 73003 | 48.32 73003 | 1.0000
7.50 | 18086 25721 | 00055 | 00402 .18 | 904.02  .0561% | 1.0000
8.00 | 28810 47436 | 00034 | 14905 19383 | 14005 17333 | 1.0000
8.50 | 40148 69150 | 00020 | 24574 30047 | 24574 30047 | 1.0000
9.00 | 81031 90865 | 00012 | 40515 0762 | 40315 60762 | 10000

_ 950 | 18860. 12560 | 00007 | 6670.9 82477 | 66700 82477 | 1.0000 |
10.00 | 22026, .34204 | .00005 { 11033. .04191 | 11013. .04191 | 1.0000




TABLE 1030 (continued)—~EXPONENTIAL AND HYPERBOLIC

FUNCTIONS

T o e* x® & ; £F

1 0.367879 11 | 50871 x 167 ‘ 1.6702 X 1075 |
2 0.135335 12 16205 x 108 | 6 1442 § Lp=s
3 0.049787 i3 4.4241 X 10¢ . 2.2608 X 10-¢
4 0.018315 14 1.2026 X 108 8.3153 % 1077
5 (.7370 X 1072 15 3.2600 X 108 3.0500 x 107
& 2.4788 X 1073 16 8 .8861 X 108 1.125¢ % 10~
7 9.1188 > 10+ 17 2.4155 ¥ 107 | 4.139% % 10~
8 3.3546 X 10— 18 © 656860 X107 | 1.5930 ¥ 10
9 1.2341 X 10—+ 19 1.7848 X 108 | 5.8028 X 107° o

10 4. 5400 X 1075 20 4.8517 X 108 | 2.0612 % 10

z H GZ g_x £ \-\.__

0.001 1.00100 0.99900 R

0.002 1.00200 0. 99800 O

0.003 1.00300 0.99700 Wy

0.004 1.00401 0.99601 N

0.005 1.00501 0.99501 9.

0.006 1.00602 0.99402 L&

0.007 1.00702 0.98302 O

0.008 1.00803 0.99203

0.009 1.00904 | 0.99104 )
Interpolation for the lagl two columns can’pa-done by inspection.

Tor tables of cxponential andN\hyperbolic functions, see
References 30, 55b and 55¢. o\

Note. For large values of 2 Use e® = natural anti-logarithm
of x, which may be obtainedj'fr(;m a table of natural logarithms.
When z is large, subtract “multiples of 2.3026 from z. Note

also that "N
e—’é,,l/e’
sinh N et — )
coshlr = 1(e® + ¢7)
P\ e — 1
”\o\.tal'lh Tr = EE‘—-J[-]_
:“'Q’ 2 2 2 -
A\ =1 - ez + o= gt -+ .

:'{I‘He quantity e* is equal to the common anti-logarithm of
“N04342945 x. For example, if z = 7, 0.4342945 X 7 = 3.04006.
The common anti-logarithm of 0.04006 is 1.0966 and that of
3.04006 is 1.0966 X 10% = 1096.6 = ¢'. Also, —3.04006 = —4
+ 0.95994 = 4.95994. The common anti-logarithm of 0.959%4
is 9.1188 and that of 4.95904 is 9.1188 X 10~* = ¢, as in the
table. This is useful chiefly where a 7-place logarithm table is
used, to obtain accuracy.
Nore—Tables 1020 and 1030 are from The Macmillan Mathematiecal

Tables.
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TABLE 1045—NORMAL PROBABILITY INTEGRAL
1 z
- —t21
7@ S etar {300 5857

N

=
-
[+
o
H

5 g 7 8 9 Dif.

03191 .0309| 0478 .0558| .0638| .0717| 79-50
1113|1193 .1371] L1350 .1428| .1507| 78-T9
L1897 .1974] 2051 ,2128| .2205{ .2282| 7678
2661 .2737] 28121 .2886| .2061 .3035| 73-70
-3401|| .3473] 3548 ,3616| 3688 3759 70-74

A1081) 4177 4245 4313| 4381] .4448| 67-70
ATTBI A843| 4007) 49711 .A035| 5098 B3-60
-5407)| .5467| 5527 .558T) 5646 .6705| 58L62)
B5991).6047) .6L02| 6157 .6211] 6265 ’%:58
£328(| .65T9| 6620 G630} .6729| .6778 53

017 7063 LTL0O| 71540 .7109| #7243 44-48
7457 .7499| 7540 75800 7620 ¥660( 3943
JTR50|| 7887 .7923) .7959| .7905( 28025 34-38
.8198|| .8230] .8262! .8203| 838478355 30-34
.8501|| .8520] 8557 R5%2| N8611| 8638 26-30)

8764\l 8789 .8512| .8836| .8859| .8882| 22-26
.8990(i 9011| .9031| Z905T( 9070 .0090| 19-22
0181 9188} 92160 9233 9249 9265| 16-19
.0342|! 0357 .9371/\.9386] 9300 0412 13-16
0476{l .9488| 20500] 9512 .B523] .9534) 11-13
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L.D889|| 19892] 9804 .9898] 9001 9904 3-4
0017 9920 .9922] 0024 00260 8020 2-3
993001 0940 .9942| .0044] 0046( 5047 1-2
Dass( .9956| -9958| 0055 .0860) 60611 1-2
.0067;| .0968| .9960) 9970 8971 0972 1

0978l O677| 0978 .0979| .097%t .G0B0| {-1
.G083|| .DUR4| .0084) .0085| 9985 D986 0-1
0088 .9988| (9959} 90801 9990/ .9990| O-1
0992 0992 .0902| .5992] .0993| .9993| O-1
.6004|| 9904 .9995| (9995 9005 0995 O-1

.0006|] 0906| .0996| .0006| .0097| 0607 O-L
0997 .9997| 0007 .0998| 0988 0808 0-1
.0oos|| 0008 9998 .9098| .9995| .HO98T O-1
R .99991| .0900| 5099 ,8909) 9009 0099 O
.0000| .9909([ .9900| .0006| .5908( 9090 0099 O
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For a large table of 15 deeimal places, see Ref, 55¢, “Tables of Probability
Functions,” Vol, II, A, N, Lowan, Techrju'cal Dircctor, Work Projects Admin-
istration for the City of New York, 1942, sponsared by the National Bureau of

Standards,



TABLE 1050—BESSEL FUNCTIONS

For tables of Bessel Functions of real arguments see Referenees 12 and 50
ber z + 4 bel 2 = Jolwivi) = Lza/1)

v PR BB il WIONN B
CWE=-S e SO o

2 2

= 1.193 598 180
1435 305 322

—~1.603 250 884
— 1,067 423 273
—2.257 509 466
—2.553 416 557

—2,884 305732
—5.212 479 332
—3.567 010 863
—5.028 306 621
— 4,299 {146 552

—4.,678 356 937
—~5.063 885 587
—5.453 076 175
—5.842 042 442
—6.230 D82 478

2,283 240 967

+2.31% 863 655
+2.541 207 714
42,345 433 (161
+2.330 021 882
42,292 590 323

2,230 942 730
+2.142 167 987
+2.023 647 069
+1.872 563 796
+1.686 017 204

+1.461 036 836
+1,194 600 797
+0.583 656 854
0,520 144 811
+0.116 034 352

—2.336 059 130

—2.495 252 527
—2.860 7753962
—2.822 183 850
—2.080 743 427
—3.134 653 964

—3.281 821 353
—1.410 451 224
—3.546 519 744
—3.658 765 300
—3.753 681 326

—3.828 010 348
—3.878230 730
—3.900 559 216
—3.891 060 511
—3,845 339 473

T ber z bei ber’ & bei’ z
o] +1.0 1] 0 Q
.1 +0.009 D08 438 0,002 500 000 -~(,000 062 500 + 0049 093 974
0.2 0,990 875 000 +0.000 90D 072 — {0,000 459 999 40,009 908 167
0.3] 40000873488 | -0.022499 684 | —0.001 687 488 | -+ 1149 093 672
.4 40,390 640 004 +0.039 998 222 — {1003 990 011 —+0,199 973 334
0.5 0,999 023 404 S-0.062 433 218 —0.007 512 076 (3,249 018 621
0.6 +0,887 075 114 40,088 970 750 —{0.013 438 481 40,2094 TOT 507
0.7 40,006 245 428 +0.122 448 959 -~0,021 433 032 400340 GR35
0.5 40,993 601 128 —+0,15% 236 230 —{.051 988 623 4-0.329%946 755
0.9 40,989 751 357 -+H0.202 269 363 —0.045 536 553 +U.4484ti’2 528
1.0 33,054 381 751 +0.249 586 040 —0.062 445 TH2 a0y 396 511
Ny
1.1 4-0.977 137 073 40,301 731 260 0,083 081 7O |o 1 0.545 807 563
12| 0067620156 | +0.368704420 | —0.107 805 642 4 503 523 499
1.8 | 40055128 747 | 40.420 405066 [ —0.136 972 160" 4-0.640 338 102
1.4 00940 075 037 ). 486 733 034 —0.170 923 324¥| -+0.680 008 176
1.5 -0.821 072 184 +0.657 560 062 —0,210 UM 017 +0.730 250 674
1.6 -+0,307 %91 139 +0.682 725 677 —0.250MG44d 638 0772 730 922
1.7 -H0.860 071 237 40,712 037 292 —0.3%1 38 207 40,513 1004 047
1.8 40,536 721 704 +-0.705 261 955 -—0’.% 182 125 £0.850 D26 8h1
1.9 0707 524 167 40,852 122 341 ~ 0,423 544 516 J-0L585 736 950
2.0 40,751 T34 183 0072 201 627 0,403 067 123 40,017 013 613
2.1 {1623 655 001 41,065 388 161 —0,569 060 755 41944 1831 339
2.2 HLA3T 600 457 +1.160 963 G4 —0.652 000 244 40,066 508 614
2.3 S 0.568 048 026 --1,25% 328 974 —(,742 018 947 0,083 606 691
4 +0.489 047 772 +1.357485476 —0.83% 202 721 40,994 427 643
] +0.399 965 417 I +1.?57,192 044 ~ (3,943 583 409 +0,908 268 847
5] J0.300 092 090 0,556 877 774 ~1.055 131 815 0,004 262 044
7 =+0,188 766 304 | 1685 742 407 —1.173 750 173 +0.581 458 363
8| +0.065112 108 ¢ ',\}—1.752 950364 | —1.2098 264 112 | +0.958 085 456
9 =071 367 2&'\ [/ +1.847 176 116 —1.431 414 136 0,025 559 305
0 —0.22% 380 244 1,837 G486 TH5 —1.069 840 632 40880 482 324
1 —0.285 331 255 J.2,022 830 042 —1.714 104 430 40.822 207 688
.2 —0.5{’:4\3?6 430 +2.101 573 388 —1.863 616 954 40,749 923 691
3| —ogmswoT012 | 2072310181 | —2.017 689 996 | --0.662 139 131
4 — 68 038 925 42,283 445 750 —2,175 495 175 10,557 688 801

40,435 206 178

-0.293 662 421
10,131 486 760
—~0.052 526 621
—0.250 654 097
—0.491 137 441

—0.748 166 860
—1.031 852 169
—1.343 251 997
—1.683 250 947
—2.052 634 662

—2.452 013
—2.881 799
—3.342 181
—3.833 085
—4.354 141

—r =t
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TABLE 1050 (continued)—-BESSEL FUNCTIONS

z ber z bel 2 ber' z hei’ z
517 —6.610653857 | —0.36663218 | —3.758000043 | —4.004 041
520 —6.980346403| —086583 727 | —2.625066 745 | —5.483 503
53| 7334363435 —14422601511 —3424 5271871 —6.08% 232
54| —7.667304351| ~—0.084516605| —3.208856380( 6710 850
55| —7073596451] —2.7889801535| —2.007031958| —7.372913
55| —8.246575962] —3.559716593| —2.540959318| —8.045 365
571 ~8470372252| —2398579111] —2102401197| -—8733 576
5.8 —8.664 445 263 =5.7306 344 640 —1.585 512 694G —0.433 252
5] —8.703 666753 | —6.295 445623 | —0.984 382 304 | —10,139 339
6.0] —8.358315066 | —7.334746541 | —0.203079 967 | —10.846 2244
6.1 —8.810080413| —S.454495 260 $0.4042809242| —11.547479
6.2 —R756082474( —0.643730986]| -FL3SAA22213( —12.234815
6.3  —8.568792593 | —10.800 736 825 | -+2.380 248360 | —12.900.779
6.4 —8.276240 873 | ~12.222 863128 | +3.480 851325 | —13.585 755
64| ~—T7.866800028 | —13606 512001 | 4717 382 012 | AAR1ZD 423
&
6.6 ~7.328687 885 | —15.046 002991 | -+-6.067 462 4RT |\ 14670 413
6.7| —6.640 176464 | —16.538 424 538 | -+7.544 180382 —15.146 266
5.8] —5815516115| —18.073623608 [ +9.150 973360 | —135.543 400
"4 = 3t o4 1
60| —£.814556200| ~10,648 092365 [ +10.800,4D8.750 | —15.847 109
70!  ~2.632 030243 | —21.230 402 580 | +12.704 222 560 | —16.041 480
71| —2257 144280 —22815078 507 | RIATFAT28 174 | —16.100 484
75| —0.073 095370 —24456479 707 | £16817 584688 | 10,052 856
730 41130799 653 | —20.040 183630 |\ -019.104 204 342 | —15.792 207
74| 5150457312 —27.608 770 523ULF21.600 120 535 | —15.567 001
75| 5454062 181] —20.115 711 867 +24.130 124710 | —14.735
! 268 085 4473) —13.875 834
7.6 7,900 282 404 | —30.548 268 U85 | +26.777 06 .
7.7 +—!£U.813 65 476 | 31880882 250 | +28.531 637 360 —12.762 551
— 33,091 530 670 | +32.382 1763001 —11.372 739
g'g ﬂgi% Tor L G 835 098 | 135314428 336 |  —9.58D 623
§0| 20,073 955 611 £75'016 725165 | 138311825701 |  —7.660318
o msemadaeens gy i)
) 45 bl — L 4%, & FL ot R L
P iég'géﬁ géé iﬂ% 56150 400 616 | -47.472 094831 |  +0.624 £08
%i2| 33738402961  —35.019 520 830 | F30492416438 | 4731 841
85! 43035 872751 | ~35.207 700 300 | +53.441 618430 |  +8.2885
€205 5 412,832 118 -
8.6| +40:03 9se 077 | ~3£245760 610 +50.280 822 496 | +1 2832 18
Br| h0a.186 902 000 | 30est as7 S| Totan1 354 516 | 22405 444
e s e 528 | Z5s.002 567 538 | 63,081 960 575 +20.508 302
50 173,035 720 857 | —24.712 753 168 | +65.600 770899 | 36.25¢
o)) - 582 976
o | ysosre ant v | 2008 se0 208 | OISR 50 6%
921 RS &l 1041 65331 185 381 | -+59.935 547
o 04208443 368 | —10.411 861917 | +ORB31182 381 | 400900 35
ba| 1101006350718 | —3.969 285 324 | 63.82 3| +69.
02| 1107.950 031 831 | +3.410 573 282 | -68.131 840035 [ +78.683 858
. LB6.67 040 434
0.0, +110.607 114 173 | +11756 984150 TORGTRENON | Logied s
9.7 +121.256 66 20 St D SR | 1 61.060 692 033 | +111.124 240
9.8 | 4-127.535 651 521 | +81.757 530 896G 3 +BLUWS e o 1 199088 479
‘0| 135434 450 262 | +43.459 152 833 | 4-56.719 839 ( :
}13.3 1138.840 96F 042 | --56.370 458 554 | 451,195 258 394 | +135.300 302

For z up to 20, see Ref. 45 and 51.
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TABLE 1050 (continued)—BESSEL FUNCTIONS

kerz 4+ ikeiz = Kilzvi)

ot

x kerz keix ker’ & kei’ =

0 + o —0.785398 2 - oo 0

0.1 +2.420 474 0 —~0.776 850 6 —0.060 950 8 J0.145 974 8
0.2 +1.733 1427 —0.758124 9 —4,022 048 5 =+0.222926 8
0.3 +1.337 218 6 —0.733 11 9 —3.210 865 2 40874 2021
0.4 +1.062623 9 —{.703 800 2 —2.302 0699 =+0.20%3 514 0
0.5 +0.855 905 9 —0.571 56817 —1.810 799 8 40883 208 8
0.6 +0.693 1207 —0.637 449 5 —1.456 538 6 +0.348 164 &
0.7 40.551 378 3 —0.602 175 5 —=1.180943 3 +0.356 3095
0.8 +0452 8821 —0.560 367 6 —0.987 3351 4,358 Q42 5
0.9 +0.362 h14 8 —0.530 5111 —0.825 868 7 4-0.857448 2
1.0 =+0.286 706 2 —0.494 994 6 —0.694 603 9 --0.3@2369 9
1.1 40222844 5 -0.460 129 5 —0.885 905 3 +UB44 5210
1.2 —+03.163 345 6 —0,426 1632 6 —0, 434643 2 £ H0.334 478 9
1.3 -+0.123 455 4 ~0.393 201 8§ —0.417 327 4 F0.322 711 8
1.4 40,085 126 0 =361 664 8 —0,351 055 1\' 4 S-0.a09 641 6
‘1.5 0052 934 9 —0.3313056 —0.204 1816 -4-0.295 608 1
1.6 40026 0209 —0.302 565 5 — 0245107 40280903 &
L7 -+0.003 691 1 --0.275 225 8 —0.202 681 & +0.265 777 2
1.B —0.014 696 1 —0.240 4117 1 —04p5942 4 40250 438 5
1.9 =0,029 661 4 —0.225142 2 —Q\%S*i 128 2 +0.235 065 7
2.0 —0.041 6564 & —0.,202 400 1 &0,106 601 0 +0.219 807 O
2.1 —0.051 106 5 —0.1811726 . N=0.052 823 4 +0.204 7897
2.2 —0.0588 338 8 —0.161 430 .0 —0.062 337 3 40190 1137
2.3 —0.063 670 5 =0.143 13593, " | -~0.044 7479 40,175 863 8
24 =067 373 5 —{0.126 2005 0020712 53 +0.162 106 9
2.5 —0.069 685 0 —0.1L0:696 1 —{.016 929 8 40,148 %95 4
2.6 —N.0vO 825 T —0,006442 ¢ —0.006 135 8 40.136 268 9
2.7 —0.070 973 6 <083 421 9 0002904 3 +0.124 255 8
2.8 —=0.070 206 3 20.071 5707 +0.0100 369 0 +0.112 874 8
2.9 —0.065 9308 0 \~0.060825 5 +0.016 534 2 +0.102 136 2
3.0 —=0.0670202 \\ ~0.051 1216 40.021 476 2 +0.082 043 1
3.1 —0.064 675 8) ~0.042 305 5 +0.025 373 8 +40.082 bg2 2
3.2 —G.061 P84S =034 5823 0,028 360 3 +0.073 775 2
3.3 —(LORN0BZ O ~-0.027 6197 40,030 555 4 40.065 579 4
34 056, 806 6 —0.021 446 3 40,032 066 2 +0.057 988 1
3.6 —(? 252 639 3 ~0.016 002 & 40032 988 6 +0.06G 982 1
36 \T'U 042 315 6 ~0.0112311 +0.033 4087 +0.044 529 4
3.7.4 \-—0 045 9717 =0.007 076 7 +40.033 403 0 +0.088 636 4
384" —0.042 6840 9 —0.003 486 T +0.033 0400 40,033 2450
i.'Q ~-0.038 373 61 —0.000 410 81 +0.032 380 48 +0.028 348 32
& 20 —0.036 178 85 40,002 198 40 =+0.031 478 49 +3.023 51062
41 —0.033 084 40 40.004 385 32 ~-.030 381 79 -L0,019 908 04
4.2 —06.030 107 58 +0.006 103 61 0020 132 42 +0.016 313 67
4.3 —0L02T 261 77 4-0.007 661 27 40027 767 30 +{.013 100 34
4.4 —0.024 556 89 =+0.008 825 62 =40.026 318 68 =+0.010 243 31
4.5 —0.021 955 88 40009 720 42 40.024 814 54 40,007 715 43
4.6 —0.G19 595 03 40010 378 86 +0.023 276 08 0,005 492 26
4.7 —0,017 344 41 -H0.010 828 72 +0.021 733 00 0,003 549 76
4.8 —(L015 248 192 +0.011 097 40 +0.020 193 91 +0.001 364 78
4.9 —(3.013 304 90 G011 209 53 +0.018 676 61 ~F0L000 415 22
5.0 —0.011 511 73 +0.011 187 59 +0.017 193 40 —(,000 819 98
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TABLE 1050 (continued)—BESSEL FUNCTIONS

[y

--0.000 129 466

—0.000 307 524

—0.000 315 597

+0.000 140 914

E k i
ET T kei x ker’ z kei’ 2
5.1 —~0.009 864 74 5
52| Z0.00% 35001 ig-gll 05201 | -+0.01575436 | —0.001 860 79
53| —0,006 93023 +0'0}g 532 05 J0ts oan0s | Zoooz 12808
Sl 2000874913 +0.010 130 29 Tooi7rase | Z5:003 0% o
) +0.009 71631 | +0.01057633 | —0.004 440 18
6| —0.003 631 58 5
57| Zoooaziols | Tonos7eacs | L0COSSIE | —oons ot
58| —000195158 | 4000825774 | 10.007 —0.
59! —0.00125812 [ 0,007 739 02 006 41 91 | Zooos a5t
- : +0.00648121 | —0.
6.0] —0.00065304 | 1000721649 | +0.00563171 | —0a08 525 oea
81| —0.00012053 | +0.00669606 | +0 5 ~
. s 004 84057 | —
2l possser | Temoimn | JHehnn | i
. X . 0.003 47886 | —0.004 951 05
64| 1000101883 | 1000310358 | ~0.000 868 %
00z . 2% | -
6.5] +0.001278080 | +0.004723 092 | 40.002 348 595 _85381 500 032
6.6| -0.001488446 | -0.004 274219 | 40.001 867 I
002 . 1304|, 2
67| +0.001653215 | +0.003 845047 | 10.001 436 521 (30004 17 78
68| +0.001777 554 | +0.003 440398 | +0.001 053 99G\" —0.003 938 840
60| 0001885512 | +0.003058 385 | +0.000 716383 | —0.003 700 651
0] -+0.001922022 | +0.002 700365 | 0.000 420510 | —0.003 459 509
71| 0.001 950901 | +0.002 366486 | +0.000183 267 5
. : \ —0.003
72| 0001955861 | +0.002036620 | 0000058386 | —0.003 570331
3| 40001040312 | +0.001 770 454 | —0W000 247 403 | —0.002 744 078
7.4[ 0001007373 | +0.001 507 429 | 4<40:000 406 628 | —0.002 516 671
7.5| --0.001 859883 | +0.001 206 868 {N+-0.000 538 787 | —0.002 205 904
7.6 40001800431 | +0.001 047.988% —0.000048 478 | —0.002 083 800
77| -H0.001 731328 | -10.000 8497090 | —0.000732 165 [ —0.001 851 594
781 0001654654 | 0000471373 | —0.000793170 | —0.001 685 855
70| 0001572275 | +0.000G1 664 [ —0.000846 677 [ —~0.001 507 120
50| +0.001485834 | +0.000360 584 | —0.000878 724 | —0.001336 313
2.1 +0.001 306782 |%¢e.000 244 032 | —0.000800 210 | ~0.001 176 567
32| -10.001 306 356 \$0.000 133902 | —0.000906891 | —0.001 027 BB
83| 10001215743 [)+0.000 028 090 | ~0.000 904 388 [ —0.000 890 168
84 40.001 123747, —0.000 044491 | —0.000 893 180 | —0.000 763 209
85| -+0.001057820 | —0.000 114902 | ~—0.000 874 856 | —0.000 646 733
26| -+0.00095t070 | —0.000 174 175 | —0.000850022 | —0.000 540 398
$7| 000867 511 | —0.000223 306 | —0.000820 407 | —0.000 443 813
a8l ROUYTRT 120 | —0.000 263 248 | —0.000 788 819 | —0,000 336 543
80| 4000710240 | —0.000294 910 | —0.000750 159 | —0.000 278 127
9.0 01000 637 164 | —0.000 319 153 | ~0.000711 231 | —0.000 208 070
s b)) 40000 568055 | —0.000336788 | —0.000670 745 | —0.000 145 903
981" 10000503046 | —0.000248 579 | —0.000629 326 | —0.000001 093
9% 1 -10.000 442 203 | —0.000 355236 | —0.000 587 517 { —0.000 043 145
a4l 0000385540 | —0.000357420 | —0.000545 789 | —0.000 061 559
951 10000333020 | —0.000355 743 | —0.000504544 | +0.000 034 158
90.6| +0.000284604 | —0.000850768 | —0.000464 122 | -+0.000 064 485
07| 0000240168 | —0.000 343 010 | —0.000424 806 | +0.000 089 857
o8| 1-0,000 160508 | —0.000332940 | —0.000 386 830 [ +0,000 110811
9:9] +0.000 162 Y51 | —0.000320983 | —0.000350370 | +40.000 127 684

See Report of the British Assoc. for the Advancernent of Science, 1912,
p. 56; 1015, p. 36; and 1916, p. 122.
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TABLE 1050 {(continued)—BESSEL FUNCTIONS
ber, z + i bein, 2 = Jolzivi) = T {zv 1)

d
bery' £ = - herp &

N g,

dz
z ber = bet, & ber,’ beh' =
1 —0.385 868 +0.3U?- B57 —0.476 664 4-0.212 336
2 -=0,997 078 —+0.299 775 —0.720 h32 —0.205 845
3 —1.732 64 =0, 487 45 —0.635 89 —1.364 13
4 —1.869 25 —2.5063 82 F0.608 T4 —2.702 83
) +0.859 78 —-=5.797 23 +4.251 33 —3.327 30\
3] +7.462 20 —7.876 68 -+10.206 52 +0.285 45
7 4203689 —2.317 2 +14.677 5 12960y
8 4-32.506 & +21.673 5 +5.866 4 +BENE22
g +20.7192 472,054 8 —37. 1080  -ROL 744 O
10 —50.475 +131.579 —-132.087 y ‘.}:‘1-45.127
ber; z beiz beri'z \ ) beis’ #
1 +0.070 411 —0.124 §75 +0.041 ‘ﬁéS —0,245 047
2 -+0.165 279 —0.47% 225 +0.327\788 —0.437 TRY
3 +0.808 37 —{1.58591 02 + 1080003 — (L2806 47
4 +2.317 85 —{.725 36 F.8 7573 +0.853 B2
5 +4.488 43 + 142210 '\-1-’.‘3.049 o7 —+-3. 745 40
i) 4524201 +7.432 44 N/ — 1,454 56 +8.2068 71
i —0.959 4 +i7s9z4 ) —12.4930 411,015 1
8 — 22,880 +25.428 9§ —32,5801 +1.300 6
9 —5(5.860 2 1013485 —50.0658 2 ~38.551 6
10} —11L.77% —ﬁﬁ.ﬁlﬂ.ﬁ; —28.510 — 1219587
ber;s o b}a}.g:c bers’ beid &
1 40013 788 A %0015 629 +0.039 433 40.048 G341
2 +0.085 612 ...\ =+-0.3144 210 40,033 575 40233 418
3 +0.13044, 4 ) +0.505 3% +0.072 00 +0.636 27
4 —0.282 53\\ +1.437 76 —0.914 (9 -+1.073 55
5 —2.094 ia 4-2.454 41 —2.022 75 40,605 57
4] —6‘43().0‘4 -+ 1.4901 46 -5, 747 81 —2 AN 06
7 —12:8?6 5 —4.407 2 —f.240 2 --11.222 9
8 54204 22,5750 +3.9796 —25.707 4
9 LAB1666 —54.538 T -+35.354 6 35,063 4
10 {72 353 —R1.423 —+104.463 —7.513
A bery haiy hory ® beid =
NN —0,002 60 —0.000 13 —0.010 40 —0,000 78
} 2 —{.040 97 —0,0{8 30 —0.080 56 —{}.624 83
3 —0.183 27 —0.093 02 —0.234 32 —{.183 62
4 —0.493 10 —0.409 85 —0.323 71 —0.716 65
5 —0,625 67 —1.727 £2 40,248 34 —1,834 56
6 40,648 3 —4.230 2 +2, 7700 —3.0711
7 —+6.083 & —7.116 9 +8.745 2 —1.4219
8 19094 7 —hH.288 8 +17.319 5 +7.703 5
] +-38.667 14052 410,144 431540
il 146,579 +70.500 12,148 J-80.465
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TABLE 1060 (continued)—BESSEL FUNCTICNS

T ber; = beis 2 bers’ bets’ =
1 +0.000 19 —0.000 18 +0.000 97 —0.000 &
2 +0.006 80 —0.004 84 40,017 84 —0:01(1J E?g
3 140,058 59 —0.025 54 +0.104 78 —0.028 32
4 +0.273 08 —0.033 53 +0.360 76 +0.046 69
5 +06.851 04 +0.211 43 +0.8156 11 +0.565 64
6 +1.830 5 +1.475 6 +1,007 4 2,220 O
7 +2.200 0 +5.242 3 —0.847 2 is.r,gg 6
8 -1.8213 +12.812 & —£.623 9 49233 7
9 —18.619 +91.384 —26.955 +5.504
10 —58.722 415,193 —53.427 —24.511 N
e
7'\

TABLE 1060 (continued)—BESSEL FUNCTIONS 4 ™
Kern 2 4 1 kei, 2 = 2K a(oy 0 "

7%
S 3

2 '\ 2
2 ker, z kel z aer’ m ke’
1 —0.740 322 —0.241 996 +0.837 60 40,704 742
2 —{.230 806 40,080 049 +40.287 953\ +0.073 632
3 —0.04% 898 40.080 270 +6.106478 —0.0358 005
4 +0.005 351 3 +0.039 166 0 +0:022,860 0 —0.036 028 3
5 10.0127374 40,011 577 8 —gobz 318 3 ~0.018 366 4
& 40.007 676 09 40000288 35 | J%0.00592041 | —0.005 612 66
7 +0.002 742 50 —0.002 145 90 [\J=20.003 66046 {  +0.000 156 61
8 J0.000322 857 |  —0.001 566 976y —0.001 352 336 --0.000 985 180
9 —0.000 355 78 —0,000 650 @5 —0.00018532 | +0.000 748 45
10 -0,000 322 50 —0.000 123%52 +0.000 15819 | -0.000 321 35
kers keig"m kery' x keiy 2
1 +0.418 03 1,384 20 —~0.141 46 —4,120 77
2 40,261 472 X "300 001 —0.154 871 —0.528 B0Y
3 +0.128 291 0.036 804 —0.107 070 —0.116 579
1 40,048 134 2 —~0.017 037 6 —0.055 545 6 ~0.014 941 8
5 +0.011 183 7,1 —0.018084 9 —0,021 666 0 +4-0.008 046 0
6 —0. 001 8.3 —0009 0937 —0.005 2689 +40.008 255 2
7 —0.0 45 —0.002 820 51 4000041105 | +0.004 265 37
8 001 810 01 000014865 | -+0.00133470 | 000137373
9 0633 40 +0.000 47720 | 0.000863 10 [ +40.000 102 03
10 -,seg.\soo 101 28 +0.006 37064 | 40.00033585 | —0.00(r21504
4 5 kery = Leei; = kery & keiy z
1) 4.887 27 —8.269 71 —16.288 7 +17.7724
\2 iﬂ.zgs 0232 —~0.886 821 —0.850 4158 +1.206 62
3 —0.036 451 —0.236 018 --0.050 360 +40.300 78
4 —0,052 0711 —0.060 518 2 40.017 701 2 4+0.092 108 5
5 —0.029 282 9 -0.007 685 2 40,022 435 5 40,025 203
6 —0.011 446 9 +0.004 511 5 400129247 +0.003 4050
7 —0.002 707 2 10.004 464 6 +0.005 212 6 —0.001 6770
3 40,000 267 67 -+0.002 263 32 40,001 29232 [ —0.002 028 80
9 40,000 7205 +0.000 714 8 —0.000 094 4 —0,001 059 0
10 +0.000 456 3 40.000 047 3 —~0.000 327 3 —0.000 347 9
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TABLE 1060 (continued)—BESSEL FUNCTIONS A

2\

AN
z ker,x kel ker) = \ kei/ x
1| —47.7531 +3.981 0 +181.690 S S8.035
21 —277400 +0.940 03 +5.266 15 (" —1042 25
2] —D41062 +0.348 52 074016, LY —0:32358
4| —olobro0 +0.137 36 +0.136 7K ) ~0.131 38
5| +0.007 143 +0.049 433 +0.020d28" —0.054 819
6| 0012378 +0.014 000 0 gA44 —0.020 620
71 +0.007 257 +0.001 780 605 361 —0.006 088
81 100028783 —0.0011526 \&0(1-} 228 8 —0.000 814 8
9| +0.0006807 —0.0011538 [SS0.0013175 +0.000 516 8
10| —0.0000722 ~0.000 5843 | »—0.000 327 2 +0.000 522 9
kery kei; z ’:“ kery’ = keis’ x
1} +a81.76 +253.48 ¢ —1407.9 ~1306.0
2] 4102004 4-6. 075«5 —24.226 0 —17.818 4
5| 146790 +0.358 1 —2.402 6 ~11253
4| 032707 0Y052 0D —0.465 59 —0.071 26
5| 4007713 {WQO.nsa 32 —0.117 13 +0.026 42
€ Y
6| -o0.012982 &4 —0.029 378 —0.029 468 +0.023 332
7 —0001 718, —0.011 767 —0.005 162 +40.011 279
8| —0.003146% —0.003 455 3 +0.000 774 4 0,005 028 1
9| —0l0014788 —0.000 417 5 +0.001 375 4 +40.001 529 2
10 |  —0.000746 O +0.000 324 1 +0.060 837 2 0060 200 1
Ke; N
f' g™ R
\v [Ref, 14]
N/
O
/NS
~\J

\ )
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TAELE 1060—SCME NUMERICAL CONSTANTS £\

V2 =1414214
V3 = 1.732 051 A\
5 = 2,236 068 '\\.v )
V6 = 2.449 490 N\
V7 = 2015751 Y
RiE S
x = 3.141 592 654 o °
logwx = 0.407 149 873 Nl
T = 9.860 G04 401 0O
}r 0.318 305 536 \\\
N = 1772 453 851 PNy
¢ = 2.718 281 828 ¢t
M =logne = 0,434 294 482 o
13 = log, 10 = 2.302 585 093 2\
log, 2 = 0.603 147 181 QO
TABLE 1070—GRI‘}EI§ ALPHABET
o A Alpha ¥ };"“ v N Nu
B8 B Peta AN £ o Xi
y T Gammas 0 O QOmicron
) A Delta \ T I Pi
€ E qk i} / P P Rho
— -
e Z Zata Fs z Sigma
7 H ABtd T T Tau
8¢ (5] \ ,\"fheta v_ T Upsilon
‘ 1.0 Iota ed @ Phi
X ‘K« Kappa X X Chi
A RQ.) Lamhbda ¥ ¥ Psi
#* \‘?:z\M Mu w o Omega
»

O
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